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The discovery position of 337 long-period comets (1840-1967) are plotted. Of these 53c;:a of the dir.e~t .a~d
69% of the retrograde comets were found in the morning sky. Prediscovery ephemendes and vIsibility
conditions are worked out. It is shown that, indeed, 70% of the direct and 81 % of the retrograde comets
could have been first observed in the morning skv. This anomaly is found to occur because of the direction of
revolution of the earth in its orbit and the corre;ponding effect on the rate of change of earth-comet distance.
The Holetschek effect is studied, wherein about 1 of known long-period comets came to perihelion when
.
..
their longitude differed from that of the earth by less than 90°.
An estimate is made of the faintest comet visible since this depends upon the relative positIOn of the
comet and sun and the latitude of the observing station. The calculation takes into account the size of
telescope, the angular extent of the comet's image, atmospheric absorption, sky brightness near th~ horizon,
and the contrast threshold of the human eye. The estimated times of beginning and end of the penod of ob
servability for a given comet occur when this threshold magnitude equals the magnitude of the ~omet.
.
A statistical analysis is made of the rate of discovery of comets in terms of the product of time and theH
magnitude above the computed visual threshold value. This leads to an estimate o! a.n "intrinsi~': distribu
tion of comets which includes both discovered and undiscovered comets. The statistical probability, based
on discovery d~ta, that a comet having specified characteristics will be discovered is worked out.

1.

INTRODUCTION

337 unexpected long-period comets (18 10
H ERE
1967) are examined to find the conditions under
c

which they were actually discovered. Thus their
magnitudes, their angular distance and direction from
the sun, the zenith angle, sky brightness ncar the
horizon, and many other factors are considered. The
purpose is to understand observational selection effects.
The final section of this paper uses these data to obtain
numerical values of the discovery probability for
hypothetical comets according to their magnitude and
the number of weeks during which they would be
observable.
It is immediately evident that many "discoverable"
comets must have been missed. For example, in the
80-yr period 1840-1919 there were 203 long-period
comets not visible to the naked eye discovered by
northern hemisphere observers while only 10 such were
found by southern observers. It might be supposed that
comets visible in the south are also visible sooner or
later in the north. However, a study of the positions
of all 337 comets shows that 47 of those discovered
in the north were at no time visible in the south and
for only 8 was the converse true. Thus, many comets
are missing; Australia, South America, and Africa
have lacked their Barnards, their Brookses, and their
Giacobinis.
Hendrie (1962) plotted the discovery positions of 61
comets 1948-1960, noting that those found in the
morning sky were near the sun, but that in the evening
sky the discovery positions were scattered widely.
Marsden (1966a) has examined the discovery positions
of selected groups of comets 1920-1939 and 1946-1965,
finding no asymmetries for the former group, but a
preference (61%) for the morning sky for 90 comets in
the latter group.

In the present study, restricted (unlike those above)
to long-period comets, the tendency of discovery
positions to cluster near the sun in the morning sky is
pronounced. There is also unequal division: Of the
337 comets it is found that 53% of the direct and 69%
of the retrograde comets were actually found in the
morning sky. Indeed it is shown here that 70% of the
direct comets and 81%(!) of the retrograde comets
could have been discovered first in the morning sky.
An explanation is offered for this rather startling
conclusion in Sec. 4 below.
Another anomaly was pointed out by Holetschek
(1891), who showed that comets which come to peri
helion when the earth is on the opposite side of the sun
are not as likely to be discovered. This was confirmed
in a careful study by Bourgeois and Cox (1934), who
treated this aspect of the distribution of comet orbits
and who also estimated discovery probabilities. The
Holetschek effect shows clearly in the statistics to be
presented in Sec. 5 and an estimate is made of the
considerable number of comets missed through this
circumstance.
The present work would not have been possible
without the aid of two recent catalogues of cometary
orbits. First, there is the catalogue prepared by Porter
(1961) of 830 comets observed between 240 B.C. and
A.D. 1960. This has been extended by Marsden (1966b)
with the addition of 41 comets through 1965. The
completeness and accuracy of these compilations has
been most valuable. Second, there is the extensive
catalogue by Vsekhsvyatskii (1958), which has been
indispensable to the author because, in addition to
orbital elements, it contains absolute magnitudes and
discovery dates as well as extensive descriptive material
on each comet. In most cases it is possible to ascertain
the means and circumstances of discovery, the location
(latitude) of the observer, and other useful information,
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TABLE I. The number of long-period comets and their
median absolute magnitude 1760-1959.
Median

Median

Years

Number

Ho

Years

Number

Ho

1760-79
1780-99
1800-19
1820-39
1840-59

10

22
16
22
50

5.3 mag
6.0
7.4
6.3
6.8

1860-79
1880-99
1900-19
1920-39
1940-59

46
52
44
44+2
58+11

6.3 mag
6.5
7.0
6.9
7.7

A supplement by Vsekhsvyatskii (1962) has been
consulted, and for recent comets it has been useful to
refer to the International Astronomical Union CirCZllars,
the regular reports by Miss Roemer in Publications oj
the Astronomical Society oj the Pacific, and files of Sky
and Telescope.
2.

