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ABSTRACT The myriad applicability of the frequency-domain critical plane criterion is outlined in
order to evaluate and track the progression of fatigue damage in metallic structures
subjected to high-cycle multiaxial random vibrations. The fatigue assessment using the
given criterion is performed according to the following stages: (i) critical plane definition,
(ii) power spectral density evaluation of an equivalent normal stress and (iii) computation
of the damage precursor and fatigue life.
The frequency-domain critical plane criterion is validated using experimental results
related to (a) AISI 1095 steel cantilever beams under nonlinear base vibration, (b)
18G2A steel and (c) 10HNAP steel round specimens under random non-proportional
combined flexural and torsional loads.

Keywords damage precursor; frequency domain; high-cycle fatigue; multiaxial loading;
random loading; vibration fatigue.

NOMENCLATURE C = coefficient of fully reversed tension or bending S–N curve
k = inverse slope of fully reversed tension or bending S–N curve

PXYZ = fixed frame
PX’Y’Z’ = rotated frame
Puvw = reference system related to the critical plane
Seq(ω) = equivalent PSD function
sxyz(t) = stress vector in PXYZ

sx’y’z’ tð Þ = stress vector in PX’Y’Z’

suvw(t) = stress vector in Puvw
Sxyz(ω) = PSD matrix of sxyz(t)

Sx’y’z’ ωð Þ = PSD matrix of sx’y’z’ tð Þ
Suvw(ω) = PSD matrix of suvw(t)

T = time interval of observation
Tcal = fatigue life determined through calculations
Texp = fatigue life through experiments
αn = nth bandwidth parameter, with n = 1,2,3, …
γ = rotation about the w axis

1̂; 2̂ and 3̂ = rotation about the X’ axis
λn = nth spectral moment, with n = 1,2,3, …
σaf = fatigue limit for fully reversed normal stress (R = � 1)

σ26’;6’ = variance of s6’ tð Þ
σ26};6} = variance of s6} tð Þ

τaf = fatigue limit for fully reversed shear stress (R = � 1)
ω = pulsation
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I NTRODUCT ION

When evaluating fatigue failure in mechanical systems
due to vibration loads, it is often unrealistic to assume a
constant amplitude sinusoidal loading. For this reason,
the analysis of engineering metallic structures under
multiaxial variable amplitude loadings is very
challenging, still open and worthy of investigation.1–3

The dynamic loads in most engineering systems such as
ground and aerial vehicles are intrinsically random.4

Therefore, characterizing vibration-fatigue strength and
life is imperative in performing both mechanical design
and structural dynamic analysis.5,6 In general, the
dynamic analysis can efficiently be conducted in the
frequency domain, particularly when the vibration loads
are random.7–14

Designing fatigue-resistant structural components
exposed to complex dynamic loads can be
challenging.15–20 Thus, estimating the fatigue life in the
frequency domain can be advantageous because it is
computationally far more efficient than in the time
domain. This is because the lifecycle can be evaluated
by simply using the cycle distribution of the loads from
statistics, and thus, cycle counting is not required.

The stress-based criterion proposed in Refs21–23 can
be formulated in the frequency domain24 and can be
employed to estimate the damage severity and fatigue
life.25 Then, fatigue-vibration experimental data for
structures subjected to random vibration excitation26–28

are compared with the theoretical results obtained.

THE STRESS -BASED CR ITER ION

The first step of the stress-based criterion21–23 is to
describe the particle motion due to deformation: a point
P is defined in a structure subjected to a random vibration
loading. The stress tensor related to PXYZ (Fig. 1(a)) is
the following: sxyz(t) = {s1, s2, s3, s4, s5, s6}T = {σx, σy, σ
z, τyz, τxz, τxy}T. A six-dimensional ergodic stationary
Gaussian stochastic process with zero mean values is
assumed to describe the random features of the stress
tensor, and the PSD matrix, Sxyz(ω), is given by

Sxyz ωð Þ ¼

S1;1 S1;2 S1;3 S1;4 S1;5 S1;6

S2;1 S2;2 S2;3 S2;4 S2;5 S2;6

S3;1 S3;2 S3;3 S3;4 S3;5 S3;6

S4;1 S4;2 S4;3 S4;4 S4;5 S4;6

S5;1 S5;2 S5;3 S5;4 S5;5 S5;6

S6;1 S6;2 S6;3 S6;4 S6;5 S6;6

26666666664

37777777775
; (1)

where ω is the pulsation.

