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a b s t r a c t

In this paper we study the dynamical behavior of neural networks such that their interconnections are
the incidence matrix of an undirected finite graph G = (V , E) (i.e., the weights belong to {0, 1}). The
network may be updated synchronously (every node is updated at the same time), sequentially (nodes
are updated one by one in a prescribed order) or in a block-sequential way (a mixture of the previous
schemes). We characterize completely the attractors (fixed points or cycles). More precisely, we establish
the convergence to fixed points related to a parameter α(G), taking into account the number of loops,
edges, vertices as well as the minimum number of edges to remove from E in order to obtain a maximum
bipartite graph. Roughly, α(G′) < 0 for any G′ subgraph of G implies the convergence to fixed points.
Otherwise, cycles appear. Actually, for very simple networks (majority functions updated in a block-
sequential scheme such that each block is of minimum cardinality two) we exhibit cycles with non-
polynomial periods.

© 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Symmetric neural networks were first studied in the con-
text of the majority functions and generalizations in Goles and
Olivos (1980) as well as the application to associative memories in
Hopfield (1982). The network’s dynamics on undirected graphs
have been widely studied to model situations in physics, biology,
sociology, as wewill review later on. This model has been included
as an important case of neural networks for associative memories
(Hopfield networks), percolation problems, infection, segregation,
and other social problems, therefore, there exists now a vast com-
munity interested both in theoretical results aswell as applications
of symmetric neural networks.

The principal updating modes considered in these networks
are the parallel, the asynchronous, and the sequential one. For
the parallel updating scheme it was proved that any symmet-
ric neural network converges only to fixed points or two cycles
(Goles & Olivos, 1980). The fixed point convergence for symmet-
ric networks, with non negative loops, updated sequentially was
proved in Goles (1982). The unique general result about arbi-
trary block-sequential updates was established in Goles-Chacc,
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Fogelman-Soulie, and Pellegrin (1985). Convergence results and
generalizations can be seen in Goles and Martínez (1990), where
the class of Heaviside functions is extended to the positive or
cyclically-monotone functions. A general approach of an energy
operator for this kind of networks can be seen in Goles (2003) and
Goles and Martínez (1990). Further, in Cosnard and Goles (1997) a
characterization of networks which admits an energy operator is
done (roughly speaking energy operators are associated to quasi-
symmetric matrices). The first studies related to different updat-
ing schemes appeared in the context of Boolean networks for the
parallel and sequential updating schemes (Robert, 1986). More re-
cently, such studies have been developed in Aracena, Goles, Mor-
eira, and Salinas (2009) and Montalva (2011) where equivalent
dynamics classes were established for different block-sequential
updating schemes over Boolean networks. In Noual (2012) some
theoretical results as well as biological considerations related with
different updating schemes were developed. More recently, net-
works driven by Heaviside local functions have been used in sta-
tistical physics and social dynamics, like voter models (Castellano,
Fortunato, & Loretto, 2009) and the Schelling’s segregation dynam-
ics (Goles-Domic, Goles, & Rica, 2011). In biology, applications have
been developed in the framework of regulatory networks. In this
context, a general overview about the application of Boolean net-
works can be seen in Bornholdt (2008). More concerned with this
paper, Heaviside functions have been used to model the yeast cell
cycle (Davidich & Bornholdt, 2008; Li, Long, Lu, Ouyang, & Tang,
2004). From these works we characterized the network’s dynam-
ics under every deterministic updating scheme (Goles, Montalva,
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& Ruz, 2013). In a similar way, the complete deterministic dy-
namic for the mammalian cell cycle network has been analyzed
in Ruz, Goles, Montalva, and Fogel (2014). Further, for the specific
threshold class of disjunctive networks, the dynamical behavior
was characterized for arbitrary directed graphs (non necessarily
symmetric) and defined complexity classes related with the ob-
tained attractors (fixed points or cycles) (Goles & Noual, 2012). The
relationship between the positive and negative circuits of the con-
nection graph and the fixed points of discrete neural networks is
studied in Aracena, Demongeot, and Goles (2004), obtaining nec-
essary and sufficient conditions for the existence of fixed points in
discrete neural networks. Recently, it has been studied and char-
acterized some decision problems related with whether or not an
arbitrary vertex of a network may change its state (from 0 to 1) for
the majority networks (a particular case of a Heaviside function)
under different updates (Goles & Montealegre-Barba, in press-a;
Goles, Montealegre-Barba, & Todinca, 2013). In relation to applica-
tions using Hopfield networks, Maetschke and Ragan (2014) con-
structed Hopfield networks from cancer expression data and then
used them to show that the resulting attractors correspond to can-
cer subtypes. The effect of removing the links of fully connected
Hopfield networks and then analyzing the convergence to a desig-
nated attractor is presented in Anafi and Bates (2010). The results
from that study were used to speculate about human diseases and
how they may represent biological networks that converge to an
abnormal attractor. In the context of machine learning, it has been
shown that restricted Boltzmannmachines, typically for classifica-
tion and feature detection, are thermodynamically equivalent to a
Hopfield network (Barra, Bernacchia, Santucci, & Contucci, 2012). A
Hopfield neural network in Pajares, Guijarro, and Ribeiro (2010) is
used to combine simple classifiers for classifying natural textures
in images.

In this work we focus on networks such that their intercon-
nections correspond to the incidence matrix of a finite undirected
graph G = (V , E), i.e., thematrix’s entries,wij, are 0’s or 1’s accord-
ing to whether the edge (j, i) ∈ E. In this context, we characterize
completely, for any updating scheme, the attractors of such net-
works.

The paper is organized as follows. Section 2 gives some defi-
nitions as well as theorems that will be useful throughout the pa-
per. In Section 3we introduce a parameter depending on the graph
structure, α(G), such that the parallel updating scheme converges
to fixed points if and only if α(G′) < 0 for any subgraph G′ of G.
Otherwise, cycles appear. In particular we prove that it is enough
to have in the graph two connected vertices without loops in or-
der to find a subgraph G′ such that α(G′) ≥ 0 or, equivalently to
have a two-cycle. Further, we characterize completely the attrac-
tor’s behavior for some classes of graphs like, forest, trees, bipartite
and complete graphs with or without loops. We extend the pre-
vious result to any updating scheme over the network by consid-
ering for the analysis the subgraphs associated to each partition
of the updating scheme. In this context we get as corollaries some
convergence results for block-sequential updating schemes, taking
into account the cardinality of each block. Roughly, by assuming
diag(G) = 1⃗, we conclude that for partitions of size 3 the dynamics
converge to fixed points. We also obtain a slightly similar conver-
gence result by considering also partitions of size 4 and 5, where
some specific subgraphs are forbidden.

In Section 4 we proved that there exist very simple block-
sequential schemes (every partition composed of two connected
vertices without loops) under majority local functions such that
cycleswith non-polynomial periods appear. The same construction
allows to establish a similar non-polynomial behavior for the
transient time. Comments on the range of the energy operator
and how it relates to directed graphs as well as an example that
illustrates the theorems developed in this paper are presented in
Section 5. Finally, in Section 6, we present the general conclusions
as well as some comments related to the complexity of the
computation of the parameter α(G).
2. Background

Let us consider an integer n × n symmetric matrix W = (wij),
x ∈ {0, 1}n, a threshold vector Θ ∈ Z and the set of n Heaviside
functions:

fi(x1, . . . , xn) = H


n

j=1

wijxj − θi


i ∈ {1, . . . , n} (1)

where

H(u) =

1 if u ≥ 0
0 if u < 0.

Since the entries are integers, it is always possible to determine
equivalent functions with thresholds θi = pi + 1/2, pi ∈ Z,
such that |


wijxj − θi| ≥ 1/2, ∀x ∈ {0, 1}n, ∀i = 1 . . . n.

