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A B S T R A C T

Acoustically excited microbubbles (MBs) have shown to exhibit rich dynamics, enabling them to be employed in various applications ranging from chemistry to
medicine. Exploiting the full potential of MBs for applications requires a good understanding of their complex dynamics. Improved understanding of MB oscillations
can lead to further enhancement in optimizing their efficacy in many applications and also invent new ones. Oscillating MBs have been shown to generate secondary
pressure waves that modify the dynamics of the MBs in their proximity. A modified Keller-Miksis equation is used to account for inter-bubble interactions. The
oscillatory dynamics of each MB within clusters was computed by numerically solving the resulting system of coupled nonlinear second order differential equations in
potential fluid flow. Frequency response analysis and bifurcation diagrams were employed to track the dynamics of interacting MBs. We start with investigating the
effect of inter-bubble interactions for cases of three and four MBs over a wide range of acoustic and geometric parameters. Emergent collective behavior was observed
which are dominated by the dynamics of the largest MB within the cluster. The emergent dynamics of smaller MBs within clusters can be characterized by
constructive and destructive inter-bubble interactions. In constructive interactions, the radial oscillations of smaller MBs matched those of the largest MB and their
oscillations are amplified. In destructive interactions, the oscillations of smaller bubbles are suppressed so that their oscillations match those of the largest MB.
Furthermore, a special case of constructive interactions is presented where dominant MB (largest) can force smaller MBs into period doubling and subharmonic
oscillations. The collective behavior is further investigated in large MB cluster and it is shown that largest MBs, even in small numbers can force smaller ones into
period doubling and subharmonic oscillations.

1. Introduction

Ultrasonically excited MBs have shown to exhibit highly nonlinear
and complex dynamics [1–20]. Due to their high echogenicity, MBs are
employed in ultrasound imaging as contrast agents [21,22]. In context
of ultrasound imaging, nonlinear subharmonic (SH) and ultraharmonic
(UH) response of MBs are exploited in diagnostic ultrasound to enhance
detection of vascular tissues [23–25] since tissue generates negligible
amounts of SHs and UHs in response to ultrasonic waves [24,26]. SH
oscillations of the MBs may also be employed for non-invasive pressure
estimation in medical ultrasound [27,28]. This can generate significant
suppression of tissue signal that results in high sensitivity contrast en-
hanced imaging. Using certain ultrasound exposure parameters [29],
MBs can undergo inertial collapse generating powerful shockwaves and
high velocity jets which are exploited in shockwave lithotripsy [30] and
histotripsy [31]. Oscillations of MBs can also generate microstreaming
in the surrounding liquid [32], exerting shear stress on the nearby
objects [33] allowing for therapeutic approaches such as site specific
drug and gene delivery [34] through the creation of pores on the cell
membrane [35,36]. Similar mechanisms are implicated in the reversible
opening of the blood–brain-barrier (BBB) to deliver macromolecules to

better treat central nervous system disorders and brain cancers [37,38];
SH response of the bubbles have been proposed as a marker for mon-
itoring the treatment [39] BBB opening [40,41] and enhancement of
thrombolysis [42]. MBs are involved in sonoluminescence, further en-
hancing the efficacy of chemical reactions in sonochemical reactors
[43,44]. In microfluidic applications, the response of MBs to an ultra-
sonic wave has been utilized to stir or pump liquids on miniature scales
[45]. MBs are also of interest in underwater acoustics [46] and ocea-
nography [47,48]. Understanding the complex dynamic of ultra-
sonically driven MBs is the key to optimize their performance in ap-
plications ranging from underwater acoustics to medicine.

Oscillations of each MB within a cluster generates secondary pres-
sure waves [49]. Therefore, each MB oscillates in response to two main
varying pressure fields, the primary acoustic ultrasound pressure wave
and a secondary pressure waves that is re-radiated from all MBs in
proximity. Hence, a MB cluster can be considered as a system of cou-
pled oscillators where the dynamics of each oscillator depends on the
rest [50]. There have been many studies investigating the contributions
of inter-bubble interactions on the dynamics of MBs [50–74].

Shima [51] and Morokia [52] and Maksimov [53] derived an ana-
lytical expression for calculating the natural frequency of two spherical
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bubbles in the in water. Taking into account inter-bubble interactions,
Fujikawa [54] was able to provide a possible explanation for generation
of high impulsive pressures due to the collapse of bubbles in cavitation
states. Yasui [55], showed that natural frequency of MBs decrease with
increasing concentration due to inter-bubble interactions which may
lead to matching of the driving frequency with the natural frequency of
MBs resulting in stronger pulsations. Moreover, taking inter-bubble
interactions into account, they proposed a theoretical model for pre-
diction of bubble destruction. They showed that as MB concentration
increases, MB oscillations become milder due to stronger inter-bubble
interactions. The milder bubble oscillations with increasing con-
centration [56] was argued as a possible reason for the increase in
pressure threshold for bubble destruction. This effect was also observed
in a different study by Arora et al. [57]. Moreover, various attempts
have been made to use the effect of inter-bubble interactions to better
explain the propagation of acoustic waves in bubbly media such as
[58,59].