EPHEMERIDES

The 337 comets studied here include practically
every comet in the above catalogues whose period
exceeds 200 yr starting with Comet Galle, 1840 I and
ending with Comet Seki; 1967b. (A few comets are
omitted whose total period of observation encompassed
only 3 or 4 days and which were seen by only one
observer. The data on these are considered to be in
sufficient for this study.) Punch cards are prepared for
each comet listing its five parabolic elements-peri
helion distance q, time of perihelion passage T, argu
ment of perihelion w, longitude of ascending node 0,
and inclination i. There is no need to tabulate eccen
tricity, which is substantially equal to unity for the
present purposes. The absolute magnitude Ho (defined
in Sec. 3), the discovery magnitude H d, the time of first
discovery 12, and a code for means of first discovery
(naked eye, visual telescopic, photographic) are also
punched on the card. No account is taken of multiple
discoveries.
The choice of 1840 as a starting date requires an
explanation: Table I lists the number of long-period
comets discovered per 20-yr period, and this number
is seen to be remarkably constant after 1840. In the
cases where this number is shown as the sum of two
integers, the second of these (e.g., the +2 in the
1920-1939 period) counts the comets which were
discovered photographically and which also at no time
became bright enough to be seen in a comet seeker.
These faint comets, which could not have been found
with 19th century methods, were not omitted from the
list, although such action would have provided a more
homogeneous group. In any case, the rate of discovery
has been remarkably constant in the past 127 years.
Apparently from about 1840 there have been suitable
telescopes and diligent observers. The average of 2.7
new long-period comets per year is about the same now
as then.
An ephemeris is then computed for each comet
giving position, ordinarily at 1 week intervals, for the
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29 weeks before perihelion, and for 29 weeks after
perihelion. In the cases of bright comets with large q
values the calculation is extended for 58 or even 87
weeks both before and after perihelion, the spacing
between computed values 2 or 3 weeks, respectively,
in these cases.
At each of the 59 times for each comet the following
values are computed:

r
Ll
v
'Y
1J

H
H a, Han, Has

An, As

right ascension and declination of the
comet
right ascension and declination of the
sun
comet-sun distance
comet-earth distance
comet's place in orbit (true anomaly)
angular distance of comet from the sun
direction of comet from sun
magnitude of comet
magnitude of faintest comet visible at
position in question; subscripts nand
s refer to observers at 40 0 N and 40 0 S
latitudes, respectively. (See Sec. 3.)
maximum altitude of comet above
horizon, sun at -18°, subscripts nand
s as above.

Some of these values are printed out, but others are
plotted automatically by the computer. The results,
some 8000 "words" or number values for each comet
(including the alpha-numeric matrix representing the
plot) are also stored on magnetic tape-about 2.7
million "words" in all.
The plots may be illustrated in two representative

FIG. 1. Observing conditions for Comet Barnard, 1888V. The
magnitude H, threshold magnitudes II a , Han, IIa" altitudes An, A.,
and angular distance r from the ,un are plotted vs time. See text
for description,

1, (
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FIG. 2. Observing conditions for Comet Mauvais-Bond, 1847
III. The magnitude H, threshold magnitudes Ha, Han, Ha"
altitudes An, A" and angular distance "Y from the sun are plotted
vs time. See text for description.

cases. Figure 1 is for Comet Barnard 1888V. Its magni
tude H is plotted vs time. It was discovered on 31
October 1888. Thus the conditions to the left of that
date are prediscovery. The angular distance 'Y from the
sun is plotted on the same figure using the symbol E
when in the evening sky and M when in the morning
sky. The figure shows that the comet passed 12 deg
from the sun on 16 February 1888, when it was of
magnitude H = 13.8, and was then unobservable, of
course. Throughout April, May, and June the comet
moved away from the sun (in angle) and also brightened.
The line of dots is an estimate of the magnitude Ha
of the faintest comet observable. (See Sec. 3 for dis
cussion of Hand Ha.) The line of plus signs (on the
lower figure) indicates Han, the faintest comet observ
able at the comet's position from an observatory at
400N latitude. The minus signs indicate HaB for
observatories at 40 0 S latitude. The comet should have
been first observable about 1 May when it was 50°
from the sun and 12th mag. For an observer at latitude
40°S it was on that date at a maximum altitude of 30°
above the eastern horizon at the time of predawn
astronomical twilight, but it was not above the horizon
then for an observer at 400N. The respective altitudes
A. and A n are plotted in the top portion of Fig. 1 using
minus and plus signs as noted. The comet was not
discovered in May nor in the period June through
September when it became an increasingly easy object
in the southern skies. In late September the maximum
altitude An for a northern observer became positive
and increased throughout October. By the end of
October, when it was found by Barnard, the comet was
25° above his horizon at the time of morning as
tronomical twilight and of mag 9.2, a relatively easy

