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ABSTRACT

Retarders or waveplates are tools for polarization modification in bulk optical systems. These devices usually have
a strong wavelength dependence in their performance, making them suitable for use over a wavelength band on the
order of a few percent of the center wavelength for which they are made. Display and tunable laser applications
are examples that can require consistent polarization modification over a much broader wavelength range. We
discuss new methods and designs for dramatically increasing range of performance and review older methods as
well. We show examples of achievable performance using modern polymer and liquid crystal materials.
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1. INTRODUCTION

Waveplates or retarders are polarization state modifiers that perform well over only a small range of wavelengths
in their most common forms. This is because the retardance in waves decreases mostly because of the 1/λ
dependence. A wavelength dependence of birefringence also contributes, but to a much smaller extent.

Polarization modification in a constant manner over wavelength is often desired in systems such as tunable
lasers, imaging systems and polarimeters. The most common polarization modifiers are retarders that convert
between linear and circular polarization and between linear polarization states with different directions of linear
polarization. Quarter wave retarders convert linear into circular polarization or, the reverse, circular into linear
polarization. Half wave retarders rotate a plane of linear polarization about an angle dependent on the orientation
of the fast axis of the retarder. Half wave retarders also will reverse the handedness of a circularly polarized
beam. Achromatic retarders for other retardance values are also useful, but the emphasis in this paper is on
quarter and half wave retarders.

We describe several designs of quarter and half wave retarders that are much more uniform in their perfor-
mance over a broader wavelength range. In some cases these achromatic retarders perform well over a wavelength
range of several hundred nanometers.

2. DESIGN CRITERIA FOR ACHROMATIC DEVICES

For design and bulding of achromatic devices the following criteria must be considered [1]:

1. Requirements for retardance achromaticity, i. e. target retardance and tolerances in a given wavelength
range.

2. Requirements for fast axis variation over a given wavelength range.

3. Requirements for temperature independence (athermality) of retardance.

4. Requirements for size of the device.

5. Requirements for clear aperture of the device.
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6. Requirements for angular aperture of the device (i. e. retardance variation with angle of incidence and
angle of azimuth).

7. Requirement whether the device must be a pure retarder, and not a retarder-rotator. (It has been shown
by Jones and Hurwitz [2] that any combination of waveplates is equivalent to a retardation and a rotation.)

8. Number of materials.

9. Number of waveplates.

10. Environmental requirements (e.g. temperature range, energy flux that the device needs to be able to
withstand).

11. Cost of materials, machines and labor for design modeling, manufacturing and testing.

The purpose of this paper is to provide an overview to help with requirements 1, 2, 3, 6, 8, 9 and 11 and some
considerations helpful with requirements 4, 5, 7 and 10 as well.

3. TYPES OF ACHROMATIC RETARDERS

3.1 Fresnel Rhombs: Achromatic Retardance through Total Internal Reflection (TIR)

Retardance, which can be viewed as a phase difference between the p (parallel) and s (perpendicular) components
of an incoming light ray of a certain wavelength, can be induced (even in materials without any birefringence!)
by total internal reflection (TIR) at a glass-air interface [3] [4] [5], as illustrated in Fig. 1, which depicts a prism
called Fresnel rhomb. The introduced phase shift δ (λ) for a light ray of wavelength λ depends on the refractive
index n (λ) of the rhomb material and on the incidence angle α of the ray on the inside surface (of the rhomb)
according to the formula

tan
δ (λ)

2
=

cosα

√
n (λ)

2 · sin2 α− 1

n (λ) · sin2 α
, (1)

for all incidence angles α that obey the TIR condition

arcsin
1

n (λ)
≤ α ≤ 90◦. (2)

In the Fresnel rhomb two phase shifts of 45◦ each are introduced by two separate total internal reflections,
totaling up to the desired 90◦ phase shift of a quarter wave retarder. In Fig. 2 two quarter wave Fresnel rhombs
are connected to form a half wave Fresnel rhomb, that is one that shifts the phase of an incoming ray by 180◦.
For BK7 glass with a refractive index of 1.5151 at 632.8 nm, for example, α = 55◦5′ produces the necessary 45◦

phase shift. Fig. 3 shows retardance vs. wavelength dependence for a 400-1600 nm Fresnel rhomb made from
Schott N-BK 7 R© glass, using the dispersion formula from Schott [7]. The disadvantages of the Fresnel rhomb
are:

• size, as compared with fractions of a mm for e.g. polymer stack retarders,

• sensitive dependence of the resulting phase shift on the angle of incidence, which restricts the angular
aperture considerably [8],

• rotation of retarder fast axis with the azimuth angle for non-normal incidence,

• influence of stress birefringence in the rhomb material [3],

• influence of surface nonuniformities and of surface films [9],

• lateral displacement of the beam during passage through the device (for QW rhomb) [10].

Additional birefringent waveplates can be added on the rhomb surface, either in addition mode (fast axes parallel)
or subtraction mode (fast axes crossed) to either increase retardance achromaticity or increase angular aperture,
see [3] and [11] and references therein.



Figure 1. Two separate total internal reflections in the Fresnel rhomb each contribute a 45◦ phase change in the p and s
components of an incoming light ray, thereby producing a quarter-wave retarder. Fresnel invented this prism in 1817 to
convert incoming linearly polarized light into outgoing circularly polarized light.

