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When a shaped-charge jet penetrates a highly compressible material, such as a 
plastic or liquid, the total penetration may be significantly less, by as much as 
50%, than that predicted by the classical incompressible, hydrodynamic theory of jet 
penetration. In this paper, the compressible jet penetration model of Haugstad and 
Dullum [J. Appl. Phys., 52, 5066 (1981)] is generalized to include a complete 
equation of state of the Mie-Gruneisen or Tillotson type. The model is further ex
tended to the more realistic case of a stretching jet. Calculated results indicate 
that compressibility effects can account for as much as 50% degradation in penetra
tion compared to the classical theory. 

I. INTRODUCTION 

At the high impact velocities of shaped
charge jets, both the jet and target materials 
are subjected to extremely high pressures and 
are appreciably compressed. In the past, 
effects of compressibility in jet penetration 
have been discounted [1, 2] because they are 
not important for a copper jet impacting a 
steel target; the similarity in density and 
compressibility of the two materials leads to 
the result that the penetration velocity is 
about half the impact velocity, whether com
pressibility is considered or not. But in such 
highly compressible target' materials of current 
interest as plastics and liquids, the penetra
tion is significantly less, by up to 50% [3], 
than that calculated from the classical one
dimensional incompressible model of penetration 
[4, 5]. It is also important that, since the 
effect of compressibility on penetration in
creases with jet velocity, the most efficient 
jet penetrator may not have the highest veloci
ty; this will effect modern trends in armor and 
warhead design. 

This paper is an analytical study of com
pressibility effects in jet penetration. The 
one-dimensional, compressible, steady-flow 
model of Haugstad and Dullum [6] is modified to 
include a complete equation of state, and ex
tended to the more practical case of a stretch
ing jet. At sufficiently high impact veloci
ties, shock waves may exist in the jet and/or 
target, and are included in the model. Trans
itions in the velocities and thermodynamic 
states of each material occur across the shock 
according to the Rankine-Hugoniot conditions, 
and from the shock to the stagnation point 
according to the compressible Bernoulli equa
tion. From these equations, the penetration 
velocity and penetration per unit length of jet 
may be calculated for any jet velocity. The 
penetration of a stretching jet, of linear 
velocity distribution, is derived by integra
tion over the length of the jet. The stretch
ing jet is a close approximation of the short
standoff behavior of an actual shaped-charge 
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jet, and its consideration is important for war
head and armor design. 

In the next section, the basic theory for 
compressible penetration by a uniform-velocity 
jet is described. In SectIon III, the theory 
is extended to the case of a stretching jet. 
Then, in Section IV, some calculated results 
are presented and discussed. Finally, in 
Section V', a few conclusions are made. 

II. BASIC THEORY 

In this section, the basic theory of the 
compressible jet-penetration model is described. 
Figure 1 is an illustration of jet penetration. 
The jet, having a velocity V, propagates a 
crater into the target at a velocity U, called 
the penetration velocity, as shown in Figure 
lea). At sufficiently high jet velocities, 
shock waves are created in the target and the 
jet. In Figure l(b), this process is viewed in 
moving coordinates fixed to the bottom of the 
crater, which now appears as a stagnation 
point in the flow. Jet material approaches 
this point at velocity (V - U) and target 
material at velocity U. We define, along the 
central streamline, station Ot in the undis
turbed target material ahead of the standing 
shock wave, station It behind the shock, and 
station 2t in the target material at the 
stagnation point; ,corresponding stations OJ, lj, 
and 2j are defined in the jet. 

Changes in the velocity and thermodynamic 
state of each material across the shock are 
governed by the Rankine-Hugoniot conditio.ns. 
Along the central streamline, the flow is nor
mal to each shock, with properties as shown in 
Figure 2. Across each shock, the governing 
equations are conservations of mass, 

POUs PI (U - U ) s p 
(1) 

conservation of momentum, 

Po + 
2 

POUs PI + Pl(Us 
U )2 

P 
(2) 
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Figure 1. Compressible jet penetration. 
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Figure 2. Properties across standing shock 
waves. 

and conservation of energy, 

Po 1 2 
e

O
+ - + - U 

Po 2 s 
PI 1 

e +- + - (U 
1 PI 2 s 

(3) 

where P is density, p is pressure, Us is the 
shock velocity relative to the undisturbed ma
terial ahead of it, Up is the particle velocity 
imparted by ~he shock, and e is specific inter
nal energy. Us and Up are defined for each ma
terial in Figure 2. 

