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H I G H L I G H T S

� We developed a general framework to estimate production-to-consumption ratio (p=Q).
� This framework is based on the generalised von Bertalanffy growth function.
� This modelling framework relates p=Q directly to population length or age-structure.
� Models proposed were assessed using simulated populations.
� Models proposed were applied to three harvested fish populations.
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a b s t r a c t

The ratio of production-to-consumption (ρ) reflects how efficiently a population can transform ingested
food into biomass. Usually this ratio is estimated by separately integrating cohort per-recruit production
and consumption per unit of biomass. Estimates of ρ from cohort analysis differ from those that consider
the whole population, because fish populations are usually composed of cohorts that differ in their
relative abundance. Cohort models for ρ also assume a stable age-structure and a constant population
size (stationary condition). This may preclude their application to harvested populations, in which
variations in fishing mortality and recruitment will affect age-structure. In this paper, we propose a
different framework for estimating (ρ) in which production and consumption are modelled simulta-
neously to produce a population estimator of ρ. Food consumption is inferred from the physiological
concepts underpinning the generalised von Bertalanffy growth function (VBGF). This general framework
allows the effects of different age-structures to be explored, with a stationary population as a special
case. Three models with different complexities, depending mostly on what assumptions are made about
age-structure, are explored. The full data model requires knowledge about food assimilation efficiency,
parameters of the VBGF and the relative proportion of individuals at age a at time y (Py(a)). A simpler
model, which requires less data, is based on the stationary assumption. Model results are compared with
estimates from cohort models for ρ using simulated fish populations of different lifespans. The models
proposed here were also applied to three fish populations that are targets of commercial fisheries in the
south-east Pacific. Uncertainty in the estimation of ρ was evaluated using a resampling approach.
Simulation showed that cohort and population models produce different estimates for ρ and those
differences depend on lifespan, fishing mortality and recruitment variations. Results from the three case
studies show that the population model gives similar estimates to those reported by empirical models in
other fish species. This modelling framework allows ρ to be related directly to population length- or age-
structure and thus has the potential to improve the biological realism of both population and ecosystem
models.
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1. Introduction

The ratio between biomass production and food consumption
(hereafter designated ρ) is an important parameter in ecosystem
modelling because it reflects how efficiently a population can
transform ingested food into biomass. This ratio is usually esti-
mated by computing production (p) and consumption (Q) to
biomass (B) ratio separately, in a cohort per-recruit analysis. In
addition, production and consumption to biomass ratio are diffi-
cult to estimate accurately in fish populations, because they
require knowledge about individual growth rate, the number of
individuals at different ages in the population and the amount of
food ingested by individuals in these age classes. In a different
approach, ρ is computed by estimating the efficiency with which a
number of different individuals convert ingested food into body
tissue and using the average of these values as an unbiased
estimate for the whole population (e.g., Tang and Guo, 2007).

Pauly (1986) proposed a model for the estimation of ρ in which
food consumption is modelled in a cohort per-recruit analysis.
Pauly's model relies on the assumption of stable age-structure and
constant size (stationary condition) and the parameters defining
individual consumption have no clear biological meaning. Aydin
(2004) extended Pauly's model to incorporate biological para-
meters which describe consumption but this model still relies on
the assumption of stationary conditions. The cohort analysis
framework used in Pauly (1986) and Aydin (2004) has three main
drawbacks for estimating ρ in fish populations. First, an analytical
solution is only achieved when a specialised von Bertalanffy
growth function (VBGF) is used. Von Bertalanffy's principle states
that an individual's growth is determined by the difference
between anabolism and catabolism (von Bertalanffy, 1938). When
the scaling parameter for anabolism is set to d¼ 2=3, the specia-
lised VBGF is achieved. However, Essington et al. (2001) concluded
that d¼ 2=3 is unusual for teleost fishes, suggesting the general-
ised VBGF (in which d may takes values other than 2=3) provides a
better representation of fish growth. Second, the assumption of
stationary condition may not be useful for harvested populations
because fishing exploitation often produces inter-annual varia-
tions on age-specific mortality and recruitment (Hidalgo et al.,
2014). Third, and most important, several authors have indicated
that cohort and populations models of the production-to-biomass
ratio (p/B) estimate different quantities (see France, 2011). Models
for ρ proposed in Pauly (1986) and Aydin (2004) are based on
Allen's integrated p/B models (Allen, 1971), which provides a
biased estimator of population p/B, as demonstrated in Van
Straalen (1985). Thus, cohort estimators for ρ do not represent
population ρ (France, 2011). These limitations indicate that alter-
native approaches need to be explored.