It has been shown that independent oscillations of MBs are sup-
pressed due to inter-bubble interactions and therefore a collective be-
havior within a bubble cluster can emerge [50]. It has also been shown
that the maximum oscillation amplitude can increase due to inter-
bubble interactions [61]. Inter-bubble interaction can also alter the
route to chaos could where suppression of chaotic oscillations is pos-
sible by changing the cluster size [62]. Same study showed that larger
MBs have a significant impact on the oscillations of smaller ones. The
work Allen et al. [63] on the interaction of two ultrasound contrast
agents showed that the total radiated pressure from the bubbles de-
pends on the extent of coupling, which is a function of separation dis-
tance of the two agents and coupling becomes an important factor for in
vivo applications.

There have been multiple attempts to simulate large clusters of in-
teracting MBs. Iliniski and collaborators [64] derived two models based
on Lagrangian and Hamiltonian mechanics to investigate the dynamics
of interacting bubbles and showed Hamiltonian methods are compu-
tationally less intensive and therefore more advantageous for clusters
with large numbers of bubbles. In a different study [65] Fuster and
Colonius presented a model for bubbly cavitating flows based on vo-
lume-averaged equations and subgrids accounting for inter-bubble in-
teractions and showed the advantage of their model over computa-
tionally more expensive ensemble-averaged models for polydisperse
mixtures. Harkin et al. [66] classified all of the possible translational
motion regimes into four different regimes and also observed that the
radial oscillations of the MBs depend on the inter-bubble distance. Here
we omit the translational motion from our analysis and focus on the
latter part of Harkin’s observations. If MBs are to change their distances,
their oscillations must also change accordingly.

Here we fix the MBs in space and analyze their individual dynamics
in different separation distances. We focus on gentle bubble oscillations
with small Mach numbers ( <Mach 0.04). Furthermore, we use a po-
tential flow based model and our conclusions are restricted to such
conditions.

In this work, a set of detailed numerical simulations for a wide range
of geometric and acoustic parameters are performed. The resulting time
dependent radius of oscillators were studied through resonance and
bifurcation analysis techniques. The emergent behavior of isolated MBs
when they interact in proximity of each other can be predicted using
their frequency response diagrams when they are not interacting.
Detailed investigation of the frequency response diagrams of isolated
and interacting MBs allowed us to detect two general trends. In the first
trend, the resonance modes of smaller MBs are enhanced (or new re-
sonances are formed) upon interaction with other MBs (constructive
interaction). In the second trend, a weakening (or disappearance) of
resonance modes are observed upon interaction with other MBs (de-
structive interaction). Furthermore, the contribution of smaller and
larger MBs to the emergent collective behavior of polydisperse MB
clusters is investigated. With the aid of frequency dependent bifurcation

diagrams, a special case of constructive interaction where the largest
MB within the cluster can force smaller MBs into period two oscillations
is studied in detail.

Finally a case of large bubble cluster is considered where the insight
learned from three and four MB cases is used to optimize exposure
parameters to maximize the nonlinear acoustic response of the clusters.
96 polydisperse MBs of smaller sizes are randomly distributed in a cube
(no physical wall – infinite domain of liquid). It is shown that in low
concentration of smaller bubbles, there is no subharmonic (SH) com-
ponent in the re-radiated pressure waves from each individual inter-
acting MB or the cluster. Next four larger bubbles are added and clus-
ters of 100 MBs are exposed to the same acoustic wave. It is shown that
upon addition of larger MBs, SH response of the larger bubbles forces
the smaller bubbles to exhibit SH oscillations enhancing the overall SH
acoustic response of the cluster. Decreasing the size of the cube (in-
creasing concentration of bubbles, and decreasing the inter-bubble
distances) is shown to enhance the dominance of larger MBs where SH
responses of larger MBs, smaller MBs and the whole cluster are sig-
nificantly amplified.

2. Methods

2.1. The bubble model

Dynamics of a single isolated bubble in an infinite domain of liquid
is governed by the well-known Keller-Miksis equation (Eq. (1)) which
assumes small Mach numbers for the oscillating bubble wall [75]. The
Keller-Miksis equation is a highly nonlinear second order ordinary
differential equation given by
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In Eqs. (1) and (2)R R R, ̇, ¨ respectively are instantaneous radius, wall
velocity and wall acceleration of the bubble. R0 is the initial radius of
the bubble and σ μ, L and c respectively are the surface tension, viscosity
and speed of sound in the liquid. γ is the ratio of specific heats of the gas
within the bubble, ∞P is the ambient pressure in the surrounding liquid,
Pa and f respectively are the pressure amplitude and frequency of the
incoming acoustic field. k is the wave number and x is the x component
of the MB’s spatial coordinates. We re assuming the incoming ultra-
sound wave to be along the x-axis.