Figure 2. Doubling the QW Fresnel rhomb from Fig. 1 yields a HW retarder with four total internal reflections, each
contributing 45◦ to the retardance. Note that for the HW rhomb the outgoing beam is collinear with the incoming one
(no displacement). For further rhomb geometries see [6].

Figure 3. For internal reflection angle α = 55◦5′ the retardance vs. wavelength curve for BK7 glass yields the smallest
deviation from 90◦, namely a deviation of 1◦31′ over the 400-1600 nm wavelength range, taking dispersion of refractive
index according to Schott’s data sheets [7] into account.



Figure 4. Dependence of rhomb retardance on internal reflection angle for BK7 glass at 632.8 nm (n = 1.5151). Best for
increased angular aperture is TIR retardance graph being tangent to dashed 45◦ retardance line [3].

3.2 N-Crystals Combination Plates: Achromatic Retardance through Dispersion of
Birefringence

In birefringent crystals such as quartz or magnesium fluoride the birefringence is not constant as a function of
wavelength (which would give rise to a retardance inversely proportional to wavelength), but depends on the
wavelength, too. This phenomenon, which is called dispersion of birefringence, can be utilized to construct
achromatic retarders by stacking two or more waveplates of different birefringent materials with fast axes either
parallel or perpendicular to each other. The advantages of such a crystal combination plate are:

• The stack of crystal plates is typically a few millimeters thick, less bulky than a prism retarder.

• The direction of the stack optic axis does not vary with wavelength, as is the case for the Pancharatnam-
type plate combinations described in section 3.3.2. (There are other types of crystal waveplate combinations
(see [12]) where fast or slow axes are not aligned; these show achromaticity over a shorter wavelength range,
however, and experience a variation of the stack fast axis with wavelength.)

• Crystal waveplates have a higher threshold to withstand laser or solar flux than polymer retarders.

• Achromats of arbitrary target retardances can be realized by increasing or decreasing the thicknesses of all
plates in a given achromatic crystal stack by the same scaling factor.

The retardance (in units of wavelength) of a stack of N crystal plates at wavelength λ (in microns), assuming
normal incidence of the ray on the plates, is given by

R(λ) =

N∑
i=0

εi − ωi
λ

di (3)

where ωi, εi and di are the ordinary refractive index, the extraordinary refractive index and the thickness (in
microns) of plate number i. Using the convention that di is positive (negative) if the optic axis of plate number
i is parallel (perpendicular) to the stack axis [13] [14], the formula accounts for the addition and subtraction of
the plate retardances depending on the orientation of the plate optic axes.

As an example Fig. 5 shows the retardance vs. wavelength graph of a quartz-sapphire quarter wave achromatic
waveplate consisting of a 1335.2 microns thick quartz plate and an 1517.3 microns thick sapphire plate with
parallel optic axes. These thicknesses minimize the deviation of retardance from 0.25 wavelengths (i. e. quarter
wave retardance) in the range from 400 to 1000 nm. An even better fit for the same wavelength range, yielding a
quarter wave achromat with λ/100 tolerance, is a combination of a 104.6 micron thick magnesium fluoride MgF2)
waveplate and a 24.1 micron thick ammonium dihydrogen phosphate (ADP) waveplate with parallel optic axes,
as shown in red in the same Fig. 5. However crystal plates that thin (a few hundred microns or less) are very



Figure 5. Retardance vs. wavelength graphs for two different achromatic combination waveplates: a quartz-sapphire
and a magnesium fluoride(MgF2)-ammonium dihydrogen phosphate(ADP) combination. The MgF2 and ADP plates with
thicknesses of 0.104 mm and 0.024 mm, respectively, are too thin and fragile to manufacture (by polishing), but can be
replaced by a pair of thicker plates of the same material in subtraction mode.

Figure 6. Retardance vs. azimuth graph at 630 nm for the quartz/sapphire combination waveplate from Fig. 5. The
azimuth dependence is periodic in 180◦, and its amplitude increases with the angle of incidence, i. e. angle between light
ray and surface normal. Here the graphs are shown for 2◦, 5◦ and 10◦ incidence.

fragile and therefore difficult to polish to a given retardance goal. Instead, it is necessary to substitute the 104.6
micron thick MgF2 waveplate by a pair of two thicker MgF2 waveplates, e.g. with thicknesses 2104.6 microns
and 2000 microns, in a manner that their optic axes are perpendicular to each other so that their retardances are
subtracted and yield a net retardance of the desired 2104.6− 2000 = 104.6 microns. Similarly the unrealistically
thin 24.1 micron ADP waveplate can be replaced by a combination of two thicker ADP plates in subtraction
mode (i. e. with perpendicular optic axes), e. g. by a 2024.1 micron and a 2000 micron ADP plate with net
retardance 2024.1 − 2000 = 24.1 microns. This method is also applicable to realize small net retardances in
the Pancharatnam-type combination retarder stacks that will be discussed in sections 3.3.6 and in application
example in section 4.1.