In this paper, we propose a general framework for estimating ρ
in fish populations in which p and Q are modelled simultaneously,
and individuals grow according to the generalised VBGF. Although
there are few models to describe animal growth, the generalised
VBGF is particularly convenient for modelling ρ because it is the
standard formula for describing growth in fish (Pardo et al., 2013),
the parameter d can takes values other than 2=3 and consumption
rates can be inferred from first principles (Wiff and Roa-Ureta,
2008). This modelling framework also allows the exploration of
the effect of variability in age-structures, so that the stationary
population assumption could be treated as a particular case of the

general theory. Exploring the effects of variation in age-structure
result in an estimator for ρ that is more suitable for harvested fish
populations. The framework proposed here allows a population
value of ρ be estimated, whereas published models only provide a
cohort-specific estimator for ρ. It also allowed us to explore the
use of different models that take account of the available data.
Here we explore three situations: the full data model, which
requires population attributes usually available from an integrated
stock assessment model; partial data model, which does not
require all of the outputs from an integrated stock assessment,
but does require knowledge of age-specific mortality rate; and a
model that assumes a stable age-structure and only requires
knowledge of basic life history parameters.

2. Theory

We develop the theory by modelling the processes that
determine ρ at three different levels of complexity. First, we define
the instantaneous ρ of a cohort in one point in time. Then, we
analyse the processes occurring at the individuals level and how
consumption can be inferred from an individual's growth using
the generalised VBGF. Finally, we incorporate population processes
to provide a population estimator for ρ.

2.1. ρ for a cohort

By definition, production (p) of a cohort of age a can be expressed
as pðwÞ ¼ ðNðwÞÞdw=da, where N(w) is the number of individuals
with body weight w. In cohort analysis, age and body weight are
considered continuous variables. According to Pauly (1986) Q for this
cohort can be represented by Q ðwÞ ¼ ðNðwÞ=KðwÞÞdw=da, where K(w)
is the individual production-to-consumption ratio, known as gross
food conversion efficiency (Pauly, 1986). Thus, if a cohort is composed
by identical individuals in terms of grow parameters and gross
efficiency and recruitment occurs at one point in time, ρ is the same
for all individual in the cohort:

ρðwÞ ¼ pðwÞ
Q ðwÞ ¼ KðwÞ: ð1Þ

This equation represents ρ for a cohort at a particular body
weight during its lifespan. Note that if individuals have the same
growth rate and they are all recruited at the same point in time,
the value of ρ for the cohort is the same as the value of ρ for an
individual. Therefore, a model for ρ in a cohort can be obtained if a
functional form for K(w) is known. In this case, the population can
be represented by simply overlapping the multiple cohorts present
in the population at a particular point in time.

In the next section we explore a functional forms for K(w), and
then we extend the cohort estimate of ρ to incorporate population
structure. The incorporation of population structure will allow us
to relax the assumption regarding individuals and recruitment
attributes.

2.2. ρ of an individual

The individual production-to-consumption ratio, also known as
gross food conversion efficiency (K) is the growth increment in
body weight per unit of food consumed. Temming (1994a)
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proposed a model for K based on the theoretical concepts under-
pinning the generalised VBGF. He indicates that the individual
consumption rate (q) is directly proportional to the anabolism
(energy assimilation):

q¼ 1
A
� anabolism; ð2Þ

where A is a parameter defining the fraction of ingested food that is
available for the build up of body substance. Temming (1994a)
pointed out that anabolism can be taken from the general VBGF
such dw=da¼HwðaÞd�cwðaÞ, in which cw(a) reflects catabolism
(energy losses) and HwðaÞd is the anabolism term, d determines the
allometric scaling of consumption. H and c are positive proportion-
ality constants for anabolism and catabolism, respectively.

In Temming's formulation, K is expressed as the growth rate
divided by consumption rate, both defined as instantaneous
quantities in a continuous space, and the growth and consumption
rates are taken from the general VBGF thus:

KðwÞ ¼ growth
consumption

¼ dw=da
q

¼Hwd�cw
1
A
Hwd

: ð3Þ

According to Temming (1994b), H can be recast in terms of the
generalised VBGF as H ¼ k=½ð1�dÞwðd�1Þ

1 �. Thus, anabolism term
can be expressed by anabolism¼ βkw1�d

1 wd with k¼ c=β, where β
is a parameter from the length-at-weight relationship and w1 is
the asymptotic weight. Under these definitions, Temming's models
is given by

KðwÞ ¼ A 1� w
w1

� �1�d
" #

: ð4Þ

Here, all parameters have a clear biological interpretation, A
and d can be estimated from a variety of sources of information,
such as nitrogen absorption (Pandian and Marian, 1985) and from
experimental measurements of daily ration and growth rate
(Cubillos et al., 2003).