We associate a dynamic to the previous functions by considering
a partition {{I1}, . . . , {Ip}} of the set V = {1, . . . , n} such that the
nodes of the network are updated one by one following the par-
tition’s order. So, when Il is updated; we consider the new values
of the previous nodes belonging to ∪j≤l−1 Ij and the old values for
the nodes in ∪j≥l Ij. We call this procedure the block-sequential
update. As two important particular updates we have the paral-
lel (or synchronous) update, when I1 = {1, . . . , n} is the unique
block, i.e., every node is updated at the same time.When the nodes
are iterated one by one in a prescribed order given by a partition
{{σi}}

n
i=1, where σ = (σ1 . . . σn) is a permutation of the set of

nodes, we have the sequential update. Since a partition can be con-
structed for every subset of V , there is an exponential number of
updates.

We define a neural network as a triple N = (W , Θ, τ ) where
W is an integer symmetric matrix, Θ the threshold vector and
τ the updating scheme. It was proved in Goles (1982) and Goles
and Olivos (1980) that the parallel update on symmetric neural
networks always converges to bounded limit cycles, more pre-
cisely, fixed points or cycles with period 2. It was established also
a related convergence result for the sequential updating scheme
(Goles, 1982). The most general result about block-sequential up-
dates and fixed point behavior is Theorem 2.1. We will sketch its
proof in order to introduce an energy functional that will be useful
in the paper.

Theorem 2.1 (Goles-Chacc et al., 1985). Let us consider the block-
sequential updating scheme τ = {{I1}, . . . , {Ip}} and the symmetric
neural network N = (W , Θ, τ ). Let W (Ik) be the sub-matrix
associated to the block Ik of the partition. Then, if for every k ∈
{1, . . . , p}, W (Ik) is non-negative definite, then the network admits
only fixed points.

Proof. Let us introduce the following operator:

E(x) = −
1
2

n
i=1

xi
n

j=1

wijxj +
n

i=1

θixi. (2)

Let us consider that we update the kth block from the config-
urations x = (x1, . . . , xn), hence x′i = xi ∀i ∉ Ik and x′i =
H(
n

j=1 wijxj − θi) ∀i ∈ Ik. SinceW is symmetric:

1E = E(x′)− E(x) = −

i∈Ik

(x′i − xi)


n

j=1

wijxj − θi



−
1
2


i∈Ik

(x′i − xi)

j∈Ik

wij(x′j − xj) (3)

therefore,

1E =

i∈Ik

δi −
1
2
ytW (Ik)y (4)
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Fig. 1. (a) n-periodic dynamics for the sequential update {{1}, . . . , {n}}. (b) n-
periodic dynamics for a block sequential update {{1u, 1d}, . . . , {iu, id}, . . . , {nu, nd}}

where iu codes the upper sites and id the down sites.

where y = (x′−x) ∈ {−1, 0, 1} and δi = −(x′i−xi)(
n

j=1 wijxj−θi).
Suppose that x′i ≠ xi then δi ≤ 0. Furthermore, θi = pi + 1/2 H⇒
δi ≤ −1/2. So, x′ ≠ x implies


i∈Ik

δi < 0. Since W (Ik) is
non-negative definite then ytW (Ik)y ≥ 0, ∀y ∈ {−1, 0, 1}n. So
1E < 0, which implies directly that the network converges to
fixed points. �

As a corollary we have:

Corollary 2.1. (a) If we consider the parallel update P = {{1,
. . . , n}}, then if matrix W is non negative-definite the neural network
N = (W , Θ, P) admits only fixed points (two-cycles disappear). (b) If
we consider diag(W ) ≥ 0⃗ and a sequential updating scheme, s =
{{σi}}

n
i=1 then the neural network N = (W , Θ, s) has only fixed

points.
Proof. (a) For the parallel update there exists only one block I1 =
{1, . . . , n}, so W (I1) = W and the result is direct from
Theorem 2.1. (b) In this case W (Ii) = (wσiσi), so wσiσi ≥ 0 ⇐⇒
W (Ii) non-negative definite; yσiwσiσiyσi ≥ 0. �

Remark 2.1. WhenmatrixW admits blocks such that someW (Ik)
are not longer non-negative definite, non bounded cycles may ap-
pear.

Let us consider, for n > 3, the network with thresholds θi =
1
2

and the matrixW :

wij =


1 if |i− j| = 1
1 if (i = n and j = 1) or (i = 1 and j = n)
−1 if i = j
0 otherwise.

By taking the sequential update {{1}, . . . , {n}}, the vector x =
(0, 1, 0, . . . , 0) belongs to a cycle of period n (see Fig. 1(a)).
Clearly, diag(W ) = −1⃗ < 0⃗, so the hypothesis of the previous
corollary is not longer true. Furthermore, it happens also for other
block sequential partitions. Consider for instance the network
given in Fig. 1(b), updated under the block-sequential partition
{{1u, 1d}, . . . , {iu, id}, . . . , {nu, nd}}. Hence the configuration:
x1u x2u · · · xnu
x1d x2d · · · xnd


=


0 1 · · · 0
0 1 · · · 0


belongs to a cycle of period n. In this case the associated matrix to
each partition is:

W ({ku, kd}) =


0 −1
−1 0



a b c

Fig. 2. (a) Bipartite graph, p = 0 and d = 2 (b) p = 1 and d = 2 (c) p = 2 and
d = 2. In red the edges to be removed to obtain a maximum bipartite graph. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

which is no longer non-negative-definite. It is important to remark
that in both previous examples the matrices have some negative
entries. But we will see that the non-bounded periodic behavior
remains even when the matrix entries belong to the set {0, 1},
i.e., when the connections correspond to the incidencematrix of an
undirected graph, situation that we will study with further details
in this paper.

3. Convergence to fixed points for undirected graphs

In this section we will study the convergence for neural net-
works defined by the incidence matrix of graphs (0’s and 1’s en-
tries). Since we have to study each block (so, its incidence matrix)
of the partition, we will first establish conditions and results for
only one block, i.e., the network updated synchronously. After that,
we will apply the results obtained for one block to every parti-
tion in the whole block-sequential updating scheme. In fact, given
a incidence matrix W of an undirected graph G, as we saw in the
previous section, there are large families such that W is no longer
non-negative definite. However,W could not be non-negative def-
inite but in spite of that, the functional1E =


i∈Ik

δi−
1
2y

tW (Ik)y
continues to be negative (E always decreases) which implies only
fixed points for the synchronous update. For instance, let us con-
sider the network: f1(x1, x2) = H(x1 + x2 − θ1); f2(x1, x2) =
H(x1−θ2); θi ∈ Q, for i = 1, 2. Its incidencematrix,W =


1 1
1 0


, is

not non-negative definite. In fact,

1,−1

 1 1
1 0

 
1
−1


= −1 < 0.

But, aswewill see, for any thresholds, the synchronous update con-
verges to fixed points. Below we will study this kind of situations
in a general framework.

Let G = (V , E) be an undirected graph, |V | = n and |E| = m,
with 0 ≤ d ≤ n loops. We denote Vi = {j ∈ V/(i, j) ∈ E}
the neighborhood of vertex i ∈ V . As we saw in the previous
section (Corollary 2.1(b)) non-negative loops are enough for the
convergence of the sequential updating scheme. In this section
we considered at each vertex the possibility to have a loop, i.e.,
waa = 1⇔ (a, a) ∈ E, (0, otherwise). Let us consider the quantity
α(G) = −n− d+ 2m− 4p, (5)
where d is the number of loops (circuits of length 1) and p is the
minimum number of edges to remove in G, without considering
loops, in order to obtain a maximum bipartite graph (see Fig. 2).
We will say that G′ is a subgraph of G, (we denote G′ ⊆ G) if and
only if V ′ j V and E ′ j E the set of edges in E associated to the
subset of verticesV ′. That is to say, every subgraphwewill consider
is constructed by removing vertices as well as the edges connected
to these vertices. In this context the main result of this section is
the following:

Theorem 3.1. Let us consider an undirected graph G = (V , E), W =
W (G) its incidence matrix and a neural network updated in parallel,
N = (W , Θ, {1, . . . , n}), then: if α(G′) < 0, ∀G′ ⊆ G, then the
network admits only fixed points for any threshold vector. Otherwise,
if there exists G′ ⊆ G such that α(G′) ≥ 0, then there exist threshold
vectors such that cycles with period 2 appear.