Figure 7. With a suitable combination of two quartz waveplates in subtraction mode and 2 sapphire waveplates in
subtraction mode the dependence of retardance on incidence angle can be greatly reduced, thereby increasing the angular
aperture. Shown here are the range of retardances for incidence angles up to 10◦, allowing arbitrary azimuth angles at
each wavelength.

Figure 8. The angular aperture of a quartz-quartz-sapphire-sapphire QW achromat in the 400-1000 nm wavelength
interval decreases with the lower bound for permissible plate thicknesses. Here the angular aperture is quantified as the
greatest possible incidence angle causing at most 0.005 waves of retardance deviation.

According to Beckers [13] the substitution of crystal waveplates of thickness D by two waveplates of the same
material in subtraction mode (i. e. with fast axes crossed with thicknesses D1 and D2 such that D = D1 −D2)
not only allows the use of thicker plates, but also provides an opportunity to widen the angular aperture of the
achromatic stack, thereby reducing the dependence of the retardance on the incidence angle of the light ray on
the retarder surface. The generalization of stack retardance formula (3) to account for an arbitrary incidence
angle φ and an arbitrary azimuth angle α relative to the stack axis is, following Evans [15],
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where a = sinφ · cosα and b = sinφ · sinα. (Note that in [15] the derivation is given for the azimuth angle
relative to the fast axis angle of the individual plate instead of the stack axis!) Taylor expansion of this formula
for small incidence angles φ yields the approximation, given in [14],
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Fig. 6 illustrates the dependence of the retardance on the azimuth angle for fixed incidence angles of 2◦,
5◦ and 10◦ at a wavelength of 630 nm for the quartz-sapphire achromat shown in Fig. 5. With a four-plate
quartz-quartz-sapphire-sapphire combination, where the two pairs of the same material are in subtraction mode
as explained above, the amplitude of the retardance dependence on the azimuth angle can be greatly reduced,
as is shown in Fig. 7 for the whole wavelength range of achromaticity, namely 400-1000 nm. The solution in
this figure uses quartz plate thicknesses of 0.500 mm and 1.835 mm and sapphire plate thicknesses of 1.162 mm
and 2.680 mm. If we limit the feasible solutions by imposing a lower bound on the plate thicknesses (because of
technical limitations in polishing the plates to optimal thickness), the dependence of the angular aperture on the
lower bound for the plate thickness is shown in Fig. 8, defining the angular aperture as the maximum possible
incidence angle so that the retardance deviation does not surpass a 0.005 wave tolerance.

3.3 Pancharatnam-Type Combination Plates: Achromatic Retardance through Fast
Axis Rotation of Same-Material Plates

3.3.1 Materials for multi-layer film retarders

Most multilayer achromatic retarder designs are best manufactured using birefringent polymer retarders for the
individual component retarders. Usually cast polymer films are heated to a softening temperature and then
stretched to produce birefringence in the films. This stretching aligns the long polymer chain molecules in a
common direction and the resulting anisotropy causes the films to be birefringent. The birefringence increases
with the stretch distance but the resulting retardance also depends on the film thickness which is reduced by
stretching. (The film thickness varies from about 10 microns to 150 microns.) These competing effects limit the
maximum achievable retardance in an individual polymer film to a few thousand nanometers. This is more than
enough retardance for the designs discussed in this paper for wavelengths from visible to the near IR.

Most polymer retarders do not transmit well in the UV and also show absorption bands in the IR, especially
at wavelengths longer than 2 microns. The transmitted wavefront quality of these films is poor but improves
dramatically, typically to quarter wave or better at visible wavelengths, when the films are laminated between
optically flat windows with an adhesive that is a good index of refraction match to the polymer. Examples of
polymers that can be stretched to make retarders are polyvinyl alcohol, polycarbonate, polyimide, polystyrene
and polymethyl methacrylate [16]. Birefringent reactive mesogen polymer films can also be made by spin coating
onto a glass or fused silica substrate [17].

At Meadowlark Optics retardance tolerances of λ0/350 at the given design frequency λ0 are achieved for
polymer waveplates. The rotational error for clocking the fast axes directions of the waveplates in a retarder
plate stack are less than 0.25◦ for each plate. Computer simulations (using Mueller matrices to represent retarders
and Mueller matrix multiplication to model their combination) that allow for the compounding of the retardance
and angle errors of the individual plates yield upper bounds for the retardance deviation and fast axis variation
over a given wavelength range. Typical simulation graphs for a quarter wave superachromat in the 370-1100 nm
wavelength range are shown in Fig. 9. Ellipsometer measurements on the manufactured part confirm these error
modeling results, see Fig. 10.

3.3.2 Pancharatnam’s 3-layer design

Pancharatnam [18] introduced an achromatic retarder formed of three parallel waveplates (elements) of the same
material, where the first and third waveplates are of equal retardance 2δ1 with fast axes parallel, whereas the
center plate has retardance 2δ2 and is rotated relative to the outer plates by an angle c. Title [19] proves, using
Jones calculus [20] [2], that these assumptions, which describe the symmetry of the waveplate combination about
the center plane, are necessary so that the combination of the three plates is a pure retarder, i. e. does not
produce any rotation of the polarization axis of incident light that is polarized along the fast or slow axis of the
stack. (The decomposition theorem that a combination of retarders can always be represented as a combination
of a retarder followed by a rotator is proven in [2].) Pancharatnam derives the resulting stack retardance 2δ to
be

cos δ = cos 2δ1 cos δ2 − sin 2δ1 sin δ2 cos 2c. (6)



Figure 9. Assuming upper bounds of 2 nm retardance error and 0.25◦ fast axis clocking error for each plate, computer
simulations for all possible combinations of these worst-assumed plate errors yield an estimate for achievable manufacturing
tolerances. Ellipsometer measurements on the finished part stay well within these worst-case modeling tolerances, compare
Fig. 10.