If weight is a deterministic function of length, Eq. (4) can be
recast in terms of body length (l) using a suitable length-weight
relationship such as wðlÞ ¼ αlβ , where α and β are parameters. Eq.
(4) can be parameterised in terms of body length as

KðlÞ ¼ A 1� l
l1

� �ψ� �
; ð5Þ

where ψ ¼ βð1�dÞ.

2.3. ρ for a population

From Eq. (1) is clear that ρðlÞ ¼ KðlÞ for a cohort of identical
individuals. If the cohort estimator ρðlÞ is to represent ρðlÞ for the
population we need to incorporate population structure. We can
deal with this as follows: let tn be a particular point in time t, then
ltn is the body length of a randomly selected individual in the
population at time tn and let f tn ðltn Þ be the probability density
function (pdf) of ltn . We suppose that tn is pre-determined in the
year y and for brevity drop the tn subscript of l and index tn by year
y. We therefore write the pdf of l as fy(l). Then, K(l) is a random
variable and if l is continuous, the expected value of ρðlÞ at time tn

in year y can be written as

ρyðlÞ ¼
Z
l
KðlÞf yðlÞ dl¼

Z
l
A 1� l

l1

� �ψ� �
f yðlÞ dl

¼
Z
l
Af yðlÞ dl�

Z
l

A
lψ1

lψ f yðlÞ dl

¼ A 1�
Ef y ðl

ψ Þ
lψ1

" #
; ð6Þ

where l is the length and l1 is the asymptotic length. Also, E is the
expectation operator defined in general as E½gðxÞ� ¼ R1

�1 gðxÞf ðxÞ dx
which represent the expected value of an arbitrary function of x,
g(x), with respect to the pdf f(x).

It is apparent that the estimation of ρy now hinges on the
estimation of the expected value of lψ . To implement the model
of Eq. (6), it is necessary to have estimates of l1, A, ψ and
the expected function of body length (Ef y ðl

ψ Þ) in the population
in year y.

There is more than one way of estimating ρy. The choice
depends on what data are available to estimate Ef y ðl

ψ Þ. When ψ
is known and a exact lengths of sampled fish are available where
all fish are equally likely to be sampled, an unbiased estimate of
Ef y ðl

ψ Þ can be obtained from the mean lψ in a sample of size n.
However, most fisheries use gear that is selective and thus, the
sampled lengths are likely to be size-biased. Those cases are
explored in the next sections.

3. Calculation

3.1. Full data model

Ef y ðl
ψ Þ can be modelled by using the probability density

function (pdf) of lengths fy(l) in the population at time tn in the
year y. Suppose we have some suitable functional form f yðlψ Þ for
this pdf, then Ef y ðl

ψ Þ can be estimated by

Ef y ðl
ψ Þ ¼

Z
l
lψ f yðlÞ dl; ð7Þ

where fy(l) is an estimator of the marginal distribution of l in the
population. If parameters for the general VBGF are known and an
estimation of fy(l) is available, for example, from a length-based
stock assessment model, ρy can be estimated by replacing Eq. (7)
onto Eq. (6). In other cases, such in age-structured stock assess-
ment models, it is useful to write fy(l) in terms of the probability
mass function of age a (Py(a)) as follows:

f yðlÞ ¼∑
a
PyðaÞPyðl∣aÞ; ð8Þ

where Pyðl∣aÞ is the pdf of a function of length l given age a in the
population of fish in the year y. Note we assume that a population
at time tn is composed of cohorts of discrete ages but continuous
body length. Py(a) is the relative abundance of a cohort of the age a
in the population. Py(a) is determined by the magnitude of the
recruitment and the mortality rate experienced by a cohort up to
the moment of observation. Accordingly, the expected function of
length in the population is defined by

Ef y ðl
ψ Þ ¼

Z
l
lψ∑

a
PyðaÞPyðl∣aÞ dl¼∑

a
PyðaÞE½lðaÞψ �: ð9Þ

Then, Py(a) can be obtained from population models output and
E½lðaÞψ � can be modelled from the growth parameters by assuming
that a population is a mixture of overlapping cohorts each one
represented by a Gaussian distribution of the length-at-age (Roa-
Ureta, 2010). Therefore, if Pyðl∣aÞ is normally distributed, then the
expected length at age can be described by the general VBGF as
E½lðaÞψ � ¼ lψ1ð1�e�ψkða� t0ÞÞ, where t0 is the theoretical age at
length 0 and k is the growth coefficient. Thus, Ef y ðl