object. The comet was last observed on 22 May 1889
as a difficult object in the evening sky. At that date
Fig. 1 estimates H = 14.0 mag and the faintest observ
able magnitude Haas 12.8 mag. Either the comet was
actually brighter than 14th mag, or (as is likely) the
telescope used for this last observation was larger than
that assumed here for the computation of Ha. The times
11, 12, and 13 and the shaded areas shown on the figure
are defined and discussed in Secs. 4 and 6 below.
Figure 2 shows a plot for Comet Mauvais·Bond,
1847 III. This comet was not found when it first could
have been discovered-about 1 April as a 11.5 mag
object low in the predawn morning sky from a northern
observatory. However, it was found at a high declina
tion below the pole on 4 July by Mauvais (Paris), and
independently 10 days later by Bond (Cambridge,
Massachusetts). The last observation was 21 April 1848
at 12.5 mag, which date is two weeks after the end of
the observation period as computed here. Except for
February 1848 this comet was at no time visible to
southern observers. The peculiar bumps and changes
in slope of the magnitude curve H (which keep in
phase with changes from evening to morning sky)
have an interesting consequence and are discussed in
Sec. 4 below.
After studying more than 300 such plots the writer
has several impressions worth recording:
(1) Except for the period 1920-1940, comets which
should have been easy objects were not discovered by
southern observers.
(2) Most comets are first observable in the morning
sky.
(3) Rather often there were comets which were
"barely observable." In 28 instances the comet was
found by only one man near the threshold of visibility
and was bright enough and far enough away from the
sun to be followed only a few weeks. (Giacobini alone
discovered four of these difficult objects.)
(4) There is great variety to the circumstances. The
comet was not necessarily nearest (in angle 'Y) to the
sun when at perihelion and in many cases (as in Figs.
1 and 2) it was close to the sun (in angle) twice during
its apparition. Not uncommonly a comet easily ob
served before perihelion is in an impossible position
after perihelion, or the reverse is true.

The tapes can be rerun to provide printed copies of
the 337 plots and ephemerides for a few interested
observatories.
3.

MAGNITUDES

In this section is described first the computation of
cometary magnitudes H used in the plots and second,
the estimation of faintest visible magnitude Ha. The
conclusions to be reached in Sees. 4 and 6 regarding
discovery probabilities depend on these calculations of
magnitudes.

1, r
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Magnitude of the Comet
The magnitudes H are sometimes fitted to an equa
tion of the form
H=Hy +510g lO Ll+2.5nloglor,

(1)

with.i1 and r as defined in Sec. 2. Here Hy and n are
adjusted parameters.
Holetschek (1893), Bobrovnikoff (1941-43), and
Vsekhsvyatskii (1958) have obtained values of the
photometric parameters Hy and n for certain individual
comets. Typical values of n are in the range of 2 to 6,
but there are cases where these limits are exceeded.
The value of H y depends on the value adopted for n.
However, for most comets the observed ranges of rand
Ll are too short to allow defini tive values of n or H y
to be obtained. For a fair number of 19th century
comets, the only available brightness data might be a
statement such as "Easily visible in a three-inch
seeker," or "Difficult object in a six-inch refractor
because of moonlight (last quarter) and low altitude."
Under these circumstances the assignment of a magni
tude to a comet is an educated guess-statistically
fairly good, but likely to be astray for any given comet.
Equation (1) cannot apply to the cases where comets
brightened sporadically or to the several instances (e.g.,
Comet Ensor 1926 III) when a comet vanished after
perihelion passage despite a well-determined orbit!
For the present statistical study the author uses the
commonly accepted value n = 4, whence H y is replaced
by an absolute magnitude Ho, and

(2)
Ideally, Ho is the magnitude of a comet at unit distance
from both the earth and the sun, it being assumed that
n= 4. In practice comets rarely pass through such a
position and Ho is regarded as a parameter in Eq. (2)
which allows the best fit to the available observations.
The values of the absolute magnitude Ho as given in
Vsekhsvyatskii's catalogue (1958) were ordinarily used
here. These are based on his work, that of Bobrovnikoff
and of Holetschek referred to above, and others. In
some cases, where the magnitude was erratic or faded
more rapidly than Eq. (2) would predict, the value of
H o as quoted in the catalogue did not fit all parts of
the observation period. In these cases the writer picked
a value of Ho which predicted best the magnitudes
during the several weeks following discovery.
Limiting Visual ::Vragnitude
By actual count, 98% of the 19th century long
period comets and 74% of those of the 20th century
were found visually with small telescopes, or with the
naked eye. Of course, some of these discoveries were
accidental, but a study of the word descriptions and a
count of the men with several discoveries to their
credit
indicates that at
.. -.
.. least 204 comets of the 337
\.