The corresponding stack fast axis angle c1 is given by

cot 2c1 = csc 2c (sin 2δ1 cot δ2 + cos 2δ1 cos 2c) . (7)

By a suitable choice of the degrees of freedom δ1, δ2 and c Pancharatnam achieves an achromaticity of the
stack that is characterized by:

• the desired retardance 2∆ in the vicinity of the design wavelength λ0 at which the plate retardances are
measured,

• a dimensionless constant f such that the stack retardance is equal to the desired retardance 2∆ at the two
wavelengths λ0/ (1 + f) and λ0/ (1− f),

• the fast axis orientation angles of the stack being equal (to each other) at these two wavelengths.

Assuming constant birefringence as a function of wavelength, Pancharatnam derives, using Poincaré sphere
considerations for which he credits F. Pockels [21],

1. 2δ1 is, for non-HW achromats (2∆ 6= π), the implicit solution of the transcendental equation

sin (f · 2δ1) =
sin
(
f · π2

)
cos ∆

sin 2δ1 (8)

whereas for HW achromats (2∆ = π), we have 2δ1 = π, i. e.the outer plates are half wave retarders at the
design wavelength λ0.

2. 2δ2 = π, i. e. the center plate has half wave retardance at the design wavelength λ0 for both HW and
non-HW achromats.

3. The center plate must have a rotation angle c (relative to the outer plates) that solves the equation

cos 2c = −
tan

(
f · π2

)
tan (f · 2δ1)

. (9)



3.3.3 Title’s 3-layer design

Instead of imposing equal retardance and equal fast axis angle boundary conditions at a wavelength below and
a wavelength above the design wavelength λ0, A. Title [19] determines a three layer achromat design by setting
the derivatives of both the retardance and the fast axis angle equal to zero at the design wavelength, and obtains
the following equations, written here in Pancharatnam’s notation from the previous section 3.3.2 for comparison:

1. The retardance 2δ1 of the outer plates is for non-HW achromats (2∆ 6= π) , the implicit solution of

2δ1 =
π
2

cos ∆
sin 2δ1, (10)

whereas for HW achromats (2∆ = π), we have 2δ1 = π as in Pancharatnam’s design.

2. 2δ2 = π, i. e. the center plate has half wave retardance at the design wavelength λ0 for both HW and
non-HW achromats.

3. The center plate must have a rotation angle c (relative to the outer plates) that solves the equation

cos 2c = −
π
2

2δ1
. (11)

By comparison of eq.(8) with eq.(10) and of eq.(9) with eq.(11) we see that in the limit f → 0 Pancharat-
nam’s equations go over into Title’s equations, so that Title’s achromat can be considered a limit case of the
Pancharatnam achromat for small wavelength ranges. Fig. 11 shows the stack retardance and stack fast axis
angle graphs for both approaches for the fit with least retardance deviation from 0.25 waves (QW achromat) over
the wavelength range. As a third solution we show the one obtained by numerical optimization for a 5-plate-stack
designed by the authors.

3.3.4 N-Layer Designs

By stacking an odd number of waveplates symmetric about the center plate (as for plate retardances and plate
fast axis orientations) a tighter tolerance can be realized for quarter wave, half wave and other achromats. The
authors have designed and manufactured 5-plate polymer film achromats for quarter wave, third wave and half
wave requirements. In [19] A. Title proposes and provides error analysis for a half wave achromat obtained by
stacking three of his three-plate achromats with parallel fast axes for the outer 3-stack elements and with fast axis
of the center 3-stack rotated by 60◦ with respect to the fast axis of the outer 3-stack elements. This nine-stack
HW achromat meets very narrow tolerances for both the retardance deviation and the fast axis variation, as
shown in tables 1 and 2 and illustrated in Fig. 13. An even better 9-stack to minimize retardance deviation in a
given wavelength range is achieved by stacking three Pancharatnam-design 3-stacks with the same 60◦ rotation
of the center 3-stack against the parallel outer 3-stacks.

3.3.5 How to Account for Dispersion of Birefringence in Pancharatnam-Type Combination
Waveplates

In the their pioneering papers S. Pancharatnam [18] and A. Title [19] assume the birefringence to be constant, that
means independent of wavelength. While dispersion of birefringence may lead to less achievable achromaticity
for a given wavelength range as in the model, the models can without loss of generality be applied to take an
arbitrary birefringence vs. wavelength function b (λ) into account with the following recipe, even if the plate
thicknesses are unknown:

1. In a given wavelength range λmin ≤ λ ≤ λmax the plate retardance at wavelength λ can be expressed in
terms of the birefringence b (λ) as

δ (λ) = δ (λ0) · λ0
λ
· b (λ)

b (λ0)
. (12)

Since the birefringence function b (λ) in this derivation always occurs as a ratio, divided by its value at the
design wavelength λ0, it may be expressed in any units. This ratio is a normalized birefringence with value
1 at the design wavelength λ0.