Completion of the description of the ma
terial behavior at the shock requires the 
equation of state, p = pep, e). For simplicit?p 
we may substitute here the linear shock-velocity
particle-velocity Hugoniot, 

(4) 

where Co is the bulk sound speed, and b is an 
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empirical constant. This equation has been 
found satisfactory for many solid materials. 

Changes in properties between stations 1 
and 2 in each material may be determined by 
assuming that the flow is steady and that the 
material is continuously decelerated and adia
batically compressed. Since the axis of the 
flow is a streamline, the motion is described 
by the compressible form of Bernoulli's equa~ 
tion, 

i- 1f2 + ; - J pdv = constant (5) 

where 'If is the local particle velocity and 
v = lip is the specific volume. In the moving 
coordinates of Figure l(b), the particle vel
ocity is Us - Up behind the shock (station 1) 
and zero at the stagnation point (station 2). 
Therefore, 

1 2 PI P2 
(U -U) +-= 2 s p PI P2 

( 6) 

If, for each material, it is assumed that the 
pressure is a function of specific volume only 
(barotropic), the last term is integrable. But 
for a general equatio~ of state, of functional 
form 

p pep, e). (7) 

an additional condition is required. For an 
adiabatic (i.e., isentropic) process, conser
vation of energy requires that 

de - pdv ~8) 

along the path from station 1 to station 2. 

The final equation is the requirement of 
equilibrium of pressure across the material 
interface at the stagnation point, 

(9) 

The above development is similar to that 
presented in [6] with two exceptions. First, 
it is implied in [6] that the compressible 
Bernoulli's equation (5) can be derived from 
considerations of conservation of energy, and 
stated that it is therefore applicable to non
isentropic flow, such as through a shock. How
ever, Bernoulli's equation is properly derived 
li.y integration along a streamline of Euler's 
equation for continuous steady flow; therefore, 
it is not applicable to a discontinuous phenome
non, such as a shock. Furthermore, since 
Bernoulli's equation is not a statement of con
servation of energy but actually an integrated 
momentum equation, the type of thermodynamic 
process involved (isentropic or otherwise) is 
immaterial. 

In [6], Bernoulli's equation was incor
rectly applied across the shock in place of the 
Hugoniot energy equation (3). These equations 
are not identical because, in general, 



de = Tds - pdv, and thus, the unlike terms in 
these equations are not equal, 

" - '0 f C pdv 

since entropy is not constant across the shock. 

The second difference is that, in [6], the 
constitutive equation of Murnaghan [7] 

1 + S(4b - l)(p - PI) = (v
l
/v)4b-l 

where S is the adiabatic compressibility and b 
is defined in equation (4), is used between 
stations I and 2. This equation involves only 
two thermodynamic state variables, pressure and 
specific volume, whereas three variables are re
lated in a full equation of state. Therefore, 
some thermodynamic process is implied in 
Murnaghan's equation. In Murnaghan's original 
paper [7], the equation was proposed as a fit to 
data from Bridgman's well-known experiments [8], 
which were quasi-static and therefore followed 
an isothermal process. In [6], Murnaghan's 
equation was used to describe the isentrope. 
However, values chosen for the empirical con
stants in the equation are shock properties, 
fitting the equation to the Hugoniot, which is 
neither isothermal nor isentropic. Consequently, 
there is some doubt as to the applicability of 
Murnaghan's equation in this instance. 

In the present study, this difficulty is 
alleviated by using a full equation of state in 
combination with the energy equation and the 
adiabatic condition. In particular, for solids, 
we have chosen the widely accepted equations of 
state of Mie-Gruneisen [9] 

p (Cll 

where 

II :: ...e... 1 
Po 

and of Tillotson [10] , 

= All + B/ + ,+ + 
b 

+ ,] 
p -2 

e/ (eon) 

where 

In addition, a high-pressure equation of state 
for water [11] has been incorporated. 