- 
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were found by men actively engaged in comet sweeping
with small visual telescopes. Only 50 comets were
found photographically and most of these were bright
enough to be seen visually also at the time of their
discovery, or soon thereafter. (The fairly large number
of comets found photographically with large telescopes
in recent years apparently include, for the most part,
comets of relatively short period, and, of course, those
whose return is predicted.) In fact, only 13 comets of
these remained too faint ever to be seen visually in a
comet seeker.
To be useful in visual comet sweeping there is a
practical maximum aperture and power. These are
close to 10 in. at 40 power. In order to provide maximum
field and yet keep the exit pupil adapted to the ob
server's eye (0.25 in. or 6.5 mm) the power must be
about 4 times the aperture in inches. Thus a 4-in.
telescope should be operated at 16X, a lO-in. at 40X,
and a 20-in. at 80X, etc. However, a 20-in. telescope
at 80X would be completely impractical. From experi
ence the author estimates that such a 20-in. telescope
cannot sweep a 15° sector of sky and keep up with the
diurnal motion. With a 10 in. at 40X it is possible to
sweep a section of sky 45° by 45° in 21 h of time, and
with a 4 in. at 16X half the sky above the horizon can
be examined in a few hours.
Being extended objects, comets are not seen as
easily as stars of the same magnitude. Their visibility
in a telescope should depend on their magnitude, their
apparent angular size after magnification, the bright
ness of the sky background as seen in the eyepiece
field, the contrast threshold of the eye at that illumi
nation level, and a factor depending on the rapidity
with which the observer sweeps the field. (The author
has found it easier to see a 13.0 mag galaxy known to
be in the center of a field of view than it is to notice
an unexpected 12.0 mag galaxy which crosses the field
in 2 sec as the telescope is swept.)
Nonetheless, it is possible to be reasonably quanti
tative in predicting H a, the minimum magnitude
visible. The following assumptions are made:

(1) A lO-in.-aperture telescope at 40X is assumed,
as discussed above. (The computation is repeated for
a 4-in. telescope at 16X.)
(2) The comet is assumed to appear as a uniform
circular disk in the plane of the sky, a disk whose
diameter D is Dol Ll with Do being the size at unit
distance from the earth. Here Do is arbitrarily taken to
be 4.0 min of arc. This value is not far from the median
size tabulated by Vsekhsvyatskii (1958, 1962).
(3) The loss in magnitude due to atmospheric
absorption is taken to equal 0.2 the secant of the zenith
angle (or 0.2 the cosecant of the altitude), this being
characteristic of reasonably clear skies.
(4) The sky brightness is taken to depend on altitude
according to the schedule of Table II. This was prepared
after a study of papers by Koomel1 ct al. (1952) and

(
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TABLE II. Adopted values of night sky brightness J~., (techni
cally luminance) for various altituucs A. Values arc in foot lamberts
for convenience in u;;ing with Blackwell's results (1946). Thus
1.0 ft L=0.318 candles fC'=1.08XlO- 3 L=3.38XlO-4 c/cm 2

A (alt)

L, (luminance)

A (alt)

2°
7°
12°
22°
32°

5.0XlO-3 ft L
1.2XlO-3
5.0XlO-4
3.2XI0-4
2.3X10- 4

42°
52°
62°
72°
90°

L, (luminance)

1. 82X 10- 1 ft L
1.57XlO-4
1.35XlO-4
1. 26X 10-4
1. 20X 10-4

Roach (1964). It is between the typical sea level values
and the optimum mountain-site values. In the direction
of the sun there is considerable zodiacal light and this
has been allowed for in Table II.
(5) The contrast threshold of the human eye at
various background illumination levels and for stimuli
of various angular sizes is taken from the extensive
studies of Blackwell (1946).
The detailed computation of Ha from these assump
tions is described in the Appendix of this paper. A few
general characteristics of the computed values may be
noted: Characteristically H a reaches about 13th mag
where .1 is large and the comet's image is small. When
the comet is near earth its angular size is larger and its
light is less concentrated. The limiting magnitude
decreases-sometimes by several units in the cases of
comets passing near the earth. Thus the Ha curves as
on Figs. 1 aml 2 move upward when the comet ap
proaches the earth. Because of absorption and sky
brightness these Ha curves also move upward when the
comet nears the horizon. Nearer than 20° to the sun
the comet ordinarily becomes invisible. The line of
dots on these figures shows H a when the comet is
seen from an observatory at the most advantageous
latitude. The line of plus signs gives 11an which is for
an observer at 40 0 N latitude; the minus signs give Has
for 40°S. With the sun at -18° the corresponding
maximum altitudes An, and As are plotted as with
plus and minus symbols, respectively, on the inserts
at the tops of Figs. 1 and 2.
Admittedly there is a certain arbitrariness in the
calculation of Ha as described in the Appendix, but the
curves appear to have the correct functional depen
dence. In reading the word descriptions of the several
hundred comets and comparing these with the plots as
in Figs. 1 and 2 there are almost no cases where II a
differed by more than a magnitude in predicting
whether or not the comet "should have been visible"
at the time when it was, in fact, found visually. The
median comet was 2 mag brighter than Ha when it was
found. In case after case the last date of observation
occurred near the time where the Il curve crossed
below the II a curve for the last time.
The calculations of II a were repeated for a 4-in.
telescope at 16X. The difference, compared with a
la-in. 40X telescope, was about 1 mag, sometimes

less. The Ha curve for the smaller telescope is omitted
from the figures to avoid clutter. The faintest visible
magnitude of extended objects does not vary with
aperture in the same way as it does in the case of stars.
The surface brightness both of the comet and of the
sky is the same as seen in a la-in. telescope at 40X
as it is in a 4-in. telescope at 16X. The reason that the
la-in. telescope is better by about a magnitude is that
the image is larger: The eye can detect large images at
lower contrast than it can small images. (The method
discussed here and in the Appendix for calculating Ha
would be applicable also to estimating faintest magni
tudes visible for galaxies and globular clusters of various
angular sizes and zenith distances.)
The predicted H a values are apparently irrelevant
to photographic observations made with large tele
scopes. These instruments are evidently able to pene
trate several magnitudes fainter. Perhaps these photo
graph primarily the concentrated nucleus of the comet.
The disparity between magnitudes estimated visually
and those estimated photographically is well known.
4.