To prove the previous theoremwewill first develop some tools
and lemmas. Then, we will give some corollaries which establish
the classes of graphs such that cycles appear.
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Let us consider the transition from x to x′ for the parallel
updating schemeand that each vertex changes its value (i.e., x′i ≠ xi
or yi = (x′i − xi) ∈ {−1, 1} for any i ∈ V ). Also, let us consider the
energy difference established in (4):

1E =
n

i=1

δi −
1
2
ytWy (6)

where

δi = −(x′i − xi)


n

j=1

wijxj − θi


.

Recall that the wij are integers, therefore, it is always possible to
determine equivalent functionswith thresholds θi = pi+1/2, pi ∈
Z, such that |


wijxj− θi| ≥ 1/2, ∀x ∈ {0, 1}n, ∀i = 1 . . . n. Also,

we know that x′i ≠ xi H⇒ δi ≤ −1/2. Since every node changes
its value, by considering the number of loops, d, in Gwe have:

1E ≤ −
n
2
−

1
2


d+ yt(W ∗y)


(7)

where diag(W ∗) = 0⃗. In order to analyze if 1E decreases, we have
to study the quadratic form

ϕ(y) = −
1
2
ytW ∗y; y ∈ {−1, 1}n. (8)

From where we can obtain
max

z∈{−1,1}n
ϕ(z) = m− 2p. (9)

The proof of (9) appears in Appendix A. So, from (9), if x′i ≠ xi,
∀i ∈ V :

1E ≤ −
n
2
−

d
2
+ ϕ(y) ≤ −

n
2
−

d
2
+m− 2p. (10)

From (10) we conclude: If x′i ≠ xi, ∀i ∈ V , then:

−
n
2
−

d
2
+m− 2p < 0 H⇒ 1E < 0

which is equivalent to: α(G) < 0 H⇒ 1E < 0. The previous
analysis considered that each vertex changes its value. The same
approach may be used for the general case. Suppose that from the
transition from x to x′ some vertices remain constant at state 0 or
1, which is equivalent to consider some yi = 0. In this situation we
consider the subgraph G′, where V ′ = V r {i ∈ V/yi = 0}. Clearly,
over this subgraph, every node changes its value, and the previous
analysis holds over G′. From that we may formulate the following
proposition:

Proposition 3.1. If α(G′) < 0, ∀G′ ⊆ G then the neural network
N = (W = W (G), Θ, {1, . . . , n}) admits only fixed points.
Proof. Let us consider x′ the configuration obtained from the par-
allel update over x. Let X = {i/xi = x′i} be the set of nodes of
constant states. Suppose x ≠ x′, then X $ V . Let the subgraph
G′ = (V�X, E ′). Clearly in G′ every vertex changes its value, then
by applying previous analysis over G′: 1E ≤ α(G′)

2 so from the hy-
pothesis we conclude that 1E < 0, then the network converges to
fixed points. �

Remark 3.1. In general α(G) < 0H̸⇒ α(G′) < 0 for every G′ j G.

For instance, let us consider the graph in Fig. 3. We have for
G, d = 3, p = 2, n = 6, m = 8. So α(G) = −1 < 0. Suppose we
remove vertices {2, 5, 6}. We obtain the subgraph G′ from Fig. 3,
such that, α(G′) = 1 > 0. Since we are working on undirected
graphs (matrixW being symmetric), we know that the parallel up-
date converges to fixed points or two-cycles (Goles & Olivos, 1980;
Goles-Chacc et al., 1985). Let us see, for incidencematricesW (G), if
wemay construct total two-cycles, i.e., those such that every vertex
changes its value. Let us consider a set X = {v1, . . . , vp} j E which
Fig. 3. Graphs G and G′ obtained by considering y2 = y5 = y6 = 0.

realizes theminimumnumber of edges to remove to obtain amax-
imum bipartite graph. So, for each vertex i ∈ V , we have two kinds
of vertices,Oi: vertices such that their incident edges to vertex i be-
long to X , and Pi: vertices such that their incident edges belong to
E \ X . So Vi = Oi


Pi. Of course, for some vertices, the set Oi may

be empty. Let configurations x and x′ be such that they are different
for each vertex and are constructed such that for every edge (i, j) ∈
E�X, yi ≠ yj (i.e., xi ≠ xj and x′i ≠ x′j). Moreover, for the edges be-
longing to X , their vertices have the same value. Now, let us see
the possibility to construct a total two cycle. For that, it is enough
to analyze the existence of thresholds for the Heaviside function
realizing the cycle in every vertex. We have two cases to consider:
Case a: (Vertices with loops): Clearly, if the vertex i ∈ V belongs to
an edge v = (i, β) ∈ X , then xi = xβ . So if we have for the parallel
updating: x ↔ x′, such that xi ≠ x′i, ∀i ∈ V : |Pi| − θi ≥ 0 and
|Oi| + 1− θi < 0. So, |Pi| ≥ θi and |Oi| + 2 ≤ θi, then

|Pi| ≥ |Oi| + 2 ∀i ∈ V , with loops. (11)

Case b: (Vertices without loops). Similarly, we have:

|Pi| ≥ |Oi| + 1 ∀i ∈ V , without loops. (12)

If such conditions hold for some realization X = {v1, . . . , vp} then
the parallel updating admits previous total two-cycle.

Remark 3.2. By adding conditions (11) and (12) over the graph,we
obtain:
i∈V

|Pi| ≥

i∈V

|Oi| + |V | + d

therefore,

2(m− p) ≥ 2p+ n+ d
⇒ α(G) = −n− d+ 2m− 4p ≥ 0.

So, a necessary condition to obtain a total two-cycle is α(G) ≥ 0.
But it is not sufficient. In Fig. 4 we exhibit a graph such that every
realization of the set X does not satisfy conditions (11) and (12),
so it does not admit a total two-cycle. Let us consider the graph in
Fig. 4(a). Clearly, α(G) = 8 > 0 and p = 1. It is easy to see that,
for any set X which realizes amaximumbipartite graph, conditions
(11) and (12) do not hold (see Fig. 4(b)). For instance, consider X =
{v2 = (2, 3)}. We have O2 = {3} and P2 = {1}, so condition (11)
does not hold, so there is not a total two-cycle. But, by considering
an OR for vertex 1, the majority rule for the rest of the vertices,
and by setting vertex 2 at value zero, we obtain the following
two-cycle x = (x1, . . . , x9) = (0, 0, 1, 0, 1, 0, 1, 0, 1) ↔
(1, 0, 0, 1, 0, 1, 0, 1, 0) (Fig. 4(c)) which is equivalent to consider
the subgraph G′ = (V r {2}, E r {(1, 2), (2, 3)}) (see Fig. 4(d)).

The other interesting case to consider in order to analyze the
possibility to have total two-cycles is p = 0, i.e., bipartite graphs. In
this context, conditions (11) and (12) can be interpreted as follows:

Lemma 3.1. Given a bipartite graph without isolated vertices or ver-
tices with a loop with only one neighbor, then it admits a total two-
cycle.