The system of equations (1) - (4) and 
(6) - (9) is solved by the method of successive 
substitution. For a given jet velocity V, a 
value of penetration velocity U is guessed from, 
say, the incompressible Bernoulli's equation. 
Properties behind the shocks (at stations It and 
Ij) are determined from equations (1) - (4). 
Then, properties at the stagnation point are 
computed from equations (6) - (8); with a 
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general equation of state, the integral in 
equation (6) must be evaluated numerically while 
satisfying the adiabatic condition, equation (8}. 
Now, as shown in [6], combining equations (2), 
(6) and (9) yields 

(V~'~2 . ::; {Y + 
(y - l)p 

o + 
1 U2 
2" Pot 

P oj (e2j 
- e .) - yp ot (e2t -, ) 1 OJ ot (10) 

1 U2 
2' Pot 

Pot iji-l - Poj 

where 

P2t !:& Y - P2j Pot 

If compressibility effects are neglected, this 
equation reduces to the classical theory of [4] 
for which iji = 1. Results calculated using the 
assumed value of U are substituted into the 
right-hand side of the above equation, and a new 
value of U is determined. The process is re
peated until successive values of U are the 
same. 

The penetration per unit length of jet is 

P U 
L V- U 

The ratio, _then, of penetration predicted by the 
cOmpressible model to that by the classical 
theory is 

p 
compressible 

P incompressible 

The deviation of this quantity from unity repre
sents the magnitude of the compressibility 
effect on the penetration of a uniform-velocity 
jet. 

III. STRETCHING JET 

In this section, the compressible pene
tration model is extended to the case of a 
stretching jet. It is assumed that the jet is 
continuous (unbroken) and that the steady-flow 
model presented above is valid at each instant 
of this unsteady case. If it is further assumed 
that the velocity distribution of the jet is 
linear with position, then the virtual-origin 
approach of [1] may be used. While the model is 
also applicable to jets of-arbitrary velocity 
distribution, the linear restriction allows the 
presentation here of some useful results in 
terms of just a few parameters. 



Figure 3 is a space-time diagram of pene
tration by a stretching jet. If, at some early 
time t e , the jet has a linear velocity distri
bution with respect to distance x, then the 
jet appears to emanate from a single point, 
called the virtual origin. 

t 
P 

t 

t-t----T7'7'-~~ 
e 

S --I 
origin 

Figure 3. Penetration by a stretching jet. 

x 

Now, let dL represent an incremental length 
of jet at the time of penetration. Then, as ., 
shown in Figure 3, the increment of penetration 
due to this length of jet is, by kinematics, 

dP u 
V _ U dL (11) 

If dV is the change in jet velocity across dL, 
then 

dL -t dV 
P 

where t , the time of penetration by dL, is 
p 

t 
P 

(12) 

(l3) 

where S is the distance from the virtual origin 
to the face of the target. 

Combination of equations (11) - (13) and 
integration over the entire penetration process 
yields 

(

Pfinal 
dP 

o P+S 
_ rtail 

V , 
t~p 

U dV 
V - U V 

(14) 
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From the compressible penetration model, 
we have, by equation (10), 

U 
V - U 

where k = /Pj/P t and W = w(V) accounts for 

compressibility ef.fects. Substitution into 
equation (14) and integration yields 

P compressible = S[(exp4»k - 1) 

where 

I
v . 
t~p 

Vtail 

ii dV 
V 

(15) 

(16) 

This result may be compared with the pene
tration predicted by the incompressible model. 
If compressibility effects are neglected, W = 1, 
so that equation (15) reduces to 

"noompre"iblo' S [(: :~~J 1] (17) 

Taking the ratio of equations (15) and (17) 
yields 

P compressible 

P incompressible 

k (exp4» - 1 (18) 
- 1 

The deviation of this ratio from unity repre
sents the degree of effect of compressibility 
on the penetration of a stretching jet. 

IV. CALCULATED RESULTS 

In this section, a few calculated results 
are presented and discussed. First, a compari
son is made using Murnaghan's equation with 
results presented in [6), in which a compu
tational error has apparently been made. 
Second, results predicted by the model using the 
other equations of state are presented; a few 
cases are discussed in detail. Finally, calcu
lations of the penetration by a stretching jet 
are presented. 