Successive expansions and contractions of an oscillating bubble in
an incompressible fluid generates pressures waves whose amplitude can
be calculated from [76]
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where r denotes the distance of the point of interest from center of the
bubble. In Eq. (1), the term PB refers to the pressure on the bubble wall.
In a cluster of multiple MBs, the pressure at the wall of each bubble is
equal to PB and the summation of all re-radiated pressure waves from
other bubbles in the cluster. Therefore, coupling between MBs is done
through inclusion of re-radiated pressure fields from all the MBs in the
cluster at the location of each MB. Thus, the Keller-Miksis equation for a
cluster of interacting bubbles can be written as
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where R R, ̇i i and R̈i respectively represent instantaneous radius, wall
velocity and wall acceleration of each bubble. dij represents the distance
between centers of ith and jth bubble. Ri0 is the initial radius of the ith
bubble and N is the number of bubbles in the cluster.

It is important to mention that Eq. (4) is based on the assumption
that MBs oscillate spherically and Mach numbers are small. Therefore
it’s applications should be limited to such cases. Furthermore, Keller-
Miksis equations are built on the assumption of potential flow within
the liquid, therefore it does not account for any effects resulting from
micro-streaming of the flow around the bubbles. Here we are in-
vestigating the gentle oscillations of the MBs where maximum wall
velocity is very small compared to speed of sound ( <Mach 0.04) and
micro-streaming can be neglected. The effect of translation on the MBs
resulting from primary and secondary Bjerkness forces are omitted to
simplify the problem. Furthermore, Eq. (3) does not include the time
delay that it takes for the re-radiated pressure wave to travel from one
bubble to another. As will be seen in the results, the interaction be-
comes important when the inter-bubble distances are small in which
case the delays become insignificant. Moreover, when inter-bubble
distances become large for the time delay to become significant, the
amplitude of re-radiated pressure drops to very small values where MBs
are effectively not interacting. Omitting aforementioned simplifications
and examining their importance and effects on the results presented
here will be the subject of a future study.

Eq. (4) is re-arranged in the following format so we can re-write it in
matrix form
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The left hand side of Eq. (5) is renamed as Ai
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Therefore, Eq. (4) can be written as:
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Now we can re-write Eq. (7) in matrix notation as follows:
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Now we can isolate Eq. (8) for the matrix containing R s¨i as
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Eq. (9) is a system of N linearly coupled, second order differential
equations; a solution requires N2 initial conditions. Initial conditions
can be specified by assuming all bubbles are initially at rest (no radial
velocity) and that their initial radii are known. The initial conditions
can be written as:
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Therefore, Eq. (9) can be treated as an initial value problem for
which the Runge-Kutta numerical algorithms can be employed to ob-
tain a solution. We used MATLAB®’s ordinary differential equations
suite (specifically ode45 and ode15 solvers) in conjunction with Julia’s
DifferentialEquations.jl [77] package to double check our numerical
solutions. Furthermore, absolute and relative tolerances (’AbsTol’,’ab-
stol’ and ’RelTol’,’reltol’ options in ODE solver options of MATLAB® and
Julia) of 1e-11 were used to minimize any possible numerical miss-
accuracies. Furthermore, the geometry of the problem needs be speci-
fied to determine the MB distances (dij).

The aim of this study is to investigate nonlinear effects of inter-
bubble interactions, therefore, additional nonlinearities such as the
effects of the encapsulating shell [78,79] are not introduced in this
study. Similar previous works [50–54,56–63,67–69] we have chosen to
not include primary and secondary Bjerkness forces and fix the bubbles
in space. In order to have a better understating of inter-bubble inter-
actions, it is preferable to separate the nonlinear complexities of the
Bjerkness forces from those of the re-radiated pressure related ones.
This makes it more straightforward to have a deeper understanding of
the different complexities defining the dynamics of the bubbles oscil-
lator. Furthermore, the results obtained in future studies with inclusion
of Bjerkness forces and the results obtained here will help to obtain a
more straightforward understanding of the complexity of the problem
of inter-bubble interaction. To further reduce the ambiguity in the
source of the observed effects, spatial formations were chosen in which
the inter-bubble distances between all MBs are equal ( =d dij ). There-
fore, equilateral tetrahedrons (4 MBs) and equilateral triangles (3 MBs)
were chosen to specify the geometry of the problem (Fig. 1).

Furthermore, an example of a large MB cluster (many MBs) is pre-
sented, where the insight learned from 4-MB and 3-MB cases is used to
optimize the subharmonic response of a larger (N= 100) MB cluster.

2.2. Numerical analysis methods

Since analytical solutions are not available for Eq. (4), numerical
methods are employed to solve the equations. Eq. (4) should be solved
for a wide range of the parameters of interest to evaluate the impact of
these parameters on the dynamics of the system. Bifurcation and fre-
quency response analysis were used to investigate the behavior of this
complex system for a wide range of control parameters. These methods
have been pioneered by Lauterborn and Parlitz [79,80]. Here, a brief
description of the bifurcation and frequency response analysis is pre-
sented.