Figure 10. Measured retardance vs. wavelength dependence for a QW 5-layer stretched polymer superachromat for
380-1100 nm (measured data points as circles) that was manufactured in October 2016 at Meadowlark Optics, compared
with the theoretical curve obtained by modeling with Mueller matrices, taking dispersion of birefringence into account.

Figure 11. Of the two 3-stack QW achromat designs the one by A. Title has slightly less retardance deviation over the
one-octave 400-800 nm wavelength range, but Pancharatnam’s has less fast axis angle variation, see comparison in Table
1. These are modeled graphs assuming constant birefringence as function of wavelength.

Figure 12. Of the two 3-stack HW achromat designs the one by Pancharatnam has less retardance deviation over the
one-octave 400-800 nm wavelength range, see comparison in Table 2.



Table 1. Comparison of 3-layer QW achromat designs by S. Pancharatnam [18] and A. Title [19] and a 5-layer QW
achromat design by the authors. The corresponding graphs for retardance and fast axis angles in the 1-octave wavelength
range of 400-800 nm are shown in Fig. 11

.

QW achromat design
400-800 nm (1 octave)
constant birefringence

No. plates Design parameters Retardance deviation Fast axis variation

Title, conditions at λ0 3
λ0 = 567.0 nm,
retardance 94◦26′

4◦26′ 6◦16′

Pancharatnam, conditions
at (1± f)λ0

3
λ0 = 547.2 nm,
f = 0.2296

5◦3′ 4◦18′

Meadowlark, global min.
of retardance deviation

5 proprietary 0◦36′ 3◦53′

Table 2. Retardance deviation (in degrees) and fast axis variation for the three half wave achromat designs shown in Fig.
12 for a 400-800 nm wavelength range (i. e. one octave).

.

HW achromat design
400-800 nm (1 octave)
constant birefringence

No. plates Design parameters Retardance deviation Fast axis variation

Title, conditions at λ0 3 λ0 = 533.3 nm 14◦22′ 5◦27′

Pancharatnam, conditions
at (1± f)λ0

3
λ0 = 533.3 nm,
f = 0.2851

4◦25′ 7◦8′

Meadowlark, global min.
of retardance deviation

5 proprietary 0◦16′ 1◦41′

Title, 3× 3
combination

9
λ0 = 533.3 nm,
retardance 92◦13′

0◦13′26′′ 0◦23′5′′

Pancharatnam, 3× 3
combination

9
λ0 = 533.3 nm,
f = 0.2851

0◦0′23′′ 0◦2′12′′

Figure 13. Title [19] suggested a stacking of three identical 3-layer HW achromats with parallel outer achromats and
center achromat rotated by 60◦ with respect to the outer achromats; this yields a 9-layer HW achromat with far less
retardance deviation than a single 3-layer HW achromat, see comparisons in Tables 2 and 3.



Table 3. Retardance deviation (in degrees) and fast axis variation for the three half wave achromat designs shown in
Fig. 13 for a 400-1600 nm wavelength range (i. e. two octaves). The 9-stack consisting of 3 Pancharatnam 3-stacks
provides the least retardance deviation over the two octave range, while the stacking of three Title 3-stacks yields better
achromaticity near the design wavelength.

.

HW achromat design
400-1600 nm (2 octaves)
constant birefringence

No. plates Design parameters Retardance deviation Fast axis variation

Meadowlark, global min.
of retardance deviation

5 proprietary 5◦3′ 6◦33′

Title, 3× 3
combination

9 λ0 = 640.0 nm 17◦5′ 6◦1′

Pancharatnam, 3× 3
combination

9
λ0 = 640.0 nm,
f = 0.4942

2◦1′ 1◦37′

2. We can reduce the retardance function δ (λ) to the one corresponding to constant birefringence by di-
viding the wavelength λ by the normalized birefringence b (λ) /b (λ0) and obtaining a transformed ”zero-
dispersion” wavelength λ′ given by

λ′ =
λ

b (λ)

b (λ0)

= λ · b (λ0)

b (λ)
, (13)

which transforms the retardance function in eq. (12) into one without birefringent dispersion:

δ′ (λ′) = δ (λ0) · λ0
λ′

(14)

where the new transformed wavelength λ′ runs from λ′min = min

(
λ ·

b (λ0)

b (λ)

)
to λ′max = max

(
λ ·

b (λ0)

b (λ)

)
.

3. We find a suitable achromat design in which the transformed retardance δ′ (λ′) is close to a given target
retardance in the zero-dispersion wavelength range from λ′min to λ′max.

4. We transform back to the wavelength λ in the interval λmin ≤ λ ≤ λmax to obtain the achromatic
retardance

δ (λ) = δ′
(
λ · b (λ0)

b (λ)

)
. (15)

Two additional remarks are necessary before proceeding to an example:

1. The assumption that the birefringence keeps its sign over the wavelength range of consideration still allows
the birefringence to have minima and maxima there, i. e. it need not be strictly increasing or decreasing.
Some materials, such as reactive mesogen, have a positive birefringence b (λ) with a minimum at a certain
wavelength. Few materials have a birefringence increasing with wavelength; an example is apophyllite [22]
[23] [6], a mineral with a ”natural” retardance achromaticity in the visible, which is, however, ”rare in
usable optical quality specimens” [22]. Certain stretched polymer films have increasing birefringence, also
known as ”reverse wavelength dispersion” and can in some cases be used as single-layer achromatic retarder
[24].