Comparison with Haugstad and Dullum 

.The above theoretical development was 
written into a computer program. As a, .check, 
calculations were performed using Murnaghan's 
equation to compare with results presented in 
[6). In Figure 4, these results are compared 
in terms of the ratio of penetration calculated 
from the compressible model to that predicted by 
the classical imcompressible theory. It may be 
seen, first, that both sets of calculations show 
little effect of compressibility for the case of 
a copper jet against a steel target and a sig
nificant effect for a Plexiglas target. 

Second, while the results of the present 
calculation and those of [6) are identical when 



the shocks are neglected, there: is a signifi
cant difference when the shocks are included. 
Specifically, the present calculations attri
bute much less effect to the presence of the 
shocks. Similar results were obtained for 
targets of lead, platinum and aluminum. We 
believe that this difference arises from an 
error in the computations of [6], which we 
may explain as follows. Using Murnaghan's equa
tion, the change in internal energy along the 
isentrope may be integrated exactly. 

" -', -I: pdv 

VI { = - Sq PlSq (X-I) 
Xl - q 

+---l-q 
X _-L} 

l-q 

where 

q _ 4b - 1 

When this result was first presented by Haugstad 
(equation (9) of [12]), the first term in the) 
brackets was omitted. Now, when shocks are not 
present or not considered, this omission is of 
no consequence because PI = Po, which is taken 
as zero. However, when shocks are present, this 
term is not negligible; the effect of its 
omission is to calculate too large an increase 
in internal energy along the isentrope, and thus 
to overestimate the effect of compressibility. 
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Figure 4. Effect of compressibility on pene
tration by a uniform-velocity copper 
jet using Murnaghan's equation, com
paring calculations of Haugstad [6] 
with the present study. 

Other Equations of State 

Calculations using the compressible pene
tration model have been performed for several 
jet/target combinations using different equa
tions of state. Material properties are listed 
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in Table 1. The results of calculatiQns for a 
uniform-velocity copper jet into steel and poly
ethylene targets, using the Murnaghan, Mie
Gruneisen and Tillotson equations of state, are 
shown in Figure 5, in which the ratio of com
pressible to incompressible penetration is plot
ted iAgainst jet velocity. For a steel target, 
the results are essentially the same for all 
three constitutive relations, and indicate that 
compressibility effects are negligible in this 
case. For a polyethylene target, there is some 
disparity among result.s calculated using the 
three equations, attributable to the wide varia
bility in the mechanical properties of poly
ethylene. Furthermore, the polyethylene target 
shows a significant effect of compressibility, 
with as much as a 19% reduction in penetration 
compared to the classical theory. 
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Figure 5. Effect of compressibility on penetra
tion of a uniform-velocity copper jet 
into steel and polyethylene targets 
as predicted using different equa
tions of state. 

Figure 6 presents results of calculations 
using the Mie-Gruneisen equation of state for a 
uniform-velocity copper jet into several target 
materials. Note that for a platinum target, the 
compressible theory predicts more penetration 
per unit length of jet than the incompressible 
theory; this result may be attributed to the 
lower compressibility of platinum compared to 
copper. For targets of successively increasing 
'compressibilities (steel, then aluminum, lead, 
Plexiglas and polyethylene), the compressible 
theory predicts successively greater reductions 
in penetration compared to the incompressible 
~heory. 
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Table 1 

Properties of Jet and Target Materials 

Material 

Density, Po 
3 

(Mg/m ) 

Bulk sound speed, Co (km/s) 

Murnaghan Constants: 

S(10-12pa -1) 

b 

Mie-Gruneisen Constants: 

C(1011 Pa) 

D(1011 Pa) 

5(10
11 

Pa) 

r 

Tillotson Constants: 

a(lOl1 Pa) 

b(lOl1 Pa) 

A 

B 
12 

eo(lO J/kg). 

Q) 
..-f 

Copper Steel Lead 

8.93 7.84 11. 36 

3.920 3.596 2.100 

7.29 9.86 19.97 

1.488 1.686 1.450 

1.372 1.014 0.501 

1. 752 -0.2475 0.499 

5.64 10.74 2.019 

1. 96 1. 69 2.20 

1.39 1.17 0.4q6 

1.10 0.550 0.150 

0.5 . 0.55 0.4 

1.5 0.62 2.4 

0.325 0.175 0.020 

~ ~1.lr-----------:,----------...., 
..c rn .,., rn 
rn Q) 
rn .. 
Q) "'" .. ~ 

Platinum Target 

5 g 
<.J .,., 

P< p.. 
Steel 

1.0~---=~~~ ____ ~~~ ____ ~~ 

~ ~uminum "" ~ . 