2.2.1. Bifurcation analysis
Stroboscopic maps based on mapping of radius of MBs after each

forcing period have been used to evaluate the dynamics of MBs for a
wide range of control parameters [1,4,8,81–83]. After the system
reaches its steady state, the MB radii are sampled and plotted as a
function of the controlling parameter in a Poincare plot. The procedure
continues by modifying the control parameter and obtaining a new set
of points to be plotted against the control parameter. For instance, here
we consider a MB with an initial radius of 2 μm sonicated with ultra-
sound waves of with a frequency of 2MHz and pressures ranging from
1 kPa up to 400 kPa. A solution to the time dependent radial oscillations
of the MB at lower pressures is show in Fig. 2a. Oscillations are repeated
after each forcing period resulting in the same R R/ 0 values for the
sampled radius after each forcing period (Period-1 oscillations). The
sampled points (after the transient phase) from Fig. 2a results in a single
point in Fig. 2d for a particular set of exposure parameters. Increasing
the incident pressure increases R R/ 0, and above a certain pressure
threshold the time-radius curves change shape (Fig. 2b. Periodic sam-
pling of the MB radius results in two values (Period-2 oscillations).
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Plotting the sampled points on a Poincare diagram as a function of
pressure amplitude results in two points as shown in Fig. 2d. Further
increasing of pressure above a specific threshold results in chaotic os-
cillations depicted in Fig. 2c where sampling of the points results in
many different values (Chaotic oscillations). The chaotic oscillations
generate multiple points on the bifurcation diagrams presented in
Fig. 2d. Similar analysis can be performed to investigate the influence
of any control parameter.

2.2.2. Frequency response analysis
Frequency response graphs characterize the MB radial oscillation

amplitude at a fixed pressure as a function ultrasound of frequency. The
graphs can be used to determine the MB resonance frequencies and
their dependence on various parameters [75,80]. They are generated
through the following steps:

1. Radial MB oscillations are generated using an ultrasound wave with
a fixed pressure amplitude using multiple frequencies ranging from
fmin to fmax with steps of fstep.

Fig. 1. Schematic diagrams of the (a) equilateral tetrahedron formation for the 4-MB cases, (b) equilateral triangle formation for the 3-MB case.

Fig. 2. Radial Oscillations of a MB with initial radius of 2 μm exposed to an ultrasound wave with a frequency of 2MHz, (a) Peroid-1 oscillations (Pa =100 kPa), (b)
Period-2 oscillations (Pa =250 kPa), (c) Chaotic oscillations (Pa =350 kPa), (d) Pressure dependent bifurcation diagram of a =R 2 μm0 MB excited with an ultra-
sound wave with a frequency of 2MHz.
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2. The steady state portion of the oscillations is examined for a range of
ultrasound frequencies.

3. The maximum R R/ 0 value within each selected window is plotted as
a function of frequency in a separate graph

Fig. 3 illustrates this process for a MB of 2 μm initial radius excited
at a pressure amplitude of 1 kPa using frequencies ranging from
0.5MHz up to 5MHz with steps of 0.01MHz. Oscillations at these low
pressures are termed as linear [84] where ≪R R| / | 10 . In linear oscil-
lation regimes, the frequency response graph has only one peak that
corresponds to linear resonance frequency of the MB (Fig. 3d).

At higher pressure amplitudes, secondary peaks (subharmonics,
higher harmonics, etc.) will appear on the frequency response graph
which was shown and named previously [80].

2.3. Parameters

Two main classes of 3 MBs (3-MB) and 4 microbubbles (4-MB)
clusters are simulated under a wide range of ultrasonic and geometric
scenarios. Initial radii of MBs are chosen as 0.5 μm, 0.8 μm, 1.0 μm and
1.5 μm to represent a size range of interest in medical applications
[85,86]. 4-MB clusters are formed by placing centers of the MBs on the
vertices of an equilateral tetrahedron of side d illustrated in Fig. 1a. 3-
MB clusters are then assembled with removal of the largest MB from the
4-MB cluster, resulting in a equilateral triangle spatial formation. This
allows the examination of the influence of the largest MB within the
cluster on the dynamics of smaller MBs and consequently the collective
behaviour of the MB cluster. An internal mechanism is embedded in the
MATLAB® and Julia solver codes to stop the simulation in case MBs
collide. All the results presented here are in the absence of collision of
MB oscillating MB walls.

In the 4-MB cluster the largest MB has a 1.5 μm initial radius and in
the 3-MB cluster the largest MB has a 1.0 μm initial radius. ds represent
the equal distance between MBs, ranging from 5 μm to 300 μm for the
largest separation distance. Simulation results were generated as a
function of distance between the MBs in steps of 0.1 μm from 5 μm up to
20 μm and in steps of 0.5 μm for larger distances. 60 ultrasound pulses

with pressure amplitudes of 120 kPa and frequencies ranging from
0.5MHz up to 15MHz with 3 kHz increments were utilized to excite the
MBs. The pressure amplitude is chosen such that only the largest chosen
MB ( =R 1.5 μm0 ) can exhibit subharmonic resonance in isolation in the
chosen frequency range.

3. Results

The frequency response and bifurcation diagrams of isolated and
interacting MBs were compared. Fig. 4a illustrates the frequency re-
sponse for each of the MBs in the 4-MB cluster without interaction
( → ∞d ). Fig. 4b depicts the frequency response graph of interacting
MBs at a separation distance of 5 μm. Removal of the largest MB in the
4-MB cluster results in the frequency response graph shown in Fig. 4c.
The interaction of MBs significantly change the MB oscillation dy-
namics. In the following section details of Fig. 4 are discussed.