Proof. Since G is bipartite, for any i ∈ V , Oi = ∅. So, conditions
(11) and (12) are the following: |Vi| ≥ 2 for vertices with loops and
|Vi| ≥ 1, otherwise. �
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a

d

b

c

Fig. 4. (a) A graph with p = 1 and α(G) = 8 > 0. (b) The four realization of a bipartite graph by dropping the set {v1} or {v2} or {v3} or {v4}. (c) The two-cycle for the
parallel update for X = {v2}, such that the second vertex remains constant (x2 = 0) and the Heaviside function for vertex 1 is an OR and the Heaviside function for the rest
of the vertices is the majority. (d) G′ ⊆ Gwhen x2 = 0 (constant).
Also related to the existence of two-cycles is the appearance of
positive loops, which seems important in order to ‘‘freeze’’ the
dynamics of the network (convergence to fixed points). Actually,
it is enough to have two connected vertices without loops in order
to obtain two-cycles:

Proposition 3.2. For any undirected graph G = (V , E) such that it
admits at least two connected vertices without loops then there exists
G′ ⊆ G such that α(G′) ≥ 0 as well as a threshold vector Θ such
that the neural network N = (W (G), Θ, {1, . . . , n}) (i.e., updated in
parallel) admits two-cycles.
Proof. Let us consider two connected vertices a, b ∈ V and a
minimum path P = (V (P) = {a = v1, . . . , vq = b}, E(P) =
{(v1, v2), . . . , (vq−1, vq)}), clearly, P ⊆ G and α(P) = −q−d(P)+
2(q − 1), where d(P) is the number of loops in P , since vertices a
and b do not have loops, d(P) ≤ q−2 then α(P) ≥ 0, which proves
the first assertion. Taking the same subgraph P , let us consider the
neural network such that for any vertex i ∈ V (P):

fa(x) = H


xv2 +


j∈V\V (P)

wajxj −
1
2



fvi(x) = H


xvi−1 +


j∈V\V (P)

wvijxj + wvivixvi + xvi+1 −
3
2


for i ∈ {2, . . . , q− 1}

fb(x) = H


xvq−1 +


j∈V\V (P)

wbjxj −
1
2


.

For vertices in V \ V (P) we take high enough thresholds in order
for these vertices to remain constant at value 0. So we have
the two cycle (xv1 , . . . , xvq , xV\V (P)) = (1, 0, 1, 0, . . . , 0⃗) ←→
(0, 1, 0, 1, . . . , 0⃗). �

Remark 3.3. It is direct from the previous proposition that for a
connected component of size q of a given graph, the number of
loops d ≤ q− 2 implies two cycles.

Proposition 3.3. Suppose α(G) ≥ 0 such that one of the
conditions (11), (12) do not hold, then there exists G′ ⊆ G, such that
α(G′) ≥ 0.
Proof. Let us consider first n ≤ 4. In this case, the number of
connected graphs (without loops) for two vertices is one, for three
vertices is two, and for four vertices is six. If we consider loops,
then for each of these graphs there are 2n ways to place the loops
(from no vertices with loops up to all the vertices with loops).
If we analyze these graphs, and only select the ones such that
α(G) ≥ 0 and properties (11), (12) do not hold, then, the remaining
graphs that satisfy the previous conditions are shown in Fig. 5.
Additionally, for each graph in Fig. 5, there exists G′ ⊆ G, such
that α(G′) ≥ 0 and that satisfies properties (11), (12). Therefore,
the theorem is true for n ≤ 4.

Suppose now n > 4 and condition (11) does not hold, so there
exists c ∈ V such that (c, c) ∈ E such that:

|Pc | < |Oc | + 2 ⇐⇒ |Pc | ≤ |Oc | + 1. (13)

Let us consider first Oc = ∅, i.e., vertex c is not connected to the set
X . In this case we have |Vc | = |Pc | ≤ 1. So, by considering G′, the
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Fig. 5. Every connected graph with |V | ≤ 4 such that α(G) ≥ 0 and conditions (11) and (12) do not hold. The graph G′ is a subgraph such that α(G′) ≥ 0 and conditions
(11) and (12) are satisfied. The thicker edges (red) are the edges that can be removed to obtain a maximum bipartite graph. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
subgraph of G obtained by removing vertex c , we have

α(G′) = −(n− 1)− (d− 1)+ 2(m− |Vc |)− 4p
≥ α(G) ≥ 0

which proves the property. Let us suppose now that Oc ≠ ∅. As
in the previous case let us consider the subgraph G′ by removing
vertex c . We have two cases to consider: |Vc | = 2q (even) or
|Vc | = 2q + 1 (odd). For |Vc | = 2q, from (13) we have |Pc | ≤ q
hence |Oc | = |Vc | − |Pc | ≥ q = ⌊ |Vc |2 ⌋. Suppose now |Vc | = 2q+ 1
so (from (13)) |Pc | ≤ q+ 1 hence |Oc | ≥ |Vc |− q− 1 = q = ⌊ |Vc |2 ⌋.
Therefore, in both cases |Oc | ≥ ⌊

|Vc |
2 ⌋. Now let us compute α:

α(G′) = −(n− 1)− (d− 1)+ 2(m− |Vc |)− 4p′

but

p′ ≤ p− |Oc |

hence

α(G′) ≥ −n− d+ 2+ 2m− 2|Vc | − 4p+ 4

|Vc |

2


≥ −n− d+ 2m− 4p− 2(2q+ 1)+ 4q+ 2
= α(G) ≥ 0.

Assume now condition (12) does not hold: c ∈ V such that
(c, c) ∉ E and |Pc | < |Oc | + 1 ⇔ |Pc | ≤ |Oc |. If Oc = ∅ then
|Vc | = |Pc | = 0, i.e., the vertex c is isolated then by removing it
we obtain α(G′) = α(G) + 1 ≥ 0. Let us consider Oc ≠ ∅. Similar
to the previous analysis, we have for |V | = 2q, that |Pc | ≤ q then
|Oc | ≥ q. For |Vc | = 2q+ 1, then |Pc | ≤ q hence |Oc | ≥ q+ 1, so:

α(G′) = −(n− 1)− d+ 2(m− |Vc |)− 4p′

where

p′ ≤ p− |Oc |

hence

α(G′) ≥ −n− d+ 2m+ 1− 2|Vc | − 4p+ 4|Oc |

≥ −n− d+ 2m− 4p+ 1
= α(G)+ 1 ≥ 0. �

Now we have the tools in order to prove Theorem 3.1:

Proof. If α(G′) < 0, ∀G′ ⊆ G, the result is direct from (9).
Suppose now there exists G′ ⊆ G such that α(G′) ≥ 0. From
previous analysis we have two possibilities: The graph G′ satisfies
conditions (11) and (12). In this situation there exists a threshold
vector such that the parallel update admits a total two-cycle.
Otherwise, i.e., some of the conditions are no longer true, from the
previous proposition we construct a new graph G′′ by removing
vertices which do not satisfy the conditions, such that α(G′′) ≥ 0.
By iterating this procedure we will finally obtain a graph G∗ =
(V ∗, E∗) with at most four vertices with α(G∗) ≥ 0. For every one
of these graphs we obtain easily total two-cycles (see Figs. 5 and
6) which can be extended to the original graph G by setting every
vertex in V \ V ∗ constant at value 0 (i.e., a Heaviside function with
a threshold big enough). �
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(a) α(G) = 0. (b) α(G) = 2. (c) α(G) = 1. (d) α(G) = 1.

(e) α(G) = 0. (f) α(G) = 2. (g) α(G) = 1. (h) α(G) = 1.

(i) α(G) = 0. (j) α(G) = 0. (k)α(G) = 0. (l) α(G) = 2.

(m)α(G) = 1. (n) α(G) = 0. (o)α(G) = 4. (p)α(G) = 3.

(q)α(G) = 2. (r) α(G) = 1. (s) α(G) = 0.