2. Of great importance for the achievable retardance achromaticity is the zero-dispersion wavelength interval
ratio λ′max/λ

′
min: The smaller this ratio, the smaller the deviation of the achromat retardance from the

given target retardance.



Figure 14. By a wavelength transformation the achromat modeling problem for same-material plate combinations is
reduced to an equivalent problem with constant birefringence (i. e. zero dispersion of birefringence), which is both easier
to solve and independent of the retarder material. The recipe for this transformation technique is described in subsection
3.3.5. The graph shows the wavelength transformation to reduce the MgF2 Pancharatnam stack to the equivalent stack
for a zero dispersion material. Both the transformation and the subsequent back transformation of the zero-dispersion
solution to actual wavelength are straightforward and do not require the numerical solution of implicit equations.

Figure 15. In terms of the zero-dispersion wavelength λ′ the ”classic” Pancharatnam 3-stack solution (i. e. assuming
constant birefringence) in the range from 1.84 to 5.82 microns is equivalent to the original problem for λ between 2 and
5 microns.

Figure 16. Pancharatnam’s 3-stack achromat solution after back transformation, taking dispersion of birefringence for
MgF2 into account. Both transformation and back transformation refer only to the wavelength; the respective ordinates,
i. e. retardances and fast axis angles, are not changed, as comparison with previous Fig. 15 reveals.



As an example, we will use Pancharatnam’s design for a quarter wave retarder using three single magnesium
fluoride (MgF2) plates in the wavelength interval from 2 to 5 microns. According to [25] a best fit to measured
data for MgF2 birefringence as function of wavelength λ (in microns) is obtained in the model equation

b (λ) = H +
Iλ2

λ2 −G
+

Jλ2

λ2 − L
(16)

with coefficients H = −19.364 · 10−3, I = 30.992 · 10−3, G = 2.3253 · 10−3, J = 40.060 · 10−3, L = 388.37. With
λmin = 2, λmax = 5 and the design wavelength λ0 = 3.5, we transform to zero-dispersion wavelength λ′ in

the range from λ′min = λmin ·
b (λ0)

b (λmin)
= 1.84 to λ′max = λmax ·

b (λ0)

b (λmax)
= 5.82, and, choosing f = 0.29 in

Pancharatnam’s method, we obtain the retardance and fast axis graphs shown in Fig. 15 for zero-dispersion
wavelength λ′ and in Fig. 16 for actual wavelength λ.

3.3.6 Mixed Dispersion Pancharatnam-Type 6-Plate Combinations

Instead of a single waveplate of material A with birefringence function b(λ) and retardance (in waves) 2δ at
the design wavelength λ0 one can consider a pair (of same resulting retardance 2δ) consisting of a waveplate
of a zero-dispersion material B and retardance (c + 1) · 2δ in subtraction mode with a waveplate of material A
with retardance c · 2δ. Here c is a compensation parameter to be chosen so that the retardance vs. wavelength
function of the pair is close to constant, thus making the pair as retardance achromatic as possible. If we then
symmetrically stack three such achromatic waveplate pairs of suitable retardances to form a 3×2 Pancharatnam
combination waveplate, the achromaticity is far better than for the simple Pancharatnam 3-stack of material
A. As example we want to build a mixed dispersion 3 × 2 Pancharatnam-type achromat for the wavelength
range 400-1600 nm (2 octaves). With design wavelength λ0 = 1000 nm we transform the wavelength λ to the
wavelength λ′ in which the birefringence dispersion appears constant:

λ′ =
λ

c+ 1− c
b(λ)

b(λ0

(17)

For a particular choice of polymers for materials A and B, the wavelength interval ratio λ′max/λ
′
min obtains its

minimum at approximately c = 2.76, yielding the wavelength transformation depicted in Fig. 17 with values
between λ′min = 755.5 nm to λ′max = 1461.6 nm. So we see that the original two octaves of 400-1600 nm have
shrunk down to less than one octave in terms of zero-dispersion wavelength. The Pancharatnam solution for
retardance and fast axis is shown in terms of λ′ in Fig. 18, and in terms of λ in Fig. 19. The ”doubling” of the
shape is a result of the fact that the wavelength transformation is not one-to-one, see Fig. 17.

Figure 17. The wavelength transformation for a Pancharatnam 3-stack of a retarder material with birefringent dispersion
is not one-to-one. This is an advantage, because it results in the ”doubling” of the Pancharatnam solution upon back
transformation as seen when comparing Fig. 18 and 19.



Figure 18. In the transformed wavelengths λ′ the original two-octave (400-1600 nm) Pancharatnam problem is reduced
to one with less than an octave of wavelength (from 755.5 to 1461.6 nm).

Figure 19. Retardance and fast axis angle for achromat in which each of the three Pancharatnam polymer elements is
an achromatic bi-material pair, after back transformation from the zero-dispersion solution shown in Fig. 18.