3.1. Resonance formation, enhancement and suppression

Fig. 5a and b respectively present the frequency response diagrams
of isolated non-interacting and a cluster of interacting MBs at a se-
paration distance of 5 μm. The change in total gas volume of the 4-MB
bubble cluster can also be observed with the overlayed green graphs in
Fig. 5.

In Fig. 5a, the 1/1 harmonic resonance peak of the =R 1.5 μm0
[arrow-1] is aligned (similar frequencies) with the 2/1 harmonic re-
sonance peak of the =R 1.0 μm0 [arrow-2] as well as the 3/1 harmonic
resonance peak of the =R 0.8 μm0 [arrow-3]. Moreover, Fig5a shows
that 2/1 harmonic resonance peak of largest [arrow-4] is aligned with
4/1 harmonic resonance mode of the =R 1.0 μm0 MB [arrow-5]. Fur-
thermore, Fig. 5a shows that the smallest isolated MB does not exhibit
any resonance mode in examined frequencies and its 1/1 harmonic
mode occurs at 11MHz shown in Fig. 4a.

Fig. 5b shows how inter-bubble interactions change the oscillatory
dynamics of the MBs within the cluster. A significant enhancement in
the aforementioned aligned resonance peaks is demonstrated in Fig. 5b
which is followed by an increase in the total gas volume in those

Fig. 3. Radial oscillations of a MB with initial radius of 2 μm excited with ultrasound wave of 1 kPa pressure amplitude (a) below resonance oscillations (f= 1MHz),
(b) Resonant oscillations (f= 2.04MHz), (c) Above resonance oscillations (f= 3MHz). (d) Frequency response graph of a MB with initial radius of 2 μm excited with
ultrasound wave of 1 kPa pressure amplitude.
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frequencies. Furthermore, formation of new resonance modes (aligned
with the resonance modes of the largest MB) for the =R 0.5 μm0 MB is
illustrated in Fig. 5b (red arrows). A negligible weakening of the re-
sonance amplitudes of the =R 1.5 μm0 MB is observed in Fig. 5b which
is not specifically due to smaller MBs and is a general consequence of
interaction that was previously observed [55,56]. Although this
weakening should contribute to decrease in the total gas volume of the
cluster, the enhancement of the rest of the resonance modes of the
smaller MBs contribute to the increase in the total gas volume.

Moreover, Fig. 5, shows that all of the resonance modes of the
smaller MBs that are not aligned with any of the resonance modes of the
largest are suppressed significantly. For instance, 1/1 and 3/1 harmonic
resonance mode of the =R 1.0 μm0 MB [arrows-6,7], 1/1 and 2/1

harmonic resonance modes of the =R 0.8 μm0 MB [arrows-8,9] are
shown to be suppressed while interacting with the =R 1.5 μm0 MB in
Fig. 5b. This is followed by a noticeable decrease in total gas volume of
the liquid. Attenuation of an acoustic wave traveling through bubbly
media depends on the changes of the total gas volume within the liquid.
Here we have shown that inter-bubble interactions can significantly
modify the total gas volume of a bubble cluster. This effect has a po-
tential significance in theoretical calculation of the attenuation of
acoustic wave traveling through a bubbly media. In a preliminary
study, Sojarhrood et al. [59,60] have shown the importance of inter-
bubble interactions on such calculations which can be linked to the
changes of gas volume in a liquid due inter-bubble interactions.

Fig. 5b shows how bubble interactions change the oscillation

Fig. 4. Frequency response graph of non-interacting 4-MB (a), Interacting 4-MB at d =5 μm (b), interacting 3-MB (c) at d= 5 μm using an ultrasound wave of
Pa =120 kPa with frequencies ranging from 0.5MHz up to 15MHz.
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dynamics. Fig. 5b demonstrates a significant enhancement in the
aforementioned aligned peaks in Fig. 5a and also the formation of new
resonance modes for the =R 0.5 μm0 MB (blue arrows). Moreover,
Fig. 5a shows that all of the resonance modes of the smaller MBs that
are not aligned with any of the resonance modes of the largest MB are
suppressed. This is shown in Fig. 5b for which MBs are interacting. For
instance, the 3/1 harmonic resonance mode of the =R 1 μm0 MB
(yellow arrow) and 2/1 harmonic resonance mode of the =R 0.8 μm0
MB (cyan arrow) in Fig. 5a, as well as the 1/1 harmonic resonance
mode of the 0.5 μm MB in Fig. 4a, are suppressed significantly when
MBs are interacting.

Next, the largest MB ( =R 1.5 μm0 ) from 4-MB clusters is removed to
form a 3-MB clusters. The resonance analysis with control parameters
equal to the ones used in 4-MB cluster case were performed. The re-
sulting frequency response diagrams for the non-interacting 3-MB
cluster and interacting 3-MB cluster are illustrated respectively in
Fig. 6a and b.