ψ Þ is defined by

Ef y ðl
ψ Þ ¼ lψ1∑

a
ð1�e�ψkða� t0ÞÞPyðaÞ: ð10Þ

Thus, a full data model to estimate ρy in a population can be
written by combining Eqs. (6) and (10) as follows:

ρyðaÞ ¼ A 1�∑
a
ð1�e�ψkða� t0ÞÞPyðaÞ

� �
: ð11Þ

Note that model in Eq. (11) can be implemented if the von
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Bertalanffy parameters and Py(a) are known. The later can be
available from a age-structured stock assessment model outputs.

3.2. Partial data model

Here we will model an intermediate situation in which we do
not need knowledge of Py(a) from a integrated stock assessment,
but we do need some knowledge of the way in which age-specific
fishing mortality varies across time. Partial data model presented
here relies on the assumption that recruitment is constant across
years and thus Py(a) can be estimated by only using a total
mortality matrix across ages and years. Py(a) is the relative
abundance of each cohort and it is defined by PyðaÞ ¼
NyðaÞ=∑aNyðaÞ being Ny(a) the abundance of age a at the time y.
Ny(a) can be modelled by a decay exponential function such as
NyðaÞ ¼Ny�1ða�1Þe�Zy� 1ða�1Þ, where the first age (Nyða¼ 1Þ) is
defined by the recruitment (R) such as Nða¼ 1Þ ¼ Ry. Here Z
represents the total mortality rate and can be defined by
ZyðaÞ ¼MþFysðaÞ, where M is the natural mortality rate, F is the
fishing mortality rate of the full recruited ages and s is a function
of the selectivity at age. Considering these simplifying assumption,
ρy for partial data yield

ρyðaÞ ¼ A 1�∑
a
ð1�e�ψkða� t0ÞÞPyðaÞ

� �
; ð12Þ

with

PyðaÞ ¼

e� S1ða�1Þ

∑y
a ¼ 1e

�S1ða�1Þ þ∑n
a ¼ yþ1e

�½S2ða�yÞþS1ða�yþ1Þ� ary;

e�½S2ða�yÞþ S1ða�yþ1Þ�

∑y
a ¼ 1e

�S1ða�1Þ þ∑n
a ¼ yþ1e

�½S2ða�yÞþS1ða�yþ1Þ� a4y;

8>>>><
>>>>:

ð13Þ

where Si : N-R; i¼ 1;2 are functions defined as

S1ðnÞ ¼ ∑
n

j ¼ 1
Zy� jða� jÞ ð14Þ

and,

S2ðnÞ ¼ ∑
n

j ¼ 1
Z1ðjÞ: ð15Þ

The values of Zy� jða� jÞ where jry were considered as zero.
From the equation above, it can be seen that when we observed
less ages than years (complete cohorts, ary), Py(a) is easily
computed as the accumulation of mortality up to age a. When
dealing with uncompleted cohorts (a4y), the estimation of Py(a)
is more complicated because we must assume that age-specific
fishing mortality has remained constant during the period of
exploitation that have led to the available Py(a) matrix. The Py(a)
matrix can be constructed in different ways, and thus further
simplified assumptions on Py(a) can be explored. For example, the
way in which natural mortality rate may vary between years is
poorly known, and therefore it is often assumed to be constant
across time. In addition, a functional form for s(a) is usually
unknown in data-poor situations. Nevertheless we may have a
roughly idea about the age, say ar, at which fish became fully
available for the fishing gear. If ar is known, a useful way to model
selectivity is with a knife-edge function, that assumes that all age
groups above ar experience the same fishing mortality rate.
In those cases ZyðaÞ ¼M for aoar while for all other ages
ZyðaÞ ¼MþFy. Incorporating these assumptions simplifies Py(a)
in Eq. (12).

3.3. Stationary model

Our main purpose here is to provide an estimator for ρwhich is
comparable, to the cohort estimate of ρ in Aydin (2004). A
population model for ρ, assuming stationary condition, can pro-
vide the simpler estimator for ρ in data poor-situations. In a
stationary population, the age-structure is stable and proportional
to the survival function (Van Straalen, 1985). Thus, PyðaÞ ¼
e�Ma=∑ae�Ma. Note the model assuming stable age-structure does
not allow the inclusion of fishing mortality. In harvested popula-
tions, fishing mortality is likely to vary over time producing
changes in the age-structure.