4. APPLICATIONS

4.1 DKIST Infrared Superachromatic Retarder (SAR) for of the Calibration of the
Cryogenic Near Infrared Spectro-Polarimeter (Cryo-NIRSP)

The Daniel K. Inouye Solar Telescope (DKIST) that is currently under construction on the Haleakalā mountain
on the Maui island, Hawai’i, will be ”the world’s largest solar telescope with wavelength coverage from 380
nm to 28 microns and advanced adaptive optics enabling the highest spatial resolution of the solar atmosphere
yet achieved.” [26]. One of the instruments of DKIST, the Cryogenic Near Infrared Spectro-Polarimeter (Cryo-
NIRSP) is dedicated to the measurement of solar coronal magnetic fields with 1 arc second resolution at near-
and thermal-infrared wavelengths, and will be able to measure the full polarization state of spectral lines in the
wavelength range from 1 to 5 microns. The calibration retarder of Cryo-NIRSP, the so-called Superachromatic
Retarder (SAR) is required to be a zero order retarder within 33% of a quarter wave in the 2 - 5 micron range.
Because of the high solar flux in the application crystalline materials are required, and for high transmission out
to 5 microns magnesium fluoride (MgF2) was selected as suitable. In order to meet the achromaticity requirement
(90◦ ± 30◦ retardance) a 3-element Pancharatnam design was selected. A zero-order MgF2 half wave retarder,
as a building block in the Pancharatnam design, would have a thickness of less than 100 microns, less than
any vendor would have confidence to polish, the aspect ratio (diameter divided by thickness) being on on the
order of 1000:1 for the 12 cm diameter plate. Therefore each of the the three Pancharatnam elements was built
at Meadowlark Optics [27] as a pair of at least 2 mm thick MgF2 plates in subtraction mode, their at least
40 order retardances subtracting to second or third order at the design wavelength of 633.443 nm, satisfying
the zero-order requirement for the entire stack in the target wavelength range of 1-5 microns [25]. The design
parameters for the 3 pairs of plates are shown in Table 4, and the corresponding retardance vs. wavelength
and fast axis angle vs. wavelength graphs are shown below in Fig. 20 for normal incidence and accounting for
dispersion of birefringence as given in [25].



Table 4. Design retardance and fast axis orientation for the three pairs of Pancharatnam elements that form the
Superachromatic Retarder (in the 2-5 microns wavelength range) for calibration of the Cryogenic Near Infrared Spectro-
Polarimeter (Cryo-NIRSP) of the Daniel K. Inouye Solar Telescope (DKIST), currently being built in Hawai’i.

.

Element number Design thickness (mm)
Design retardance
(waves at 633.443 nm)

Fast axis orientation
(degrees)

1 2.27314 42.230 0.00◦

1 2.15311 40.000 90.00◦

2 2.33321 43.346 107.75◦

2 2.15311 40.000 197.75◦

3 2.27314 42.230 0.00◦

3 2.15311 40.000 90.00◦

Figure 20. Retardance and fast axis orientation vs. wavelength for the Pancharatnam design used for the Superachromatic
Retarder (SAR) of the DKIST Cryogenic Near Infrared Spectro-Polarimeter (Cryo-NIRSP).

Upon closer inspection one notices that the 3-element design in Table 4 is not a classic QW Pancharatnam
achromat design as outlined above, but one that ensures tighter retardance tolerance (here about 1.5◦ for 2500-
3900 nm wavelength). In the selected design the center plate is not a half wave element at the wavelength
2621 nm, where 90◦ retardance is reached for the first time with descending wavelength, but is a three-quarter-
wave element, whereas the outer elements are half wave elements. Such a 2 : 3 : 2 design (denoting ratios
of the element retardances here), could be called an inverted Pancharatnam design and leaves the fast axis
orientation of the center element relative to the outer elements as parameter to be varied to achieve the desired
retardance achromaticity. Varying this clocking angle yields a family of curves that intersect at the wavelengths
(approximately 2022 nm and 2621 nm) where the element retardances are 0.5, 0.75 and 0.5 waves, respectively.
Fig. 20 shows retardance and fast axis angle vs. wavelength for the 107.75◦ clocking angle that was chosen for
the design [25].

4.2 Achromatic Ferroelectric Liquid Crystal (FLC) Shutter (or Light Valve)

An FLC waveplate is made from a birefringent material whose fast axis can have one of two orientation angles
(their difference is called switching angle), depending on an applied voltage. A switching angle of 45◦ is useful
for constructing an optical shutter that will open and close as the applied voltage is changed. The principle is
illustrated in Fig. 21: An FLC device with half wave retardance at a certain design wavelength, when placed
at 45◦ between two crossed polarizers oriented at 0◦ and 90◦, respectively, turns the horizontally (0◦) polarized
light coming from the input polarizer into vertically (90◦) polarized light, which is passed through unattenuated
by the output polarizer (also 90◦), resulting in an open state. If the FLC retarder fast axis is switched from
45◦ to 0◦ by an applied voltage, the incident horizontally polarized (0◦) light passes through the retarder with



Figure 21. Open and closed states are obtained by placing a single FLC cell with half wave retardance at 45◦ between
crossed polarizers. By application of a suitable voltage to the FLC cell its fast axis is rotated by approximately 45◦,
switching an open state to a closed state or vice versa.