Fig. 6. The family of graphs with 2 ≤ |V | ≤ 4, α(G) ≥ 0, such that they admit total two-cycles. The thicker edges (red) are the edges that can be removed to obtain a
maximum bipartite graph. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Remark 3.4. It is interesting to see the application of the main
theorem to two classes of graphs, the skinny ones (forest or trees)
and the fat ones (complete graphs):

For bipartite graphs (p = 0),α(G) = −n−d+2m. If we consider
that every node has a loop, i.e., d = n, so α(G) = −2n + 2m.
Then α(G) < 0 is equivalent to n > m. Furthermore, if the
initial graph is a forest (no circuits) with loops and n > m, any
subgraph G′ has the same property so it verifies α(G′) < 0. If we
consider now complete graphs, Kn, such that every vertex has a
loop, it is not difficult to compute the maximum of the quadratic
expression of ϕ(z) given in (9). Actually, it is reached for balanced
configurations (i.e., same number of +1’s and −1’s for n even, a
minimum difference of one, for n odd). In this context, following
(9), we have: m− 2p = maxz∈{−1,1}n ϕ(z) =

 n
2


. From where we

obtain:

p =

2q(q− 1) for K2q

2q2 for K2q+1

then α(Kn) < 0. Since any subgraph (by deleting vertices) of Kn is
also a complete graph, α(G′) < 0 for any G′ ⊆ Kn. The previous
remarks can be summarized as follows:

Lemma 3.2. (a) The parallel updating scheme over a forestwith loops
(in particular a tree) converges to fixed points. (b) The parallel updat-
ing scheme on complete graphs with loops admits only fixed points.

3.1. Main theorem for block-sequential updates

Now we announce the general result concerning arbitrary
block-sequential updates, i.e., arbitrary partitions. Let us consider a
block sequential updating scheme τ = {{I1}, . . . , {Ip}}. Let G(Ik) be
the subgraph associated to the set Ik, as well asW (Ik) its incidence
matrix:

Theorem 3.2. Let us consider the neural networkN = (W (G), Θ, τ ),
then: if for any k ∈ {1, . . . , p} and G′ ⊆ G(k), α(G′) < 0, then N ad-
mits only fixed points for any threshold vector. Otherwise, if there exist
k ∈ {1, . . . , p} and a subgraph G′ ⊆ G(k) such that α(G′) ≥ 0, then
there exist threshold vectors such that N admits cycles with period at
least 2.

Proof. Since the update is block by block, the first part is direct
from the first part of the main theorem (each block is updated in
parallel). For the second part, the proof is roughly the same as that
the second part of themain theorem, but in this case we have to fix
the external thresholds. Actually, if the graph G′ ⊂ G(k), such that
α(G′) ≥ 0 so inside the graph G(k) = (V (Ik), E(Ik)) we determine
a two cycle for its parallel update like in the parallel case explicited
in the previous theorem. For vertices belonging to the other blocks,
i.e., v ∈ V r V (Ik), we put xv = 0 as well as a threshold large
enough to maintain constant this value whatever happens inside
the kth block. In fact, it suffices to consider θv big enough. From
that, we may exhibit a two cycle inside the kth partition while the
remaining vertices are at state 0. �

The previous theorem implies the following result, which has
been proven previously by Mortveit (2012) using another ap-
proach.

Corollary 3.1. Let us consider a neural networkN = (W (G), Θ, τ =

{{I1}, . . . , {Ip}}), such that diag(W (G)) = 1⃗ (i.e., each vertex has a
loop) then, |Ik| ≤ 3, for k ∈ {1, . . . , p}, implies that the network
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Fig. 7. (a) A graph with p = 1. X = {(2, 4)} a realization of an edge to be eliminated (colored) to obtain a maximum bipartite graph. Further, |O2| = |O4| = 1 < |P2| =
|P4| = 3 and |P1| = |P3| = |P5| = 2. So, G with X verifies conditions (11) and (12). (b) A total two-cycle over G. Graphs which admit total-two cycles without the existence
of a four-circuit without a cord (c) n = 5, p = 1 (d) n = 6, p = 1 (e) n = 6, p = 2. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
converges to fixed points for any threshold vector Θ . Otherwise (i.e., at
least a partition has cardinality four or more) there exist a graph and
a threshold vector such that cycles appear.
Proof. See Appendix B.

Remark 3.5. It is important to point out that the previous corollary
can be refined. In fact, for partition of cardinality ≥4, there are a
huge but finite number of graphs. By computing α it is possible to
characterize whether or not the associated graph admits cycles.

In Fig. B.11 (Appendix B) we exhibit the family of connected
graphs with loops (diag(W ) = 1⃗) with n ≤ 4, and in Fig. D.12
(Appendix D) with n = 5. From that, we may announce a more
general convergence result.

Corollary 3.2. Let us consider a neural networkN = (W (G), Θ, τ =

{{I1}, . . . , {Ip}}), such that diag(W (G)) = 1⃗ (i.e., each vertex has a
loop). Suppose |Ik| ≤ 5, for k ∈ {1, . . . , p}, such that any partition
containing a four-circuit without cords or the graph of size 5 given
in Fig. 7(c) is forbidden, then the network converges to fixed points
for any threshold vector Θ . Elsewhere, there exists a threshold vector
such that cycles appear.
Proof. For partitions of size 1, 2 or 3 it is the same proof of the
previous corollary. For partitions of size 4, the only graphs which
admit a two cycle are those which contains a four-circuit without
cords (see Figs. 6(s) and B.11). In this situation, to define a two cy-
cle is enough to fix every vertex at 0 outside the four-circuit (by
taking thresholds high enough) and over the circuit taking Heavi-
side functions with threshold 1/2. In this context (0, 1, 0, 1, 0⃗)↔
(1, 0, 1, 0, 0⃗) is a two-cycle. For a partition I of size 5, if G(I) does
not contain a four circuit without cords or it is not equal to the
graph given in Fig. 7(c), then, as we see in Fig. D.12, α(G′) < 0 for
anyG′ ⊆ G(I). With thatwe proved the convergence to fixed point.
Otherwise, ifG(I) contains a four-circuitwithout cords onemay ex-
hibit total two cycles (see Fig. 6(o)-(s)), moreover, if G(I) is equal
to the graph of Fig. 7(c) then onemay exhibit the total two-cycle of
Fig. 7(b). �
Remark 3.6. It is important to point out that naturally one may
conjecture that there exists α(G′) ≥ 0, G′ ⊆ G if and only if G′
contains an even circuit without odd cords (i.e., cords such that
they generate inside the circuit two odd circuits).

From one side it is trivial, if there exists such circuit C , then di-
rectly α(C) ≥ 0. From the other side, it is no longer true. Actu-
ally, it is related to the possibility to have total two-cycles. Let us
consider, for instance, some of the graphs of Fig. 7. It is easy to see
that for all of them α(G) ≥ 0 and conditions (11), (12) are satisfied.
Furthermore, none of themnor their subgraphs admits four-circuit
without a cord. So, for partitions such that their cardinality is big-
ger than four, it is not enough to avoid even circuits without odd
cords. We exhibit for n ∈ {5, 6} in Fig. 7(c)–(e), every graph to be
excluded (excluding every circuit without odd cords) in order to
have the fixed point behavior.

4. Non-polynomial cycles associated to block-sequential up-
dating

Contrary to the usual intuition (supported by simulations), in
these networks the limit cycles, if they exist, have small periods for
any updating scheme, in fact, there are even conjectures that the
periods have length at most two (Mortveit, 2012). We will show
evidence that supports the opposite, i.e., large cycles can appear.
In this section we will prove that when the conditions on the par-
titions and the associated graph, presented in the previous section,
do not hold, very large cycles appear. We will only consider inci-
dencematricesW = W (G) of a graph G = (V , E), i.e., entries 0’s or
1’s. Inwhat followswe show that by constructing a very simplema-
jority network (a particular case of the Heaviside function) with an
updating scheme that considers only partitions of cardinality two,
it is possible to generate attractors with non-polynomial periods.
Further, directly from the same construction we will prove that
block-sequential updates admit also non-polynomial transients.