To compute a more tractable analytical model, we tackled the
partial data model of Eq. (12) with stable age-structure and we
replaced the sum with an integral as follows:

ρðaÞ ¼ Aeψkt0
Z a1

0

e�aðMþψkÞR a1
0 e�Ma da

� �da: ð16Þ

This equation represents the gross efficiency for the population
in year y for all individuals from recruits (age 0) to those in the
terminal age (a1). Here, age 0 is taken to be the onset of feeding in
the larval stage, which is the point at which tissue growth
commences.

Now, by direct integration we haveZ a1

0
e�Ma da¼ 1

M
½1�e�a1M � ð17Þ

and,Z a1

0
e�aðMþψkÞ da¼ 1

Mþψk
½1�e�a1ðMþψkÞ�: ð18Þ

Then, replacing Eqs. (17) and (18) on Eq. (16), we obtain

ρ¼ Aeψkt0M
Mþψk

1�e�a1ðMþψkÞ

1�e�a1M : ð19Þ

The simpler model for estimating ρ in Eq. (19) can be imple-
ment if we have knowledge about the assimilation parameter A,
parameters of the VBGF and the natural mortality.

4. Simulations

In this section we evaluate the differences, in terms of devia-
tion, between ρy estimates from the three models presented above
(full data, partial data and stationary models) and the model
proposed by Aydin (2004):

ρAydin ¼ ½3kw1� � ekt0

Zyþk
�2ðe2kt0 Þ
Zyþ2k

þ e3kt0

Zyþ3k

� �
þw0

� 3kw1
A

� ��1

� 1
Zy

�2ðekt0 Þ
Zyþk

þ e2kt0

Zyþ2k

� ��1

; ð20Þ

where Zy is total mortality in the year y and the other parameters
are already defined. Note that the underlying assumption of
Aydin's model is that ψ ¼ 1, there is constant recruitment and
total mortality Zy affects all ages from 0þ equally.

Five populations representing fishes of different life histories
were simulated to evaluate the differences between the three
models presented, and model in Eq. (20). Firstly, five populations
with lifespans of 5, 10, 15, 20 and 25 years (a1) were generated.
Afterwards, the natural mortality rate (M) in each population was
calculated as function of a1 by M¼ 4:22=a1 (Hewitt and Hoenig,
2005). Growth coefficient, k was calculated as k¼ ð2=3ÞM
(Charnov, 1993). t0 was assumed to be proportional to the lifespan
so that t0 ¼ �0:05a1. Likewise, we assumed a knife-edge selec-
tivity (s) proportional to the lifespan so that s¼ a1=3. This resulted
in a fixed fishing mortality rate for all age groups above s.
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Each population was subjected to a fishing mortality (F) between
0 and 1.1 (year�1). In order to match the life history assumptions
of our model with that of Aydin, we set ψ ¼ 1 for all individuals
from age 0.

The full data model described in Eq. (11) considers variability in
the relative recruits over time. Thus, to evaluate the differences
between this model and Aydin's model, we simulated variable
recruitment over a 25 year period for the five populations
described above, by resampling from a uniform random distribu-
tion in the range ½0:8�1:2�. The time span we chose ensured the
observation of at least one cohort in the oldest population
simulated. For each year and population, fishing mortality was
set equal to natural mortality (i.e. Fy ¼M) in order to evaluate
model performance for a fully exploited population (Pauly, 1996).

In a second simulation, we compared the performance of the
partial data model (Eq. (12)) and Aydin's model. In this case, the
simulated populations described above were assessed across
different fishing mortalities. However, recruitment was kept con-
stant, to match the assumption of the partial data model. Thus, it
was not necessary to evaluate the model performance using time
series. Instead, each simulated population was assessed at differ-
ent fishing mortalities.

A third simulation was used to compare the performance of the
stationary model in Eq. (19) with Aydin's model. In the case of
Aydin's model, only natural mortality was considered in order to
match the assumptions of our model of a stationary population.

The relative deviation between our models and Aydin's model
was computed as follows:

deviation¼ ρy�ρaydin

ρy
; ð21Þ

ρ y represents the full, partial or stationary model, Eqs. (11), (12)
and (19). ρaydin is the model in Eq. (20).