Figure 22. Open and closed states obtained by placing a Pancharatnam-stack half wave achromat with FLC cell as
center half wave plate between crossed polarizers. This is the achromatic equivalent to Fig. 21. The indicated fast axis
rotation angles of the individual plates are approximate and depend on the wavelength range for operation as well as the
birefringent dispersion and the switching angle of the FLC material.

unchanged polarization state and is then blocked by the vertically (90◦) oriented output polarizer, resulting in a
closed state. If the FLC device is placed between parallel polarizers (oriented at 0◦), the light valve function is
reversed, that is we have a closed state for FLC at 45◦ and an open state for FLC at 0◦ ; however the operation of
the light valve between crossed polarizers is preferred, leading to a higher contrast ratio of transmitted intensity
for open and closed state. The function of this light valve consisting of one single FLC cell has the following
disadvantage:

The change of the retardance as measured in waves is inversely proportional to the wavelength (in absence
of dispersion of birefringence), which lowers the contrast ratio.

Following Hariharan [28] this issue can be relieved by making the FLC half wave retarder achromatic by plac-
ing it between two non-switchable half wave polymer retarders with parallel fast axes to form a Pancharatnam-
type half wave achromat, see Fig. 22 for operation between crossed polarizers. The indicated angles are ap-
proximate, depending on the design wavelength, the wavelength range for shutter operation, the FLC material
(birefringence and switching angle) and the material of the outer waveplates. Typical closed state and open
state retardances and fast axis angles are shown in Fig. 23, resulting transmissed intensity curves and contrast
ratios in Fig. 24 and 25, whereas Fig. 26 shows measured data for an achromatic FLC device built by Mead-
owlark Optics. A different achromatic FLC design to achieve a switchable quarter wave FLC retarder for use in
low-coherence interference microscopy is shown in [29].

5. CONTROLLING TEMPERATURE DEPENDENCE OF RETARDANCE

By the same principles to control birefringence dispersion by using waveplate pairs of two different materials in
addition or subtraction mode, with the goal to achieve retardance achromaticity in a given wavelength range
about a design wavelength, one can achieve retardance independence of temperature changes by the use of



Figure 23. Retardance graph (left) and fast axis graph (right) for open and closed state of achromatic FLC between
crossed polarizers.

Figure 24. Comparison of closed state (left figure) and open state (right figure) polarized transmission intensities for
achromatic Pancharatnam-stack (solid lines) and nonachromatic solo (dashed lines) FLC light valves between crossed
polarizers. Since the fast axis of the single-layer (solo) FLC device is aligned with the fast or slow axes of the crossed
polarizers, the closed state transmission is zero over the entire wavelength range for perfect polarizers.



Figure 25. Contrast ratio (of open and closed state transmission intensities) for achromatic Pancharatnam-stack from
Fig. 24 between crossed polarizers.

Figure 26. Measured open and closed state intensities and corresponding contrast ratios for an achromatic FLC device
built by Meadowlark Optics in December 2017. The measurements confirm that the contrast ratio of the FLC shutter
operation is higher between crossed polarizers than between parallel polarizers.



waveplate pairs of two materials with different temperature coefficients, see Guimond and Elmore[30]. Defining
the temperature coefficients of the two materials as

γ′1 =
dR1/dT

R1
, γ′2 =

dR2/dT

R2
, (18)

where T is the temperature and R1 and R2 are the respective retardances of the two materials in any units.
Imposing the athermality constraint

γ1R1 + γ2R2 = 0, (19)

we ensure that the change of retardance of material 1 due to a temperature gradient is compensated by an equal,
but of opposite sign, change of retardance of material 2. The condition that the two retardances R1 and R2 must
add up to a given target retardance yields a second equation to calculate the two unknown plate retardances
R1 and R2. Achromaticity (independence of retardance from wavelength) and athermality (independence of
retardance from temperature) cannot, in general, be satisfied simultaneously. However, the relative thicknesses
of the two materials can in some cases be chosen to meet given tolerances for both requirements.

6. CONCLUSION

There are several choices for achromatic polarization control with retarders. Most recently birefringent polymers
and liquid crystals are more often applied as alternatives to traditionally used birefringent crystals such as quartz,
magnesium fluoride and sapphire. Methods for achieving half and quarter wave retardance include:

1. Using total internal reflection (TIR),

2. Using a combination of birefringent materials of different birefringent dispersions, and

3. Using a stack of retarders of one common material but different fast axis directions.

The latter two methods can also be combined for further improved performance and to meet multiple simultaneous
requirements (e.g. tighter retardance tolerance with respect to changes of wavelength or temperature, greater
angular aperture, or less fast axis angle variation with wavelength).

Each of these methods has some drawbacks. TIR devices are bulky and must be mounted carefully to avoid
stress birefringence. Devices using crystals of different birefringent dispersions are expensive in small quantities
and the retardance can have a strong angle of incidence and angle of azimuth dependence. Retarder stacks have
some small wavelength dependence of the fast axis direction and have a lower laser damage threshold if made
using polymers. Detailed discussion with a polarization optics manufacturer or reseller can be helpful in making
the best choice for a particular application.
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