Fig. 1 Reference systems: fixed frame PXYZ and rotated frame
PX’Y’Z’. Rotation about: (a) Z-axis; (b) Y0-axis; (c) Z0-axis.
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Then mathematical transformations from a fixed
reference system to a rotated reference system are
applied. The aim is to compute the stress tensor

sx’y’z’ tð Þ ¼ s1’ ; s2’ ; s3’ ; s4’ ; s5’ ; s6’
� �T related to PX’Y’Z’

(Fig. 1). Thus, the PSD matrix can be obtained:

Sx’y’z’ ωð Þ ¼ CSxyz ωð ÞCT ; (2)

where ϕ, θ and ψ are the Euler angles. The rotation
matrix C =C(ϕ, θ,ψ) is given by Ref 29:

C ¼

c2ψ s2ψ 0 0 0 2cψsψ

s2ψ c2ψ 0 0 0 �2cψsψ

0 0 1 0 0 0

0 0 0 cψ sψ 0

0 0 0 �sψ cψ 0

�cψsψ cψsψ 0 0 0 c2ψ � s2ψ

26666666666664

37777777777775
c2θ 0 s2θ 0 2cθsθ 0

0 1 0 0 0 0

s2θ 0 c2θ 0 �2cθsθ 0

0 0 0 cθ 0 �sθ

�cθsθ 0 cθsθ 0 c2θ � s2θ 0

0 0 0 sθ 0 cθ

2666666666664

3777777777775
c2φ s2φ 0 0 0 2cφsφ

s2φ c2φ 0 0 0 �2cφsφ

0 0 1 0 0 0

0 0 0 cφ sφ 0

0 0 0 �sφ cφ 0

�cφsφ cφsφ 0 0 0 c2φ � s2φ

26666666666664

37777777777775
;

(3)

where cψ = cosψ, sψ = sinψ, cθ = cos θ, sθ = sin θ, cϕ = cosϕ
and sϕ = sinϕ.

When varying the angles ϕ and θ (Fig 1a and b),
the direction Z’ experiences a maximum stress s3’ tð Þ,
which can be expressed in the following statistical
form:

E max
0 ≤ t ≤ T

s30 tð Þ
� �

≅
ffiffiffiffiffi
λ 0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln N 1ð Þ

p
þ 0:5772ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 ln N 1ð Þp ; (4)

where E[.] is the expected value of the random
variable being examined, N1 is equal to νþ0 T (with
vþ0 = expected rate of mean zero-up crossings of
s3’ tð Þ ) and λ0 is the spectral moment of order 0 of
the PSD function S3’;3’ . By varying the angle ψ

(Fig. 1c), the maximum value of the variance of
s6’ tð Þ can be computed as follows:

max
0 ≤ Ψ ≤ 2π

σ26’;6’
h i

¼ max
0 ≤ Ψ ≤ 2π

∫
þ∞
�∞S6’;6’ ω;Ψð Þdω

� �
(5)

Note that the directions Z’ and Y’ are the averaged
principal directions 1̂ and 3̂ , respectively, and the
direction X’ is the averaged principal direction 2̂.

Considering the frame Puvw related to the
critical plane (Fig. 2), the stress tensor at point P
associated with the Puvw reference system becomes

suvw tð Þ ¼ s1’’ ; s2’’ ; s3’’ ; s4’’ ; s5’’ ; s6’’
� �T .