Fig. 1 shows the results of the first set of simulations, in which
we compared the full data model and Aydin's model. The effects of
variation in recruitment on the estimates of ρy depends on the
lifespan of the populations being modelled. In a population with a
lifespan of 5 years, the relative deviation between models fluc-
tuated around 0, and these fluctuation followed a similar pattern
to that of recruitment time series. In populations with a lifespan
between 10 and 25 years, the relative deviation centre around 0.1,
indicating that estimates from the full data model are around 10%
higher than those from Aydin's model. In addition, the variation in
deviation depended on the lifespan of the population being
modelled. Populations with longer lifespan showed smoother
variations across time with recruitment than those with a shorter
lifespan. This is probably related to buffering effect that the
number of age classes has on the effects of variations in fishing
mortality and recruitment.

Results for the second set of simulations are show in Fig. 2.
Here we note that the deviation between the estimates from the
partial data model and Aydin's model decreases with fishing
mortality across all simulated populations. At the point of full
exploitation (marked with dots in Fig. 2) all populations presented
positive deviations of around 0.1, similar to those observed in
Fig. 1. Relative deviation decreased faster in populations with
longer lifespans, and it became negative after a fishing mortality of
0.3 (year�1) in the older population simulated.

Fig. 3 shows the deviation between the stationary model and
Aydin's model. It was around 0.37 across all populations, coincid-
ing with the deviation at F¼0 in Fig. 2. Thus, the stationary model
predicts values of ρ 37% higher to those computed with Aydin's
model if the population has constant recruitment and stable
age-structure is only affected by natural mortality. Because both
models rely on the same population dynamic assumptions, this
value can be seen as the intrinsic deviation between the method

proposed and Aydin's model. This difference is a result of the fact
that the models estimate different quantities. Our model estimates
ρy for the population, whereas Aydin's model computes ρy for a
cohort.

Fig. 1. Simulated recruitment variability and the deviation between full data model
(Eq. (11)) and Aydin's model for populations of different maximum ages (Tmax).

Fig. 2. Simulated deviation between partial data model (Eq. (12)) and Aydin's
model across fishing mortality and maximum ages (Tmax). Grey dots represent
when fishing mortality equals natural mortality (F¼M).
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5. Applications

To illustrate the model, we use the available data for the life
history parameters and integrated stock assessment for two
species fished in the Chilean austral zone. The species considered
were pink cusk-eel (Genypterus blacodes) and southern hake
(Merluccius australis). These species are intensely exploited by a
multispecies demersal fishery consisting of industrial vessels
operating trawls and longlines. Available data consisted in propor-
tion of abundance at age (Py(a)), fishing mortality (Fy) and
recruitment time series between 1978 and 2004. Those estimates
come from a statistical catch-at-age stock assessment models from
the stock assessment program carried out by the Instituto de
Fomento Pesquero (IFOP-Chile). In order to compare the estimates
of the three models presented here with those from Aydin's
model, we used estimated of abundance from 0 to 14 years in
case of pink cusk-eel (both populations) and from 0 to 24 years in
case of southern hake. Details of the stock assessment of these
species this can be found in Wiff et al. (2006) and Quiroz et al.
(2007). The VBGF parameters fk̂; t̂0g for southern hake were taking
from Ojeda and Aguayo (1986) and these parameters for pink
cusk-eel from Wiff et al. (2007). A of 0.72 and 0.59 for pink cusk-
eel and southern hake, respectively, were estimated from daily
ration using information provided by Pool et al. (1997). ψ was
estimated considering β¼ 3 and for cases were d¼ 2=3 and
d¼ 3=4. Using the described information, ρ was computed using
the full data model (Eq. (11)) the partial data model (Eq. (12)) and
stationary model (Eq. (19)) assuming natural mortality reported in
each the stock assessment. All the comparison with Aydin's model
were done assuming the specialised VBGF and β of the length-at-
weight relationship equal to 3 (thus, ψ ¼ 1). We accounted for
uncertainty in ρy by resampling fk̂; t̂0g from a bivariate normal
distribution. Due to a lack of available information on the variance
of the parameter A, we assumed it to have no error. Variability in
from P̂ yðaÞ and Ẑ y was taken from the stock assessment outputs.
Ninety-five percent confidence intervals (CI) were obtained by the
percentile method (Efron and Tibshirani, 1993) based on 5000
iterations.