0.9 
Plexiglas 

Polyethylene 

0.8~~ __ ~ __ ~~ __ ~ __ ~~L-_~ __ L-~ 

2- 10 12 
Jet Velocity, V (km/s) 

Figure 6. Effect of compressibility on penet~~
tion of a uniform-velocity copper Jet 
into several materials as predicted 
using the Mie-Gruneisen equation of 
state. 

Aluminum Platinum Plexiglas Polyethylene 
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2.70 21.37 1.186 0.92 

5.440 3.636 2.745 2.931 

12.52 3.54 111.9 126.5 

1.327 1. 539 1.451 1.472 

0.799 2.825 0.0894 0.0790 

1.139 5.297 0.0457 0.0230 

1.398 9.26 0.436 0.434 

2.09 2.62 0.80 0.86 

0.750 - - 0.075 

0.650 - - 0.020 

0.5 - - 0.6 

1.63 - - 2.0 

0.050 - - 0.07 

Discussion of Results 

The above results may be better understood 
by considering the changes in material states 
during the penetration process. Figure 7 is a 
plot of pressure and velocity states for a 
copper jet impacting a steel target at 7 km/s. 
This type of plot, commonly used to graphically 
describe one-dimensional transient impact 
(e.g., plate slap), can also illustrate steady
state penetration. Points OJ at a velocity of 
7 km/s and Ot at zero velocity represent the un
disturbed states of the jet and target, respec
tively. Conditions immediately after a trans
ient one-dimensional impact are given by the 
intersection of the steel pressure-velocity 
Hugoniot drawn through point 0t with the copper 
Hugoniot drawn backward through pOint OJ. 

For steady-state jet penetration, note 
first that, since the jet and target flow vel
ocities relative to the stagnation point are 
both subsonic (i.e., V - U < Coj and U < Cot), 
no standing shocks are set up, so there is no 
distinction between stations OJ and lj o.r 
between Ot and It. Now, the incompressible 
theory predicts that, as the jet and target 
materials flow toward the stagnation point, the 
pressure p and flow velocity 11 change con
tinuously according to the incompressible 
Bernoulli's equation p + pVZ/2 = constant. 
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Figure 7. Pressure-velocity diagram for pene
tration of a copper jet into a steel 
target at 7 kIIl/s. 

At station 2j and 2t , the pressures and velo
cities must match, so that the conditions at 
the stagnation point are given by the intersec
tion of the two Bernoulli's-equation curves .. 
The velocity at this point is the penetration 
velocity Uincompressible = 3.6 kIIl/s. 

If compressibility is taken into account, 
then the proper conditions along a streamline 
are the compressible Bernoulli's equation, 
pv +i/2/2 -Jpdv = constant, together with the 
equation· of state (Mie-Gruneisen in this ex
ample) and the condition of constant entropy. 
This set of conditions, which defines the com
pressible isentrope, yields a slightly greater 
pressure increase between stations 0 and 2 
than the incompressible theory, as shown in the' 
figure. However, since copper and steel are 
nearly equally compressible (with bulk moduli 
1.37 x lOll Pa for copper and 1.04 x lOll for 
steel), the net effect is that the compressible 
isentropes are each about an equal distance " 
above the incompressible curves; thus, while 
the compressible curves intersect at a slightly 
higher pressure, the penetration velocity U is 
practically identical to the incompressible case 
(less than 1% difference). Since the penetra
tion. depth per unit length of jet is directly 
related to the penetration velocity (by equa
tion (11)), it follows that the penetration 
calculated from the compressible theory is 
almost the same as from the incompressible 
theory. 