The PSD matrix is expressed as follows:

Sx″y″z″ ωð Þ ¼ eCSx’y’z’ ωð Þ eCT
(6)

The rotation matrix eC ¼ eC γ; δð Þ is given by Ref 29:

C ¼

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

2666666666664

3777777777775
c2γ s2γ 0 0 0 2cγsγ

s2γ c2γ 0 0 0 �2cγsγ

0 0 1 0 0 0

0 0 0 cγ sγ 0

0 0 0 �sγ cγ 0

�cγsγ cγsγ 0 0 0 c2γ � s2γ

26666666666664

37777777777775
1 0 0 0 0 0

0 c2δ s2δ �2cδsδ 0 0

0 s2δ c2δ 2cδsδ 0 0

0 cδsδ �cδsδ c2δ � s2δ 0 0

0 0 0 0 cδ sδ

0 0 0 0 �sδ cδ

2666666666664

3777777777775
;

(7)

where cγ = cos γ, sγ = sin γ, cδ = cos δ and sδ = sin δ. The
clockwise rotation δ about the X

0
axis (i.e. 2̂ , Fig. 2)

defines the normal w to the critical plane:
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δ ¼ 3π
8

1� τaf ;�1

σaf ;�1

� �2
" #

: (8)

By maximizing the variance of s6’’ tð Þ, we can determine
the u axis:

max
0 ≤ γ ≤ 2π

σ26’’;6’’
h i

¼ max
0 ≤ γ ≤ 2π

∫
þ∞
�∞S6’’;6’’ ω; γð Þ dω

� �
: (9)

The angle γ is a counter-clockwise rotation about the
w axis (Fig. 2).

Through the following linear combination, the
multiaxial stress state is reduced to an equivalent uniaxial
stress state by employing an equivalent PSD function:

Seq ¼ S3’’;3’’ þ
σaf ;�1

τaf ;�1

� �
S6’’;6’’ : (10)

The expected fatigue damage per unit time can be
evaluated as follows:

E D½ � ¼ νa C�1∫
þ∞
0 skpa sð Þds; (11)

where νa is the expected occurrence rate of the loading
cycles, k and C are related to the fully reversed tension
or bending S–N curve and pa(s) is the probability
distribution of the amplitude s of the counted equivalent

stress cycles. The marginal density pa(s) is computed
through the rain-flow counting (RFC) procedure.30 For
a complete counting procedure, Equation (11) is applied
by equating νa with the expected rate νp of peaks.

As far as the RFC method is concerned, there is no
analytical solution for pRFCa sð Þ , and consequently, the
damage estimation E[DRFC] is approximated. Wirsching
and Light31 proposed to connect the expected fatigue
damage rate to that of a narrow-band process, E[DNB]:

E DRFC½ � ¼ χ�E DNB½ �; (12)

where

χ ¼ 0:926� 0:033kð Þ

þ 1� 0:926� 0:033kð Þ½ � 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� α22

q� �1:587k�2:323

(13a)

E DNB½ � ¼ νpC�1
ffiffiffiffiffiffiffi
2λ0

p	 
k
Γ 1þ k

2

� �
(13b)

being α2 the regularity index and λ0 the spectral moment
of order 0, both computed by employing the equivalent
PSD function Seq. Further, the parameter Γ is the gamma
function Γ zð Þ ¼ ∫

þ∞
0 tz�1 e�t dt.

EXPER IMENTAL FAT IGUE TESTS

The given criterion is applied to the following
experimental results related to (a) AISI 1095 steel
cantilever beams under vibratory loads,27,28 (b) 18G2A
steel round specimens and (c) 10HNAP steel round
specimens subjected to a combination of random non-
proportional bending and torsion.26

For case (a), the tests have been performed at the US
Army Research Laboratory on slender cantilever beams
made of blue-finished polished spring-tempered AISI
1095 high carbon steel.27,28 The main alloying elements
are 0.95 wt% C, 0.4 wt% Mn and 0.2 wt% Si. The
density is equal to 7.85 g cm�3, whereas the elastic
modulus is equal to 205 GPa. The hardness is Rockwell
C48. The beam length and cross-sectional area are
127 mm and 15.88 mm × 1.08 mm. Table 1 includes
the fatigue properties for fully reversed tension, whereas
τaf , � 1 is taken equal to 50% of σaf , � 1.