DISCOVERY POSITIONS

Any diagram plotting positions where comets have
been found, and which pertains to observability
conditions, must be centered on the sun. There are
several choices:
I. One could plot the comet-sun right ascension
differences Cl'c-CX., vs the declination differences,
Dc-os. Such a diagram, though easy to compute, gives
a confusing picture of the situation near the poles and
does not, in fact, correctly show relative position of
comets except those near the sun.
II. One could choose a coordinate system with its
poles at the ecliptic poles-the same as the usual ecliptic
system- except that longitudes would be measured with
respect to the sun. In some respects this is the most
reasonable choice, but it has practical disadvantages
in considering observability. Because of the varying
aspects of the ecliptic, the horizon line (from a given
latitude) and the line dividing the morning sky from
the evening sky both swing over a 47° arc on this
diagram during the year.
III. One can take a coordinate system centered on
the sun and with the poles 90° north and south of the
sun. In this system the line dividing the morning sky
from the evening sky is fixed, and further the horizon
line from any given latitude is substantially fixed. This
system (III) is adopted for the plots to be presented.
In the vicinity of the sun this is the same as system I
above.
Using the magnetic tape as input data the ephemerides
of all the comets were recomputed according to system
III at four critical times and the results plotted on
Figs. 3 and 4, which show the entire sky on Mollweide
equal-area projections.
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FIG. 3. (a) Positions at discovery time
t2 for 337 long-period comets. (b) Posi

tions at time 11 when these comets should
have been first observable. Coordinate
system for these plots is centered on the
sun with the meridian taken along a
north-south line. The two dashed lines
in (a) are the evening and morning
horizons with the sun at -18 0 for an
observing station at 40 0 N latitude. Direct
comets are indicated by solid points,
~~trograde by crosses.

• DIRECT
X RETROGRADE

AT DISCOVERY, t2

(a)

EVENING SKY

MORNING SKY

ATtlWHEN

• DIRECT
X RETROGRADE

FIRST OBSERVABLE

(b)

FIG. 4. (a) Positions of the comets at
time t3 when they should have been
observable for the last time. (b) Positions
at time t. when each comet had the
maximum magnitude difference above
threshold magnitude. At this time they
were easiest to observe. Coordinate
system for these plots is centered on the
sun with the meridian taken along a
north-south line. Direct comet~ are indi
cated by solid points, retrograde by
crosses.
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An important time t2 is that at which the comet was
actually first discovered. The corresponding discovery
positions in system III are shown in Fig. 3(a), where
the solid points represent the 164 direct comets and the
crosses the 173 retrograde comets. Here 53% of direct
and 69% of retrograde comets were found in the morn
ing sky. This is not a selection effect. The author refuses
to believe that this asymmetry occurs because the morn
ing sky is more carefully swept than the evening sky. In
the morning sky there is, moreover, a clustering of dis
covery positions near the sun, but no such effect in the
evening sky. The two dashed lines on Fig. 3(a) corre
spond to the evening and morning horizons at the time
of astronomical twilight from an observatory at 40 0 N
latitude. The scarcity of points within these lines
indicates again the paucity of southern hemisphere
discoveries.
Another critical time is ordinarily earlier than the
discovery time. The time tl is taken to be that at which
the comet first became "discoverable." This is the time
at which its magnitude H first equaled that of the
faintest observable comet H a at the comet's position.
The corresponding locations are shown in Fig. 3(b).
Here is seen the startling preference for the morning
sky (70% direct and 81% retrograde) referred to in the
Introduction.
The author's first thought to explain these facts was
that perhaps the motion of the earth and of the average
comet is such that it spends more time while observ
able in the morning sky than in the evening sky before
perihelion. Analysis of the data showed only a slight
effect, not nearly large enough to account for the above
percentages: The average comet (while bright enough
and far enough from the sun to be observable) spends
54% of its time (between il and perihelion time T) in
the morning sky before perihelion, this percentage
being identical, to within 1%, for both direct and
retrograde comets.
N ext a visual inspection was made of the many
plots such as Figs. 1 and 2 and this suggested an
explanation: The magnitude curve rises less steeply
before perihelion when the comet is in the evening sky
and more steeply when the comet is in the morning sky.
This effect shows very plainly in Fig. 2, which is for a
retrograde comet. The H curve slope changes every
time the comet moves from morning to evening sky. The
effect is present, but does not show so clearly in Fig. 1.
Regardless of where the line H a of faintest observable
magnitude is drawn, it is more likely to be crossed by
the H curve when the comet is brightening more rapidly.
In the morning sky the motion of the earth is, on the
average, carrying it towards the comet, particularly
for retrograde comets. Then b. and r are both decreasing
and the magnitude, as in Eq. (2), changes rapidly with
time. On the other hand, before perihelion in the evening
sky the earth is, on the average, moving away from
the comet. Then b. increases while r decreases, there
is partial cancellation in Eq. (2), and the magnitude H
changes less rapidly with time.