A trend similar to the one observed in the 4-MB case is also present
in the 3-MB case. In the 3-MB configuration, the largest MB in the
cluster has an initial radius of =R 1 μm0 . Fig. 6a shows that the 3/1
(arrow-1) and 4/1 (arrow-2) harmonic mode of the =R 0.8 μm0 MB
(which are aligned respectively with 2/1 (arrow-3) and 3/1 (arrow-4)
harmonic modes of the =R 1.0 μm0 MB) are enhanced in Fig. 6b (in-
teracting case). Moreover, similar to the 4-MB case, Fig. 6a shows that
2/1 harmonic (arrow-5) resonance peak of the =R 0.8 μm0 MB which is
not aligned with any of the resonance peaks of the largest MB) is
weakened in Fig. 6b. Furthermore, it can be seen in Fig. 6a that the 1/1
harmonic resonance mode of the MB with =R 0.8 μm0 (arrow-6) is not
aligned with any of the resonance modes of the largest MB which is

suppressed significantly in Fig. 6b which presents the results when the
MBs are interacting. This is followed by a noticeable decrease in the
total gas volume of the system. Formation of secondary new peaks due
to the MB interaction is also evident in Fig. 6b, similar to the ones
formed under the 1/1 harmonic resonance mode of the largest MB (blue
arrows).

3.2. Forced subharmonic resonance and period doubling

Fig. 7 illustrates the frequency response curves, bifurcation struc-
tures, acoustic response of the whole cluster and its constituents for all
three configurations when =P 120 kPaa . Fig. 7a shows that in the ab-
sence of interaction, only the largest MB ( =R 1.5 μm0 ) exhibits a 1/2
subharmonic resonance peak (black arrow) which is accompanied with
period-2 oscillations in Fig. 7g. Period-2 oscillations are associated with
1/2 subharmonic and 3/2 ultraharmonic acoustic responses [87] that
can only be seen in the acoustic response of the largest MB in Fig. 7d.
Fig. 7b illustrates the formation of new subharmonic resonance modes
for smaller bubbles followed by period doubling in their bifurcation
structure in Fig. 7h. Consequently, Fig. 7e shows that although both 1/2
subharmonic and 3/2 ultraharmonic response of the largest MB are
weakened, the generation of new resonance modes for smaller MBs is
followed with strong nonlinear component in their acoustic response in
Fig. 7e. The enhancement is shown to maintain the 1/2 subharmonic
response (dotted line) of the cluster and enhance the 3/2 ultraharmonic
response (dashed line) of the cluster in Fig. 7b.

Removal of the largest MB from the 4-MB cluster (Fig. 7c) results in
elimination of the new resonance modes and period doubling in fre-
quency response (Fig. 7)c and bifurcation structure (Fig. 7i) of the

Fig. 5. Frequency response graph of (a) non-interacting 4-MB cluster (b) Interacting 4-MB cluster at d=5 μm using an ultrasound wave of Pa =120 kPa with
frequencies ranging from 0.5MHz up to 5MHz.
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smaller MBs in the examined frequency range. This is followed by the
disappearance of their SH and UH components in Fig. 7f. This suggests
that the =R 1.5 μm0 MB was responsible for formation of the sub-
harmonic resonance modes and nonlinear acoustic responses for the
smaller MBs. The newly generated resonance peaks results in period-2
(SH) oscillations in all the bubbles within the examined cluster.

Further investigation into the forced P-2 oscillations was performed
with bifurcation analysis as a function of inter-bubble distance. An ul-
trasound wave with 120 kPa of pressure amplitude and frequency of
5.5 MHz was used. For this exposure parameters, all of the MBs in
Fig. 7h undergo period doubling when the separation distance is set at
5.0 μm.

Fig. 8a displays the bifurcation structure of the 4 MBs as a function
of the separation distance when =f 5.5 MHz and =P 120a kPa. Fig. 8a
shows that if MBs are sufficiently far apart from each other, none of the
smaller MBs undergo period doubling. At closer inter-bubble distances,
all of the smaller MBs undergo period doubling followed by a noticeable
increase in the subharmonic response of the cluster (green line). The
closer the sizes of smaller MB to the largest MB, the shorter the distance
required for the forced oscillation to occur. The =R 1.0 μm0 MB was
forced into period doubling at a separation distance of 15.8 μm. At this
distance, the rest of MB within the cluster are maintaining their P-1
mode. Further reducing the distance between the MBs results in period
doubling of the =R 0.8 μm0 and =R 0.5 μm0 MBs at distances of
11.4 μm and 10.2 μm, respectively. Fig. 8b demonstrates that removal of
the largest MBs from the cluster eliminates the transition from period-1
into peroid-2 oscillations for the smaller MBs.

3.3. Large clusters

Fig. 9a illustrates a MB cluster made of 96 MBs with three equal
subpopulation of MBs with initial radii of 0.5 μm, 0.8 μm and 1.0 μm.
MBs are randomly distributed in a cube with a side of 500 μm in an
infinite domain of liquid (cube walls are not solid). A minimum inter-
bubble distance of 10 μm is defined while generating the spatial for-
mations to prevent MBs from collision under acoustic excitation. Ex-
posure parameters ( =f 5.40 MHz, =P 120a kPa) used in previous sec-
tion are used to excite MBs. In Fig. 9b, colored lines represent the
averaged response of MBs of each specific size and the black line re-
presents the cluster’s response. It can be seen that in the cluster does not
generate any SH or UH response at this excitation frequency. Fig. 10a
represents another 96MB cluster with the same MB size distribution
used in Fig. 9a, However, here we confined MBs to 150 μm cube. Since
inter-bubble distances are shortened the coupling effects between MBs
are enhanced, However, Fig. 10b shows that exciting the cluster with
the same acoustic wave used in the previous case does not result in any
SH or UH response from the cluster.