Fig. 4 shows point estimates of ρ from the application of the full
data model (Eq. (11)), the partial data model (Eq. (12)), the
stationary model (Eq. (19)) and Aydin's model (Eq. (20)). Average
estimates of ρ from the three case studies were similar to the
populations assessed. Across these three models, the average value
of ρ¼ 0:37 for the pink cusk-eel north population and ρ¼ 0:35 in

the pink cusk-eel south population. Likewise, an average ρ¼ 0:39
was estimated across the three models for southern hake. Esti-
mates from Aydin's model gives higher estimates in all three
populations and for most of the year analysed, these estimates
were also more variable across time as a result of variations in
fishing mortality.

In Fig. 5 we present estimates from the full, partial and
stationary models with their 95% confidence intervals made using
values of the anabolism parameter defining the specialised VBGF
d¼ 2=3 and the alternative d¼ 3=4 (the value of the general
scaling for metabolism (Brown et al., 2004)). In the three popula-
tions assessed here and across models, we found that increasing d
resulted in a higher value of ρy but did not change its behaviour
across time. The full data model provided a good representation of
the changes in ρ across time according to the changes in recruit-
ment and fishing mortality. The inter-annual variations in ρ
estimates provided by the partial data model are smoother than
those from the full data model because of the assumption of
constant recruitment. Estimates of ρ from the stationary model are
constant across time and do not capture the effects of inter-annual
variations in recruitment and fishing mortality. Uncertainty in the
stationary model is only dependent on the life history parameters,
and uncertainty in these parameters for the pink cusk-eel popula-
tions is very narrow (Wiff et al., 2007).

6. Discussion

Aydin (2004) improved the model presented by Pauly (1986) by
allowing all parameters related to food consumption to be inter-
preted in biological terms. The models we propose here, rely on a
similar assumption to that used by Aydin (2004): consumption is
inferred from the principles underpinning the VBGF. However,
Aydin (2004) followed Allen (1971) in integrating cohort per-
recruit production (p) and consumption (Q) to biomass (B) ratio,
considering both Q=B and p/B as longitudinal estimates (estima-
tors of observations of a given unit made over time). Here, we
assume that estimates of ρ are cross-sectional (estimators of
observations of many individuals at a given point in time). Long-
itudinal models such as those used by Pauly (1986) and Aydin
(2004) are only likely to be realistic in the context of cohort
models using stable age-structure. In these models, alternative
hypotheses for age-structure can only be explored when difficult-
to-obtain quantities, such as the number of recruits per year and/
or a stock-recruitment relationship, are available. In addition,
analytical solutions to longitudinal models can only be obtained
if a specialised form of the VBGF is used. We modelled production
and consumption simultaneously, and this enable us to compute
an instantaneous estimator for ρ. This allow us to propose a
general model for population ρ based on the generalised VBGF.
This framework also allowed us to relax the assumption of cohort
per-recruit analysis and stable age-structure, and to establish an
explicit connections between ρ and body size. This allowed us to
explore the implications of the value of ρ in harvested populations.

Although the formulation of our estimator of ρ using the
stationary model (Eq. (19)) is similar to that of Aydin (2004), the
two models actually estimate different quantities. Aydin's estima-
tor represents the ρ of a cohort during its entirely lifespan whereas
our estimator represents ρ for the entire population at one point in
time. Models for ρ proposed in Pauly (1986) and Aydin (2004) are
based on Allen's integrated p/B models (Allen, 1971), which
provides a biased estimator of population p/B, as demostrated in
Van Straalen (1985), because a population is usually composed of
several cohorts of different relative abundance. Several authors
(e.g. France, 2011) have suggested that the whole idea of cohort
values should be abandoned when population estimators are

Fig. 3. Simulated deviation between the stationary model (Eq. (19)) and Aydin's
model (with F¼0), growth parameter (k) and natural mortality (M) across
populations of different maximum ages (Tmax).
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Fig. 4. Estimates of production per unit of food consumed (ρ), fishing mortality and recruitment in three fish populations of Southern Chile. Estimates of ρ from the full data
model (Eq. (11)), partial data model (Eq. (12)) and stationary model (Eq. (19)) were compared with estimates from Aydin's model. (a) Pink cusk-eel, northern population,
(b) Pink cusk-eel, southern population, (c) Southern hake.

Fig. 5. Estimates of production per unit of food consumed (ρ) in pink cusk-eel (northern and southern population) and southern hake for full data model (Eq. (11)), partial
data model (Eq. (12)) and stationary model (Eq. (19)) using two values for the anabolism parameter (d¼ 2=3, d¼ 3=4). Vertical lines indicates the 95% confidence intervals.
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available. This primary difference between Aydin's model and the
framework presented here, explains the deviation showed in
Fig. 3. We expect estimates of ρ made using Aydin's mode to be
about 37% lower that those made using the model proposed here
for a stationary population. However, the differences between
cohort and population estimators of ρ became more complicated
in harvested populations. The will depend, at least, on the lifespan
of the population, the fishing mortality it experiences and varia-
bility of the recruitment, as shown in Figs. 1 and 2.