Let us consider the graph G = (V , E), V = {1, 1′, 2, 2′, . . . ,
n, n′} and the set of edges shown in Fig. 8(a). We call the previous



164 E. Goles, G.A. Ruz / Neural Networks 63 (2015) 156–169
a b

c

Fig. 8. (a) A staircase model. (b) Two staircases connected by a joint. (c) Several
staircases connected by joints.

graph a staircase. We consider over each node the majority
function:

f1(xn, x1′ , x2) = H

xn + x1′ + x2 −

3
2


f1′(xn′ , x1, x2′) = H


xn′ + x1 + x2′ −

3
2


fi(xi−1, xi′ , xi+1) = H


xi−1 + xi′ + xi+1 −

3
2


fi′(x(i−1)′ , xi, x(i+1)′) = H


x(i−1)′ + xi + x(i+1)′ −

3
2


fn(xn−1, xn′ , x1) = H


xn−1 + xn′ + x1 −

3
2


fn′(x(n−1)′ , xn, x1′) = H


x(n−1)′ + xn + x1′ −

3
2


for 2 ≤ i ≤ n− 1. We also denote a configuration as follows.

X =


x1, . . . , xi, . . . , xn
x1′ , . . . , xi′ , . . . , xn′


.

In the previous context, let us consider the block-sequential
partition

τ =


1
1′


,


n
n′


,


n− 1
n′ − 1


, . . . ,


2
2′


and the initial configuration

X(0) =

0, 0, . . . , 0, 1
1, 1, . . . , 1, 0


.

The new configurations by applying the partition τ one time, two
times, and three times are as follows:

X(1) =

1, 1, 0, . . . , 0
0, 0, 1, . . . , 1


X(2) =


0, 0, 1, 0, . . . , 0
1, 1, 0, 1, . . . , 1


X(3) =


0, 0, 0, 1, 0, . . . , 0
1, 1, 1, 0, 1, . . . , 1


.

It is direct that, after applying n− 1 times the partition:

X(n− 1) =

0, 0, 0, . . . , 0, 1
1, 1, 1, . . . , 1, 0


= X(0).

So, we have a cycle of period T = n − 1. Therefore, the previous
majority network updated as above admits a non-bounded cycle of
period T = n− 1. Further, we have:

Theorem 4.1. There exists a neural network N = (W , Θ, µ) which
admits cycles with non polynomial period.
Proof. Let us consider a connected graph composed of a connected
union of staircases, each one with a prime limit cycle. Given a
prime number p by taking a ‘‘staircase’’ with length p + 1 (i.e.,
2(p+1) vertices) and the previous block partition, onemay exhibit
a cycle with period p. From that, suppose we have staircases of
size 2(p1 + 1), 2(p2 + 1), . . . , 2(pl + 1), where 2 ≤ p1 ≤
p2 ≤ · · · ≤ pl are the first l consecutive prime numbers.
Given two consecutive primes and its staircases, say pk, pk+1 we
generate a linked (connected graph) staircase by connecting two
staircases as follows: for vertices a and a′ in the first stair and
b and b′ in the other and creating the following edges between
them: (a, b), (a, b′), (a′, b), (a′, b′). The structure of connecting
two staircases is shown in Fig. 8(b). Remark that, given our initial
configuration in staircases, the local configuration
Xi
Xi′


∈


1
1


,


0
0


never appears, then the contribution of the two external edges of a
joint to the staircase’s dynamics is always neutral (a 0 and a 1),
so there are no changes to the inner staircase dynamics. Let us
consider the set of l first majority functions staircases (associated
to prime cycles pl)

G =
l

k=1

Gk

connected by joints as in Fig. 8(c). Then, the staircase configuration:

Xk(0) =

0 · · · 0 1
1 · · · 1 0


1 ≤ k ≤ l

and the partition:

τ =

τ 1, . . . , τ l


where τ k is the partition associated to the kth staircase. Since every
staircase is in a different prime cycle, then the global period of G is
at least:

T ≥
l

i=1

pi.

From that, by following a technique first used in Kiwi, Ndoundam,
Tchuente, and Goles (1994), it is easy to see that the period is
bounded by an exponential value. Let l = π(m) where π(m)
denotes the number of primes not exceedingm. This yields

|V (G)| = 2
l

i=1

(pi + 1) ≤ 2π(m)(m+ 1). (14)

Also we may write
l

i=1 pi = eθ(m), where θ(m) =
π(m)

i=1 log pi,
then

T ≥
l

i=1

pi = eθ(m). (15)

Using the PrimeNumber Theorem (Hardy,Wright, Heath-Brown, &
Silverman, 2008) that states that π(m) = Θ(m/ logm), also from
Hardy et al. (2008), θ(m) = Θ(π(m) logm), which together with
(14) and (15) implies that

T ≥ eΩ(
√
|V (G)| log |V (G)|). �

Remark 4.1. We see that for every partition on the previous
network, the local incidence matrix is

W ({i, i′}) =

0 1
1 0


.
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Fig. 9. Staircase model with the majority function over each node.

Obviously, it is not semi non-negative definite on the set
{−1, 1}.

It is not difficult to prove, by using roughly the same construc-
tion of Theorem 4.1 that:

Corollary 4.1. There exists a neural network N = (W , Θ, µ) which
admits non-polynomial transients.

Proof. See Appendix C.

From the previous resultwe know that for incidencematrices of
undirected connected graph, very simple local threshold functions
and two size partitions admit cycles with non-polynomial periods
and transients.

5. Illustrative example of different updating schemes, energy,
and convergence

We present an example where the relation of the energy
operator with our theorems and α(G) is illustrated. Let us consider
the staircase of Fig. 9, with themajority function over each node as
described in the previous section, and the initial configuration

X(0) =

0, 0, 0, 1
1, 1, 1, 0


.

This initial configuration evaluated in (2) gives E(X(0)) = 4. Let
us consider first the parallel update, in that case we have α(G) =
16 > 0, then by Theorem 3.1 we have that cycles of period 2
appear. In fact,

X(1) =

1, 0, 1, 0
0, 1, 0, 1


X(2) =


0, 1, 0, 1
1, 0, 1, 0


and X(3) = X(1). Also we have that E(X(1)) = E(X(2)) = 6,
which is an increase from E(X(0)), therefore, there is no conver-
gence to fixed points.

Let us consider now the following partition, I1 = {1, 1′}, I2 =
{4, 4′}, I3 = {3, 3′}, and I4 = {2, 2′} and the block sequential
update

τ =


1
1′


,


4
4′


,


3
3′


,


2
2′


.

For the subgraphs GI1 = ({1, 1′}, (1, 1′)), GI2 = ({4, 4′}, (4, 4′)),
GI3 = ({3, 3′}, (3, 3′)), and GI4 = ({2, 2′}, (2, 2′)), we have that
α(GIi) = 0 for i = 1, 2, 3, 4, then by Theorem 3.2, we have that
cycles appear. In fact,

X(1) =

1, 1, 0, 0
0, 0, 1, 1


X(2) =


0, 0, 1, 0
1, 1, 0, 1


and X(3) = X(0), i.e., a cycle of period 3. The energy for all the
configurations within the cycle equals 4, thus, no energy decrease,
therefore, no convergence to fixed points.

Finally, let us consider the sequential update. In this case
each partition is a singleton, therefore, GIi = ({i}) for i =
1, . . . , 4, 1′, . . . , 4′ and α(GIi) = −1 < 0 ∀i, then by Theorem 3.2,
it must converge to a fixed point. In fact, let us consider the
sequential update τ = {{1}, {2}, {3}, {4}, {4′}, {3′}, {2′}, {1′}}, we
have that

X(1) =

1, 1, 1, 1
1, 1, 1, 1


and X(2) = X(1), i.e., a fixed point. Using the energy operator
we have that E(X(1)) = 0, which is an energy decrease from
E(X(0)), thereforewe have convergence to a fixed point. An energy
plotwhich summarizes the three cases analyzed (parallel (P), block
sequential (BS), and sequential (S)) is shown in Fig. 10(a). Also,
Fig. 10(b)–(d), shows a histogram of the energy value where each
of the 28

= 256 initial configurations converges to, for the three
cases respectively.