Next, two more clusters with 100 MBs are formed where 4 MBs with
initial radii of 1.5 μm are added to the two previous clusters. Fig. 11a
shows the resulting 100MB cluster in a 500 μm cube. Fig. 11b shows
that the acoustic response of this cluster to the same acoustic wave
results in generation of SH and UH in the cluster. This shows that the
four =R 1.5 μm0 were able to force smaller MBs to change the mode of
their oscillations and generated subharmonincs in their acoustic re-
sponse. This effect is further enhanced when the MBs are confined to a
smaller cube with a side of 150 μm in Fig. 12a where inter-bubble dis-
tances are decreased and therefore the effect of coupling is enhanced.
For instance, Fig. 12b shows that the subharmonic response of the

Fig. 6. Frequency response graph of (a) non-interacting 3-MB cluster (b) Interacting 3-MB cluster at d=5 μm using an ultrasound wave of Pa =120 kPa with
frequencies ranging from 0.5MHz up to 8MHz.
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cluster is enhanced by about 13 dB compared to the more dilute cluster
in Fig. 11a. This is in agreement with our findings in previous section
where we showed that with decreasing inter-bubble distances, larger
MBs start to dominate and control the oscillations of smaller MBs.

4. Discussion and summary

In this study, we investigated the effects of coupling and inter-
bubble interactions on the collective behavior of polydisperse MB
clusters. A system of coupled Keller-Miksis equations were used to

assess the dynamics of interacting polydisperse MBs. Coupling was
achieved through inclusion of re-radiated pressure fields from all MBs
at the location of each MB. The resulting system of coupled differential
equations were solved by defining inital conditions (MBs initially at rest
and spatial geometry) using a Runge-Kutta algorithm. 4-MB and 3-MB
spatially symmetric structures were studied extensively in a wide range
of ultrasonic and geometric parameters in gentle oscillations regime

≪( 1)R
C

̇
. The time dependent radial oscillations of each MB were re-

corded and analyzed with the aid of bifurcation and frequency response
analysis techniques. .

Fig. 7. Frequency response graph (left axis) and acoustic response (right axis) of (a) non-interacting 4-MBs, (b) Interacting 4-MB at d=5 μm, (c) interacting 3-MB at
d=5 μm excited with an ultrasound wave of Pa =120 kPa with frequencies ranging from 5MHz up to 7MHz. 3/2 ultraharmonic response (solid lines – left axis) and
1/2 subharmonic response (dashed lines - right axis) of (d) non-interacting 4-MBs, (e) Interacting 4-MB at d=5 μm, (f) interacting 3-MB at d=5 μm excited with an
ultrasound wave of Pa =120 kPa with frequencies ranging from 5MHz up to 7MHz. Frequency dependent bifurcation structure of (g) non-interacting 4-MBs, (h)
Interacting 4-MB at d=5 μm, (i) interacting 3-MB (at d=5 μm using an ultrasound wave of Pa =120 kPa with frequencies ranging from 5MHz up to 7MHz.
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Our findings further validate previous observations affirming the
significance of the largest MBs and their influence on the smaller MBs
within a cluster while remaining mostly unaffected by the oscillations
of the smaller MBs. Furthermore, our findings build upon previous
observations and suggest a pattern of destructive and constructive in-
teractions within the cluster mainly dictated by the largest MB. We have
shown that smaller MBs within the cluster are forced to reshape their

oscillations through constructive and destructive interactions to match
the largest MB within the cluster. In this regard the important findings
can be summarized as follows:

1. If a resonance mode of a smaller MB aligns with a resonance mode of
a largest MB in the absence interaction; it will be enhanced through
constructive interaction when they start interacting.

Fig. 8. Inter-bubble distance dependent bifurcation diagram of a (a) 4-MB cluster and a (b) 3-MB cluster excited with an ultrasound wave with a frequency of
5.5MHz and pressure ampltiude of 120 kPa at d=5 μm–50 μm.

Fig. 9. (a) A 96MB cluster consisting of MBs with initial radii of 0.5 μm, 0.8 μm and 1.0 μm in a cube with a side of 500 μm. (b) [Colored lines ≡ Average acoustic
response of each bubbles of each size within the cluster] [Black Line ≡ Acoustic response of the cluster] *bubble sizes are not to scale and circles only represent spatial
location.

Fig. 10. (a) A 96MB cluster consisting of MBs with initial radii of 0.5 μm, 0.8 μm and 1.0 μm in a cube with a side of 200 μm. (b) [Colored lines ≡ Average acoustic
response of each bubbles of each size within the cluster] [Black Line ≡ Acoustic response of the cluster] *bubble sizes are not to scale and circles only represent spatial
location.
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2. Destructive inter-bubble interactions for a resonance mode of a
smaller bubble occur if it is not aligned with a resonance mode of
the largest MB in absence of interaction. This results in significant
suppression of the non-aligned resonance mode of the smaller MBs.