,

It would be unreasonable to expect most comets to
be discovered at the instant they first became dis
coverable as computed here. For one thing, the compu
tations neglect moonlight. There is, further, by reason
of diurnal motion and the rapid change of conditions
at twilight, not enough time to sweep thoroughly the
sky near the sun. As seen in Sec. 6, it takes a certain
time, statistically, for a comet to be found, during
which it is brightening and, perhaps moving from the
morning to evening sky, or vice versa. Figure 3(b)
does indicate, however, that the morning sky is deserv
ing of particular attention by those who would find
comets. These observers may also be interested in the
following statistics obtained from the data stored on
tape: At any given time there was (in the last 127 yr)
a 50% probability that there was an observable comet
somewhere in the sky which was later discovered.
Sometimes, of course, the comet may be below a
particular observer's horizon, but for an observer at
40 0 N latitude there was a 33% probability at any given
time. This may be further subdivided as 11% for his
evening sky and 22% for his morning sky. These
percentages are for a lO-in. seeker used at 40X. They
are about 0.6 as high for a 4-in. at 16X.
The third critical time t3 is that of "last observa
bility," whose positions are plotted in Fig. 4(a). Here
the concentration is in the evening sky and the explana
tion is along the same line as that given in above. Thus
after perihelion in the evening sky rand Ll both increase.
The corresponding terms in Eq. (2) contribute in the
same sense and there is accordingly a rapid drop in
brightness. A comet is more likely to cross below any
specified threshold of observability when it is rapidly
becoming fainter.
A fourth critical time t4 is that when the comet has
the largest possible magnitude difference in comparison
to the threshold magnitude H a. Although comets are
brightest when near the sun, the requirement of a dark
sky near the sun is contradictory and the comet is
frequently best seen at an angle of perhaps 40° from
the sun, as seen in Fig. 4(b). The distribution of largest
values of excess magnitude Ha(t 4 )-H(t 4) has a median
value of 3.1 mag. The four brightest comets of the 337
on the list according to this criterion were the "Brilliant
Comet" 1882 II, Comet Donati 1858 VI, Comet
Delavan 1914 V, and Comet Daniel 1907 IV, whose
"excess" magnitudes were 9.8, 9.0, 8.4, and 8.2,
respectively.
If Figs. 3 and 4 were redrawn with different symbols
for comets with q< 1.0 and those with q2:: 1.0, there
would be seen a tendency for comets with large q
values to be both found and "discoverable" at greater
angular distances from the sun.

5.

THE HOLETSCHEK EFFECT

Here is examined the curious fact that comets which
reach perihelion on the side of the sun opposite the
position of the earth are less likely to be found. [See
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papers by Holetschek (1891) and by Bourgeois and
COX (1934).J
Let j be the difference between the heliocentric
longitude of the earth and that of the comet when the
comet is at perihelion. This angle was computed for
each of the comets and the distribution of these angles
j is shown in Fig. Sea). The marked maximum at
f::~-O° must be an observational selection effect since
there is no reason a comet should arrange the time of its
perihelion passage according to where the earth is in
its orbit.
The qualitative explanation is well known: Those
comeLs for which the angle j is of the order of 180° are
necessarily further away from the earth (and nearer
the sun in angle) on the average, and must therefore
be intrinsically brighter if they are to be discovered.
Indeed, in the present study it is found that the 117
comets for which I j I > 90° had median absolute
magnitude 6.3 whereas the 220 comets for which
Ij[ <90° had median absolute magnitude 7.3. The Ho
distribution for these two groups are shown in Fig. S(b),
which illustrates the deficiency of intrinsically faint
comets when Ij I > 90°. Making the assumption that
the number of comets in the two groups should be
"intrinsically" equal, one concludes that about 100
comets have been missed since 1840 for this reason.
The author made all-sky plots similar to those in
Fig. 3 and 4, where a distinction was made in the
plotted points between those comets with I j I < 90° and
those with I jl >90°. No asymmetries appeared.
However, a plot of the distribution of discovery times
t2 showed that comets with I j I < 90° are often dis
covered near perihelion time, whereas this is rare for
the case I j[ >90°. According to Holetschek (1891) and
to Bourgeois and Cox (1934), the effect does not appear
for q<0.3. The shaded portion in Fig. Sea) shows the
distribution in j for these small q values and tends to
agree.
Distributions of q, w, n, i, and Ho for large numbers
of long-period comets, including substantially the
present list, have already been presented by Porter
(1952, 1963), by Vsekhsvyatskii (1958) and other
authors.
6.