Consider now a copper jet impacting a steel 
target at 9 km/s. The flow velocity of each 
material is in this case supersonic relative to 
the stagnation point (i.e., V - U > Coj and 
U > Cot), and a standing shock is set up on 
either side of the stagnation point. Figure 8 
is a pressure-velocity diagram of this case. 
For the incompressible theory, the Bernoulli 
curves intersect at a penetration velocity of 
4.65 km/s. For the compressible theory, the 
presence of the shocks means that station OJ is 
distinct from lj, and Ot from It. The changes 
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in properties between each pair of points are 
given by the Rankine-Hugoniot conditions, which 
define the Hugoniot curve of each material, as 
shown in the figure. The actual locations of 
points lj and It depend on the strengths of the 
shocks, which are determined by the penetration 
vel~city U and are therefore unknown until the 
conditions at the stagnation point have been 
found (this explains why an iterative technique 
is required to solve the entire problem). 
Between stations 1 and 2, each material is com
pressed and decelerated according to the com
pressible Bernoulli's equation and theisentropic 
condition. The intersection of these Bernoulli 
isentropes in the figure gives the conditions 
at the stagnation point; in this case, the pene
tration velocity Ucompressible = 4.62 km/s, only 
slightly less than the incompressible value. 
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Figure 8. Pressure-velocity diagram for pene
tration of a copper jet into a steel 
target at 9 km/s. 

When the target is much more compressible 
than the jet, as in the case of a copper jet 
penetrating Plexiglas, the situation is quite 
different, as shown in Figure 9. The incom
pressible theory predicts the penetration 
velocity Uincompressible = 5.86 km/s for a jet 
velocity V = 8 km/s. Taking compressibility 
into account, note that the flow is subsonic in 
the jet (V - U < Coj) but supersonic in the 
target (U > Cot); therefore, a standing shock 
exists in the target but not'in the jet. Thus, 
in. the target, the pressure first jumps from Ot 
to It according to the Hugoniot of Plexiglas, 
then increases along the Bernoulli isentrope to 
its stagnation value at point 2. In the jet, 
there is no distinction between OJ and lj, and 
the entire increase in pressure follows the 
Bernoulli isentrope. The penetration velocity 
is Ucompressible = 5.52 km/s, 5.6% less than 
the incompressible value. By equation (11), 
this corresponds to an 18% reduction in penetra
tion per unit length of jet. 

Stretching Jets 

For a stretching jet (of non-uniform velo
city distribution), the effect of compressi
bility may be considerably amplified. The 



reason for this is that, if the penetration of 
the front portion of the jet is degraded even a 
little, the rear will have stretched less by the 
time it reaches the bottom of the crater. Since 
penetration is proportional to jet length, the 
rear of the jet also penetrates less. Further
more, the degradation is cumulative over the 
length of the jet. 
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Figure 9. Pressure-velocity diagram for pene
tration of a copper jet into a 
Plexiglas target at 8 km/s. 

Figure 10 presents calculated results for 
a stretching copper jet penetrating targets of 
steel and polyethylene. The ratio, calculated 
by equation (18), of penetration predicted by 
the compressible model to that by the classical 
incompressible model is plotted versus jet tip 
velocity; the tail velocity is fixed at 2.0 km/s. 
For the steel target, the results show that the 
effect of compressibility is slight, even for 
the stretching jet. For the polyethylene tar
get, on the other hand, the compressible 
penetration may be as much as 45% less than the 
incompressible at practical shaped-charge jet 
velocities. 

V. CONCLUSIONS 

The one-dimensional compressible model of 
steady-state jet penetration of Haugstad and 
Dullum has been generalized to incorporate a 
complete equation of state to describe the jet 
and target materials. Calculated results con-' 
firm that compressibility has an appreciable, 
effect (up to 20%) on the penetration per unit 
length of a uniform-velocity jet, when there is 
a significant difference in the compressibili
ties of the jet and target materials. 

The model has been extended to the case of 
a stretching jet, by taking advantage of the 
virtual-origin approach to describe the jet
velocity distribution. Calculated results here 
indicate that the effect of compressibility is! 
amplified in a stretching jet, yielding up to"a 
50% decrease in-penetration, relative to the 
classical, incompressible, hydrodynamic model of 
penetration; for very compressible target 
materials. 
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Figure 10. Effect of compressibility of penetra
tion of a stretching copper jet of 
2-km/s tail velocity against steel 
and polyethylene targets, as pre
dicted using different equations of 
state. 
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