3. Smaller MBs can be forced to generate subharmonic resonance
modes due to constructive inter-bubble interactions in a lower fre-
quency than their natural subharmonic resonance mode ( ×2 natural
resonance frequency [88]). Following the subharmonic resonance
generation, the largest MB within the cluster forces smaller MBs to
reshape their oscillations from P-1 into P-2 oscillations. This results
in enhanced 1/2 subharmonic and 3/2 ultraharmonic acoustic re-
sponse in the cluster. Moreover, the closer the size of the smaller MB
to the largest MB within the cluster, the larger the distance for
which it can be forced into P-2 oscillations. Smaller MBs require
closer proximity to the largest MB to be forced into P-2 oscillations.

(3) was further investigated in large polydisperse clusters consisted
of 96 and 100 MBs. A set of ultrasonic parameters based on 3 and 4-MB
results were chosen to force smaller MBs into subharmonic oscillations.
It was shown that in the absence of larger bubbles, 1/2 SH and 3/2 UH
acoustic response were absent in low and high concentration. Addition
of large MBs into the cluster resulted in generation of 1/2 SH and 3/2
UH response in the cluster as a whole and smaller MBs as well. The
nonlinear responses (1/2 SH and 3/2 UH) were enhanced significantly
with increasing the concentration of MBs were coupling between MBs
was enhanced.

The forced oscillations would amplify or dictate the mode of the
oscillatory behavior of the smaller MBs in the MB clusters which
thereby controls the behavior of the system. In other words, by con-
trolling the behavior of the largest MBs in the population one may
control the behavior of the whole system. For high concentration MB
solutions, for which the distance between the MBs are small enough for
strong interaction, the larger MBs could amplify the oscillatory beha-
vior of the smaller MBs, thereby amplifying their effect in imaging or
therapy applications. Our numerical calculation showed that the
smaller bubbles in the cluster were forced by the bigger bubble to ex-
hibit P-2 oscillations when the separation distance was below 15.8 μm
and below the separation distance of 10.2 μm all of the three smaller
bubbles were forced by the bigger bubble to exhibit P-2 and SH oscil-
lations. Allen et al.[63] estimated the separation distances between the
bubbles in real clinical applications. He considered a typical cc3 injec-
tion of MBs into L5 human blood and estimated an average separation
distance of a 14.4 μm and 8.4 μm for monodisperse populations of 1 μm
radius bubbles representative of the concentrations that is used in
clinical applications. Thus, our findings show that interaction will be-
come significant in clinical applications of MBs and the behavior of the
cluster needs to be optimized by taking into account the interaction.

Findings of this study may provide basic fundamental framework to
optimize the behavior of a polydisperse population of MBs. As an ex-
ample, the concentration and the size distribution of the population
maybe engineered to enhance SH oscillations. This effect can be par-
ticularly important in the case of nanobubbles, for which higher

Fig. 11. (a) A 100MB cluster consisting of MBs with initial radii of 0.5 μm, 0.8 μm, 1.0 μm and 1.5 μm in a cube with a side of 500 μm. (b) [Colored lines ≡ Average
acoustic response of each bubbles of each size within the cluster] [Black Line ≡ Acoustic response of the cluster] *bubble sizes are not to scale and circles only
represent spatial location.

Fig. 12. (a) A 100MB cluster consisting of MBs with initial radii of 0.5 μm, 0.8 μm, 1.0 μm and 1.5 μm in a cube with a side of 500 μm. (b) [Colored lines ≡ Average
acoustic response of each bubbles of each size within the cluster] [Black Line ≡ Acoustic response of the cluster] *bubble sizes are not to scale and circles only
represent spatial location.
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concentrations are typically used [89–91]. Another example is to
choose exposure parameters (frequency and pressure) by which the
destructive interference is avoided; this will result in a signal with
higher strength and may enhance the signal to noise ratio in imaging
applications or enhancing the streaming velocities and the corre-
sponding shear stresses on the nearby cells in therapeutic applications
like drug delivery.

This study further supports the importance of the consideration of
inter-bubble interactions in designing and optimizing applications
using MBs. The majority of the applications using MBs in combination
with ultrasound use polydisperse MB clusters. Our findings indicate that
the sole consideration of isolated MB behavior as the basis to optimize
their use in applications may be insufficient since the behavior of MBs
can be altered dramatically due to constructive and destructive inter-
bubble interactions. We have previously shown the crucial importance
of considering the bubble-bubble interaction when characterizing the
shell parameters through attenuation and sound speed measurements
experiments [89,90]

In this work we have investigated the nonlinear behavior of a
polydisperse MB cluster. We were able to classify three important re-
gimes of interaction. The findings of this paper provides a fundamental
insight on the behavior of interacting bubbles and can generate the
building blocks of future analysis of larger bubble clusters and opti-
mizing their behavior to enhance the relevant applications.
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