Fig. 2 Reference systems: rotated frames P1̂2̂3̂ and Puvw. [Colour
figure can be viewed at wileyonlinelibrary.com]

Table 1 Fatigue properties of AISI 1095 steel

Material σaf , � 1 [MPa] N0 [cycles] C [MPak] k τaf , � 1 [MPa]

AISI 1095 662.29 2.00 (10)6 2.94 (10)33 9.63 331.15
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The test set-up is displayed in Fig. 3. Each beam is
horizontally mounted on a rigid fixture, with the bolts
torqued to 22.6 Nm. The system has then been
connected to an electrodynamic single-axis shaker table
controlled by a triaxial accelerometer, as is shown in
Fig. 3. The beam tip displacement is measured through
a piezotronics accelerometer. The accelerometer mass is
about 1.5 g. The number of loading cycles and
observation time are displayed in Table 2.

Once the linear fundamental frequency is determined
through a sine-sweep excitation, the beams are exposed
to the previously mentioned transverse excitation
amplitudes at discrete dwell frequencies near the
fundamental frequencies, ensuring a steady-state
condition. The ramp-up time and dwell time for each
frequency are 30 and 20 s, respectively.

A close-up dwell period for the base excitation and the
corresponding beam tip response can be noticed in Fig. 4.
At each frequency, a steady-state condition is reached
during the dwells. Each forward dwell frequency
excitation step is 0.05 Hz. The microstructure at the beam
root is examined using the scanning electron microscopy
by observing the local changes in the material.

For cases (b) and (c), tests were performed at the
Opole University of Technology,26 for two types of
steels: 18G2A is a low-alloy high-strength steel for
welded structures, whereas 10HNAP is a low-alloy steel

highly resistant to corrosion. The main alloying elements
are 0.21 wt% C, 1.46 wt% Mn and 0.42 wt% Si for
18G2A steel and 0.11 wt% C, 0.52 wt% Mn and
0.65 wt% Cr for 10HNAP steel. The Poisson coefficient
and the elastic modulus are 0.30 and 210 GPa for 18G2A
steel and 0.29 and 215 GPa for 10HNAP steel,
respectively. The specimen’s length and diameter are 90
and 8 mm, respectively. Table 3 includes the fatigue
properties for both fully reversed bending and fully
reversed torsion.

The tests have been performed in high-cycle fatigue
regime under random non-proportional bending
moment and torsion. A dynamic fatigue test stand was
utilized. The loading is due to the levers motion
generated by inertial force of the unbalanced mass on
four rotating disks. The shearing stress from bending
moment is not significant, because its value is lower than
3% of the total stress. The dominating frequencies for
bending and torsion are 28.8 and 30 Hz, respectively.
Histories of these moments are independent, and such
moments are polyharmonic (random). The given
histories are sums of four harmonic components with
different amplitudes, frequencies and phases. The
loading histories were recorded using a card with high
sampling frequency (1000 Hz) to accurately capture the
signal outputs. Thirteen combinations of normal and
shear stress histories with different values of the ratio

Fig. 3 Experimental set-up for vibration test. [Colour figure can be viewed at wileyonlinelibrary.com]

Table 2 Summary of the experimental data for tests on AISI 1095 steel

Cycles block No. Base excitation/g [ms�2] Max strain/103 No. cycles/103 Observation time [s]

I 0.3 0.6 0–97 0–1750
II 0.3 0.6 97–182 1750–3500
III 0.3 0.6 182–279 3500–5250
IV 0.3 0.6 279–362 5250–7000
V 0.3 0.6 362–454 7000–8750
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between the maximum shear stress and normal stress
were analysed.