Models developed in this paper give a snap shot estimator of ρ
in fish populations. These estimates can be interpreted as the
potential production-to-consumption ratio of a fish population at a
particular point in time. However, if a time series for Py(a) is
available, the dynamic behaviour in ρ can also be determined by
ordering estimates of this quantity at different points in time.
Assuming that the VBGF for the species is time-invariant, the
dynamic behaviour of ρ will depend on variations of Py(a) across
time. As we have shown, Py(a) is determined by the relationship
between recruitment and age-specific fishing mortality. Integrated
stock assessment models usually provide an estimate of Py(a) on
each assessed year. Such estimates can be interpreted as averaged
age-structures between recruitment events. Thus, estimates of ρ
using such outputs from stock assessment models should be
interpreted accordingly as representative ρ between recruitment
events. The differences between full and partial data models
depend on how variable recruitment is across time and the
number of age classes composing a population. For example, we
expected large differences between full and partial data models in
species where populations are composed of few age classes and
highly variable recruitment, such as small pelagic fishes. For such
species, the use of best available data for estimating ρ should be
encouraged and estimates using partial data model should be
interpreted with caution.

For the models presented here, the scale of ρ estimates is
directly related to the values of A that are used. Temming (1994b)
defined A as the “fraction of ingested food that is available for the
build up of body substance”. This parameter serves to scale the
anabolism term in the VBGF to give the net food (energy) ingested.
It can be estimated from growth and feeding studies (Temming
and Herrmann, 2009). In theory, the value of A must be the
proportion of food consumption that is not lost as faeces, excretion
and apparent specific dynamic action (the increased metabolic
rate a fish experiences following ingestion of a meal). Turner
(1970) and Brett and Groves (1979) suggest that A appears to be
relatively constant across a wide range of fish species within the
same trophic group. In general, carnivorous fish absorb their food
relatively efficiently, because protein, which is a large component
of their prey, is usually assimilated to a greater degree than other
dietary components (Brett and Groves, 1979). Welch (1968) used
experimental data to show that carnivores have a higher ρ than
herbivores. Tang and Guo (2007) reported values of ρ for four
carnivorous fish populations that ranged from 0.13 to 0.43. The
application of the model here to three carnivorous fish populations
demonstrated that, when using the specialised VBGF, ρ varies
between 0.35 and 0.4, matching the empirical range reported in
Tang and Guo (2007). Note that the estimates of ρ presented are
for individuals from a starting age of 0 years. ρ estimates for any
other starting age yielded lower values, because ρ, decreases
exponentially with age and size (Slobodkin, 1960). Thus, special
attention should be paid to the range of ages considered in the
population when comparing estimates from theoretical and
empirical models.

In recent years, the emphasis in fisheries science has shifted
from single-species assessment to more holistic multi-species and
ecosystem-based approaches (Christensen et al., 1996). The incor-
poration of dynamical behaviour in ρ into such models would

improve the way time-dependent perturbations are represented. ρ
has a key importance in ecosystem modelling, because it defines
population energetics in terms of food intake by predation and the
transformation of this energy into their population biomass. One
of the most utilised tools for ecosystem modelling is the trophic
mass-balance models (Christensen and Pauly, 1992). ECOPATH, the
most popular software implementation of this tool, originally
proposed by Polovina (1984), provides a static picture of ecosys-
tem trophic structure. A common practice is to implement
ECOPATH together with ECOSIM, a dynamic food web model that
simulates food web responses over time to natural and anthro-
pogenic disturbances (Walters et al., 1997). ECOPATH with ECOSIM
(EwE) requires estimates of population production-to-biomass
ratio (p/B) and consumption-to-biomass ratio (Q=B) for each
member of the food web and it provides an estimate of ρ as an
output. ρ values are usually used as an indicator to constrain an
acceptable global solution for the model (Kavanagh et al., 2004),
and are usually assumed to be time-invariant. The model devel-
oped here should help to improve these ecosystem models by
incorporating variation in population ρ. It may also make it easier
to obtain realistic solutions of ecosystem models because these
solutions can be constrained to match independent estimates of
population ρ, such as those provided by the framework we
described here.
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