DISCOVERY PROBABILITIES

It is not at first self-evident just what quantIties
determine discovery probability. Bourgeois and Cox
(1934) suggested one approach to the problem: They
chose a discovery probability function which drops by
a factor of 3 for each unit increase in magnitude; the
function is then integrated over time along the trajec
tory of the comet. They use this procedure to estimate
whether or not a comet with a given set of elements
would be discovered. Apart from the use of this particu
lar function, whose justification the writer fails to
understand, there is no use of the data on actual
discoveries in support of the numerical values of
discovery probabilities which they use. Observational
bias is also discussed in Chap. III of Vsekhsvyatskii's
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FIG. 5. (a) Number distribution of comets vs the angle j
between the earth's longitude and the comet's longitude at the
time of perihelion. (b) Distribution of absolute magnitude Jl 0
for comets "ith UI <90 0 and iii >90°.

book (1958), which mentions work by Moiseev and
Dombrovskii. In their treatment reasonable a priori
assumptions are made regarding the likelihood of
discovery of comets. However, their work has the
same disadvantage, that no detailed use is made of
actual discovery data.
The probability of comet discovery depends, in part,
on how diligently and uniformly the sky has been
"wept over the years. The near lack of southern ob
servers suggested to the writer that the sample to be
studied should include only those 285 long-period
comets discovered by north ern observers (1840-1967)
and that the faintest observable magnitude should
accordingly be taken as llano Within this sample it is
here assumed that the probability that a given comet
will be discovered depends in a yet-to-be-determined
wayan its excess magnitude, Han-H, multiplied by
the time during which it is observable. In Figs. 1 and 2
there is shown a shaded area So which may be calculated
using

J

tan

So=

(Han-H)dt.

(3)

tIn

This is the integral of the excess magnitude from time
of first observability to time tan of last observability.
These times and threshold magnitudes Han are deter
mined for an observatory at 40°N latitude.
All comets, discovered and undiscovered, are con
sidered to be sorted according to their values of So.
The subset of these comets whose values of So lie in the
range between So and So+~So is assumed to include a
number F(So)~So of comets. (Here ~ is used to indicate
a finite increment, not the earth-comet distance.) Here
F(So) is the intrinsic number distribution of comets, per
unit range in So, that would have been discovered by
northern observers in the years 1840--1967 if they had
not missed any which they could have seen. Comets
with a large value of So are bright and visible for a
comparatively long time. Those with small values of
So are difficult objects which arc only observable for a
short time. The initial assumption may be stated
more precisely: Comets for which So has the same value
have an equal a priori probability of being discovered.
tIn
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FIG. 6. Comets are divided into groups according to a quantity
So \\"hich has the dimensions of magnitude weeks and which
measures their observability as defined in the text. Within each
group the cumulative number N (per unit magnitude week range
of So) is plotted as a function of a related quantity S which
depends on how soon during their apparition each comet was
discovered. The slopes of the several lines are proportional to the
intrinsic number of comets in each group.

Consider next the area Set), defined as in Eq. (3)
except that the integral is taken between tIn and I. Of
course So is identical with S(t3n). up to the time t2 of
discovery the area S has the value S(t 2 ) as illustrated
by the cross-hatched region on Figs. 1 and 2. It will be
shown that the statistical relationship between S(t 2)
and So leads to an estimate of the intrinsic distribution
F(So). From there it is a short step to find the discovery
probabilities.
The data on comet discoveries are plotted on Fig. 6,
whose construction is described: Consider, for example,
those data marked "50 to 60" and plotted using open
square symbols. These are for the 15 comets whose
values of So ranged from 50 to 60 magnitude weeks;
i.e., I1So= 10 magnitude weeks for this group. The
cumulative number N whose values of S(1 2 ) at discovery
are less than or equal to a given value of Set) are plotted
vs Set). Thus there were 8 comets in this group for
which S (1 2):S; 15 magnitude weeks. The abscissa S for
this point is, of course, 15, but the ordinate reads 0.8
rather than 8 because I1S o is 10 and the values of N
as plotted are per unit magnitude week range in So.
The first of the 15 comets was discovered at S(t 2) = 2
magnitude weeks and the 15th at 40 magnitude weeks
as seen by the corresponding data points as plotted.
Presumably there were other comets in the group which
were not discovered. A straight line is drawn through
these data points. The data for the other ranges of So
are handled in a similar manner on Fig. 6.
Two further assumptions are made: First, it is taken

I'