COMPAR ISON BETWEEN THEORET ICAL
RESULTS AND EXPER IMENTAL DATA

For the steel AISI 1095 cantilever beam (case (a)), the five
loading blocks listed in Table 2 are examined through the
given criterion. In Fig. 5, the expected fatigue damage
DRFC =E[DRFC] �T against the observation time T is
shown for each loading cycle block. The maximum value
of DRFC at the end of the test is far from the critical
damage assumed to be equal to the unity.

The fatigue damage evaluation is within a satisfactory
agreement with the experimental data shown in Fig. 6a–c,
where the material microstructure at the beam root is
examined by using scanning electron microscopy after
the loading cycle block II, III and V, respectively. It can
be noted that the beam surface micro-composition close
to the fixed boundary displays a significant concentration
of dark slender grains. In fact, the high-cycle loading
promotes the dark grains near the fixed end, but no
cracks are observed.

A pristine beam surface is compared with the
microstructure of a fatigued beam (Fig. 6). The
microstructure of the unfatigued beam is uniform, as is
shown in Fig. 6d.

Fig. 4 (a) Example of 1.0 s dwell period of base excitation and (b) corresponding tip response. [Colour figure can be viewed at
wileyonlinelibrary.com]

Table 3 Fatigue properties of 18G2A and 10HNAP steels

Material σaf , � 1 [MPa] N0 [cycles] C [MPak] k τaf , � 1 [MPa]

18G2A 270 2.375 (10)6 7.61 (10)23 7.20 170
10HNAP 300 3.135 (10)6 6.63 (10)30 9.82 182

Fig. 5 Expected fatigue damage DRFC =E[DRFC] �T against
observation time, T, for each loading cycle block examined.
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The criterion employed here belongs to the category
of the crack-nucleation approach, which indicates that,
when the damage is equal to 1, cracks nucleate. We can
conclude that the adopted criterion is able to take into
account the evolution of material microstructure due to
damage accumulation, because both the estimated DRFC

increases when T is increased and DRFC is lower than
the unity for each loading cycle block.

Fig. 6 Surface microstructure near beam root after (a) II, (b) III and
(c) V loading cycle block (1000× magnification). The microstructure
of the unfatigued beam is also shown in (d).

Fig. 7 Comparison between calculated and experimental fatigue
lives for 18G2A steel, by applying the proposed criterion and the
Wirsching and Light model.

Fig. 8 Comparison between calculated and experimental fatigue
lives for 10HNAP steel, by applying the proposed criterion and
the Wirsching and Light model.
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As far as the 18G2A and 10HNAP steels are
concerned, 13 combinations of loading are examined
through the given criterion. The comparison between
analytical, Tcal, and experimental, Texp, fatigue life values
for 18G2A and 10HNAP is shown in Figs 7 and 8,
respectively. The solid lines in Figs 7 and 8 represent
Tcal =Texp, whereas the dashed lines and the dash-dot
lines correspond to Tcal/Texp = 0.5–2 and Tcal/Texp = 0.3–
3, respectively.

The agreement between the theoretical results and
experimental data is satisfactory. More precisely, for
18G2A steel, 92% of the results are within the 3× band.
For 10HNAP steel, 77% of the results are within the
3× band.

CONCLUS IONS

A frequency-domain criterion based on the critical plane
concept has been utilized to examine the fatigue
behaviour of metallic structures under multiaxial random
loading. The critical plane orientation is deduced by
means of the stress tensor PSD matrix. Defining an
equivalent PSD function is essential to evaluate both
damage and fatigue lifetime.

The proposed criterion has been validated using the
experimental fatigue results related to the following
specimens: (a) cantilever beams made of AISI 1095 steel
exposed to vibratory loads, (b) 18G2A steel and (c)
10HNAP steel round specimens subjected to
combination of random non-proportional flexural and
torsional loads.
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