6. Discussions and conclusions

In this paper we have studied the relationship between attrac-
tors (cycles or fixed points) of neural networks defined over an
undirected finite graph (i.e., the entries of the interconnection ma-
trix are 0’s and 1’s) and some characteristics of the graph like loops
and circuits. From our study it can be deduced that the number of
nodes, edges, loops and odd circuits are the relevant parameters in
order to characterize the attractors. For the parallel dynamics we
know from Goles and Olivos (1980) that the network converges to
fixed points or two-cycles. An interesting question is, when does
the network reach one of them?, this is captured by the parameter
α(G): If it is negative for any subgraph of G, then any attractor is
a fixed point. Elsewhere, when there exists some G′ such that the
parameter is non-negative, it is always possible to find a thresh-
old vector such that the network admits a cycle of period two. It
is important to point out that odd circuits and loops tend to freeze
the dynamics (convergence to fixed points). For instance, for ev-
ery graph such that it admits two connected vertices without loops
we proved that there exists always a threshold vector in order to
exhibit two-cycles. Further, every bipartite graph (with or without
loops) such that it admits a circuit has the same two cycle behavior.

The computation of parameter α(G) is not easy, because we
have to compute, p, the minimum number of edges to remove
in order to obtain a maximum bipartite graph. This problem is
known in the literature as the MAX-CUT problem which is NP-
complete (Garey & Johnson, 1979). It is important to point out that
it becomes polynomial for planar graphs (Hadlock, 1975). Further,
the optimization of the quadratic expression ϕ(y) = − 1

2y
tW ∗y;

for y ∈ {−1, 1}n is related with the problem of finding the
ground state of the spin glass model. In this context the problem
to compute the maximum of the previous quadratic expression is
polynomial over undirected graphs (see Moore & Mertens, 2011).
By extending the weights to the set {−1, 0, 1} it continues to
be polynomial in a two-dimensional grid and NP-hard in a three
dimensional one (Barahona, 1982). As an example, we exhibit in
Fig. D.12 (Appendix D) the value of α(G) for every graph such that
n = |V | ≤ 5.

Furthermore, previous results, for the parallel updating scheme,
can be directly extended to any block-sequential update by
applying Theorem 3.1 to each block of the partition. But in this
case, when, for some partition Ik, α(G(Ik)) ≥ 0 the situation is
largelymore interesting, because for partitions taking into account
only two connected vertices without loops, non-polynomial cycles
and transients appear. Further, it is the minimum partition size
case (remember for partitions of size one the sequential iteration
converges to fixed points independently of the threshold vector
(Corollary 2.1(b)).

It is important to remark Corollary 3.2 about the convergence
to fixed points, when diag(W ) = 1⃗, and the size of partitions
≤ 5. In this context, for partitions of size 4 and 5, four-circuits
without cords as well as the graph given in Fig. 7(a) are forbidden.
This result may be extended for bigger partitions but, of course by
adding more forbidden graphs. For instance, if we consider also
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a b

c d

Fig. 10. (a) Energy plot for a particular initial configuration of the staircasemodel in Fig. 9, where P is the parallel update, BS is a block sequential update, and S is a sequential
update. Histogram of the energy values where the staircasemodel converges to using all the 256 initial configurations for the (b) parallel update, (c) block sequential update,
and (d) sequential update.
partitions of size 6,wehave to forbid also six-circuitswithout cords
and graphs like those of Fig. 7(d) and (e).

The non-polynomial periodic and transient behavior gives us an
insight about the possibility to adapt a monotone operator driving
the dynamics for more general updating schemes. For instance,
the parallel or the sequential update on undirected graphs. As
we discussed in the introduction their dynamics are driven by an
energy operator. Furthermore, since the entries of the connection
matrix are 0’s and 1’s and |1E| ≥ 1/2 then the convergence
time is O(|V |2), which implies that the algorithmic complexity to
know the state of a site at a given step T ≥ 0, is polynomial.
Since we proved that for other block-sequential updating schemes
there exist non-polynomial transients, then it is not possible to
determine a polynomial energy operator driving its dynamics,
and also, the complexity class where these decision problems
belong may change depending on the updating scheme (Goles &
Montealegre-Barba, in press-a).

The use of the energy operator defined in (2) has been stud-
ied extensively for discrete neural networks in Cosnard and Goles
(1997). These kinds of operators only apply for, essentially undi-
rected graphs, or in the most general case directed acyclic graphs
(DAGs) where each node may be an undirected connected graph,
or a Hopfield network (undirected weighted graph). Looking for
instance at a feedforward neural network, where in the forward
propagation, its like a tree, so in this kind of step, an energy op-
erator can be used. Nevertheless, during the training, there is also
back propagation (to adjust the weights), which then forbids the
definition of an energy operator.

The existence of a decreasing energy operator is associated
essentially to the fact that there is no direct circuits and the fact,
for instance, that in undirected graphs (like the staircase model)
where cycles appear, is due to the different updating schemes, that
tend to simulate a directed graph as studied in Goles andMatamala
(1993), by imposing an order of how the nodes are updated, thus
not allowing a decreasing energy.

The prediction problem of knowing whether or not an arbitrary
node of a network may change its state (from 0 to 1, or vice
versa), for planar majority networks, has been studied in Goles
andMontealegre-Barba (in press-b). It is shown that it is a difficult
problem (P-complete), and in general, in a large network, even
with a subset of nodes fixed to certain values, the problem is still
P-complete. Although, the problem can be solved in polynomial
time, it cannot be accelerated to polylogarithmic time, unless P
= NC (problems decidable in polylogarithmic time on a parallel
computer with a polynomial number of processors).

The construction to obtain non-polynomial cycles is done over
a very simple connected network, where most of the nodes have
degree three and the joints between staircases degree four. Further,
the Heaviside function is also simple: the local majority. The same
kind of construction for non-polynomial cycles and transients
can be easily obtained for other local functions and updating
schemes. For instance by using only AND andOR functions (Goles &
Montealegre-Barba, in press-a). Finally in Appendix E we illustrate
our convergence results on a neural network with six nodes,
iterated under different updating schemes.
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Appendix A. Proof of Eq. (9)

Proof. Clearly:

ϕ(y) = −
1
2


(i,j)∈E

yiyj = −
1
2


(i,j)∈E
i<j

2yiyj = −

(i,j)∈E
i<j

yiyj (A.1)

such that yiyj = −1 if yi ≠ yj (+1 otherwise). Suppose in general
that G has q odd circuits: C1, . . . , Cq. By assigning +1 or −1 (the
value of yi) to each vertex, it is direct that there exists at least one
edge (a, b) in each odd circuit Cl such that yayb = 1. On the other
hand, by cutting an edge in each odd circuit, we obtain a bipartite
graph. So one may assign yi ∈ {−1, 1} such that they alternate its
value for neighboring vertices. This gives the maximum value of ϕ
over the subgraphwherewehave not considered the set of q edges,



E. Goles, G.A. Ruz / Neural Networks 63 (2015) 156–169 167
Fig. B.11. All the possible connected graphs with n ≤ 4, d = the number of loops.
X = {v1, . . . , vq}which cut off every odd circuit. Hence:

∀(a, b) ∈ E \ X H⇒ zazb = −1.

So, for any edge vi = (α, β) ∈ X , we have zαzβ = +1, then
ϕ(z) = (m − q) − q = m − 2q. Since p ≤ q, we conclude that
ϕ(z) ≤ m − 2p. Further, by taking a set X̃ = {v1, . . . , vp} j E
which realizes the minimum cardinality, p, of edges to be deleted
such that E \ X̃ is a maximum bipartite graph, we have:

ϕ(y) = m− 2p. �

Appendix B. Proof of Corollary 3.1

Proof. For partitions of size one we have by hypothesis that every
vertex has a loop, so wii = 1 > 0 and the conclusion is direct
from Corollary 2.1. For partitions of size two it is direct that−4 ≤
α(G′) ≤ −2, for any G′ ⊆ G. Similarly, for graphs of size three we
have that −6 ≤ α(G′) ≤ −2 (see Fig. B.11). So, for any partition
with cardinality less than or equal to three α(G′) ≤ 0 for any
G′ ⊆ G. We conclude by applying the main theorem.

For the case when there exist a partition of size four or more,
we can show that there exist graphs and thresholds such that at
least two periodic cycles appear. Let us consider a graph, given by
the following incidence matrix

W =


1 1 0 1 1 1
1 1 1 0 0 0
0 1 1 1 0 0
1 0 1 1 0 0
1 0 0 0 1 1
1 0 0 0 1 1


and the threshold vector

Θ = (3/2, 3/2, 3/2, 3/2, 3/2, 3/2).

It is direct that the neural network (W , Θ, {{1, 2, 3, 4}, {5, 6}})
admits the two-cycle (0, 1, 0, 1, 0, 0)←→ (1, 0, 1, 0, 0, 0). �

Appendix C. Proof of Corollary 4.1

Proof. We consider the graph of the l interconnected staircases
as above and we add four new vertices, a, b, c, d. Let us denote
y(t) = (x(t), ya(t), yb(t), yc(t), yd(t)), the configuration of the
new network at step t . The role of these vertices is the following:

Vertex a: must be in 0 during the steps t = 1, 2, . . . , T−1, T of
the cycle of staircases and to become 1 when the configuration
of staircases is x(T ) = x(0).
Vertex b: has to be fixed at state 1 and connected exactly to the
same vertices of staircases as vertex a (so, while ya = 0, since
yb = 1, they do not change the value of the majority functions
updates on the dynamics of the staircases).
Vertex c: must be at value 0 during the steps t = 1, 2, . . . , T −
1, T of the cycle of the staircases and becomes 1 when ya(T +
1) = 1.When it is at state 1 it has to force vertices {n1−1, (n1−

1)′} of the first staircase to become fixed at state 1.
Vertex d: has to be always at state 1. It is connected to the same
two vertices of the staircases as c. For t < T + 1, since they
have a different value, they do not change the internal majority
dynamics of the staircases.

Vertices c and d are connected to two contiguous staircases’s
sites, n1−1, (n1−1)′, such that when both are at state 1 they force
these sites to become also fixed at state 1. So the new set of vertices
is the old one (staircases’s vertices) together with {a, b, c, d}:

V ∗ = V ∪ {a, b, c, d}
= {1, 1′, 2, 2′, . . . , n1, n′1} ∪ {n1 + 1, (n1 + 1)′, . . . , n2, n′2}
∪ · · · ∪ {n(l−1) + 1, (n(l−1) + 1)′, . . . , nl, n′l} ∪ {a, b, c, d}.

The new connections for each new vertex are the following:
Connections associated to vertices r ∈ {a, b}:

E(r) = {(r, n1), (r, n2), . . . , (r, nl), (c, r), (d, r)}.

Connections associated to vertices in {c, d}:

E(c) = {(c, a), (c, b), (c, c), (c, d), (c, (n1 − 1)′), (c, (n1 − 1))}
E(d) = {(d, a), (d, b), (d, d), (d, c), (d, (n1 − 1)′), (d, (n1 − 1))}.

Therefore, the set of edges is

E∗ = E ∪ E(a) ∪ E(b) ∪ E(c) ∪ E(d).

The updating mode of the network is for staircases the same as
in the cycle construction below but, after finishing the set of par-
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(a) α(G) =

−2 α(G′) <

0 ∀G′ ⊆ G fixed
point.

(b) α(G) =

−4 α(G′) <

0 ∀G′ ⊆ G
fixed point.

(c) α(G) =

−2 α(G′) <

0 ∀G′ ⊆ G
fixed point.

(d) α(G) = 0
2-cycle.

(e) α(G) = 2
2-cycle.

(f) α(G) =

−4 α(G′) <

0 ∀G′ ⊆ G fixed
point.

(g) α(G) =

−4 α(G′) <

0 ∀G′ ⊆ G fixed
point.

(h) α(G) =

−2 ∃G′ ⊆
G, α(G) ≥ 0
2-cycle.

(i) α(G) =

−2 α(G′) <

0 ∀G′ ⊆ G fixed
point.

(j) α(G) = 0
2-cycle.

(k) α(G) =

−2 α(G′) <

0 ∀G′ ⊆ G
fixed point.

(l) α(G) =

−4 α(G′) <

0 ∀G′ ⊆ G
fixed point.

(m)α(G) =

−6α(G′) <

0 ∀G′ ⊆
G fixed
point.

(n) α(G) =

−2 α(G′) <

0 ∀G′ ⊆ G fixed
point.

(o) α(G) =

−4 α(G′) <

0 ∀G′ ⊆ G
fixed point.

(p) α(G) =

−2 ∃G′ ⊆
G, α(G) ≥

0 2-cycle.

(q) α(G) =

−4 α(G′) <

0 ∀G′ ⊆ G fixed
point.

(r) α(G) = 0
total 2-cycle.

(s) α(G) =

−2 α(G′) <

0 ∀G′ ⊆ G
fixed point.

(t) α(G) =

−4 α(G′) <

0 ∀G′ ⊆ G fixed
point.

(u) α(G) =

−6 α(G′) <

0 ∀G′ ⊆ G fixed
point.

Fig. D.12. Evaluation of the expression α(G) = −2n + 2m − 4p for all the strongly connected graphs (with loops in each node) for n = 5. The thicker red edges are the
edges that can be removed. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
titions we update two new blocks {a, b} and {c, d}: {τ 1, . . . , τ l,
{a, b}, {c, d}}. The Heaviside functions for the new vertices are the
following:

fa(y) = H

 
j∈{k∈V/xk(T )=1}

xj + yc + yd

− (|{k ∈ V/xk(T ) = 1}|)−
1
2



fb(y) = H

 
j∈{k∈V/xk(T )=1}

xj + yc + yd −
1
2



fc(y) = H

yd + ya + yb + x1 + x′1 −

7
2


fd(y) = H


yc + ya + yb + x1 + x′1 −

1
2


.

Let us consider the initial configuration

y(0) = (x(1), ya, yb, yc, yd) = (x(1), 0, 1, 0, 1).

Clearly, for any t ≥ 0, yb(t) = yd(t) = 1 (by construction of the
cycle {x(t)}t∈{0,...,T−1} for every step t ≥ 0,


j∈{k∈V/xk(T )=1} xj ≥

1 and xj + xj′ = 1). Since every configuration on the cycle
{x(0), . . . , x(T )} has the same number of ones, then for t < T + 1
there is only one configuration, x(T ) = x(0), such that the ones are
exactly in the staircases’ connections with vertex a, then:

ya(t) =

0 for any t ∈ {1, 2, . . . , T }
1 for t ≥ T + 1.
Fig. E.13. An undirected graph.

Hence, just at step t = T+1, the variable ya changes to 1, and after
that, also we will have xc(t) = xd(t) = 1 for every t ≥ T + 2. So,
vertices n1 and n1′ have at least three vertices at value one among
five so they become fixed at 1 for every t ≥ T+2. Then it is enough
to conclude that the network admits a transient time T ∗ ≥ T + 1,
and from theprevious theoremwe conclude that the transient time
is exponential. �

Appendix D

Fig. D.12 shows all the strongly connected graphs (with loops
on each node) for n = 5. For each graph, we analyze the value
of the expression α(G) (to see if it is negative, zero, or positive)
and the possibility to have two-cycles for the parallel updating
scheme.

Appendix E

For the graph in Fig. E.13 with

Θ = [1.5, 1.5, 2.5, 1.5, 1.5, 1.5]

the state transition graphs for different updating schemes are
shown in Fig. E.14.
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a b c

d e f

Fig. E.14. State transition graphs for the graph in Fig. E.13, for the updates (a) parallel (b) (1245)(36) (c) (124)(356) (d) (134)(256) (e) (14)(2356) (f) (145)(236). The red
circles represent the fixed point states, and the blue circles represent the states that belong to the limit cycles. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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