that the slopes of these lines are proportional to the
"intrinsic" number F(So) of comets in each group.
It is reasonable that the vertical scale of each data set
and particularly its initial rate of rise should depend on
the number intrinsically in that group. The same
proportionality factor should apply to all groups since
the discovery probability of a comet up to time t should
depend only on Set) and not at all on the eventually
attained value So. Second, it is taken that the "in
trinsic" number can be normalized by assuming that
all the bright comets (those with large So values) are,
in fact, discovered.
The relative slopes of the several lines in Fig. 6 are
plotted as solid points in Fig. 7 (a) vs the appropriate
values of So. These slopes are measures of peSo) except
that they must be normalized to the number of bright
comets. In the" 100 to 120" group there were 8 comets
and this determines the scale: Thus F(So)I1S o=8, and
since I1So is 20, the ordinate F(So) is 8/20 or 0.4
comets/magnitude week at this normalization point.
The error bars on the solid points in Fig. 7 (a) represent
reasonable limits on the values of the intrinsic distri
bution F(So) as found from repeated choices of slope
in Fig. 6. If one extrapolates and integrates the solid
line in Fig. 7('1) to the right of So= 120, the number of
comets is 8. Indeed, in the sample there were actually
10 such comets discovered with So> 120 magnitude
weeks. The normalization in Fig. 7(a) is thus supported
by these 10 comets, the 8 in the brightest So group, and
agrees well with the 14 in the next group--a total of
32 comets. The expected statistical mean deviation in
such a group is 5 or 6 comets. On this basis the normali
zation of the intrinsic F(So) curve is ±20%. The values
of So chosen in Fig. 7 (a) to represent each group in turn
are not taken in the middle of the range, but instead at
approximately the median So value for comets in that
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FIG. 7. (a) The slopes of the lines in Fig. 6 are plotted vs So, a
measure of obscrvability as defined in the text. After normaliza tion
these slopes are taken to measure F(So), an intrinsic number
distribution as shown by the solid line. The crossed points and
dashed line indicate the corresponding number distribution of
comets whIch were discovered. (b) The discovery probability
peSo) is plotted vs So. This is obtained from the ratio of the
dashed and solid lines in (a).
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group. Thus in the 60 to 80 group the point is plotted
at So= 67 magnitude weeks, etc. Data from three So
groups are omitted from Fig. 6 to avoid crowding.
These include the So ranges of from 0.2 to 5, from 5 to
10, and from 10 to 15 magnitude weeks. However,
these data do contribute points to Fig. 7.
Of course, the actual number of comets discovered
in the various groups is not equal to F(So) when So is
small because, surely, a number of faint comets are
not discovered. The dashed line and crossed data points
on Fig. 7(a) give the number (normalized to one
magnitude week range of So) of actually discovered
comets in each group. These numbers are exact, of
course, but the error bars shown on some of the points
represent the expected statistical mean variation in
discoveries if conditions were the same in the next
127 yr. Finally, the ratio between the dashed and solid
lines, that is, between the number actually discovered
and the "intrinsic" number, is the discovery proba
bility peSo). This ratio is plotted in Fig. 7(b).
The procedure outlined here does not apply to
comets for which So was zero. There were only 26 of
these in the sample, of which 17 were discovered
photographically and 9 were difficult objects discovered
visually. A zero So value means, of course, that II an <II
at all times. Part of the difficulty is due to the approxi
mations necessary in calculating Han for "average"
conditions, and in estimating II and H 0 for comets
whose magnitudes might not follow Eq. (2) particularly
well. Of course there are a few very faint objects
discovered photographically far below the threshold
considered here.
It is interesting that most of the discovered comets
in each group shown in Fig. 6 were found at values of
S less than half the average value of So for the group.
The rate of discovery vs S of comets in the first half of
their observability period is considerably higher than
during the last half. That is, the differential rate of
discovery is apparently not strictly proportional to the
differential dS. But there is no need to assume such
proportionality. In a calculation such as this the
simplest model with the fewest assumptions is to be
preferred.
To recapitulate the results by means of an example:
There were 27 comets discovered whose So values
ranged from 30 to 40 magnitude weeks. The intrinsic
distribution F(So) at S0=33 is estimated on Fig. 7(a)
to be 7.8 comets per unit range in So, or 78 comets
intrinsically in this group. Thus P is 27/78 or 34%
as plotted in Fig. 7 (b). This is an estimate of the proba
bility that such comets have been discovered.
The distribution F(So) of Fig. 7 (a) is concerned with
observability and is not one of the distributions
commonly plotted for groups of comets. Its value is
that of an intermediate step in calculating the discovery
probabilities peSo) shown in Fig. 7(b). Thus So and
peSo) can be calculated for hypothetical comets with
specified orbital elements and absolute magnitudes. A

LONG-PERIOD

second paper, now in preparation, uses these peSo)
values to determine the effect of observational selection
on measured distributions in q and in Ho. The procedure
allows the underlying intrinsic distributions in these
quantities to be estimated.
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APPENDIX

Threshold Magnitudes
Blackwell (1946), using 90000 observations and 7
subjects, determined contrast thresholds for the human
eye as they depend upon background luminance
(surface brightness) and upon angular size of the
stimuli. The range of background luminance in his
Fig. 16 and his Table VIII more than encompass the
sky brightness levels of Table II here and the angular
diameters ranged from 0.6 to 360.0 min of arc. The
contrast B is defined as flL/L, where flL is the signal
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luminance and L that of the background, and is that
required for recognition in 50% of the tests. Interpo
lation in his table gives values of 10gloB. For example,
at a 10-4 ft L level, 10glOB is -0.97 for a signal of 121
min of arc diameter and -1.2 for a signal 360 min of
arc diameter. These are in the range of comet sizes as
seen magnified in the eyepiece. From these figures the
smaller object must have a surface brightness of 11%
of the background to be visible, whereas the larger
object need only be 6% of the background.
Here it is necessary to relate tJ.L to the comet's
magnitude H and to its angular size. Disregarding
atmospheric absorption for the moment, the illuminance
i by a comet (or star) of magnitude H is given by
10gIoi = - 6.688- OAH ft candles.

(4)

This result is quoted by Tousey and Koomen (1953),
and depends on early work by Russell (1916) and others
on the stellar magnitude of the sun. When illuminance
i in ft candles (same as lumens ft-2) is divided by the
solid angle of the source (in steradians as seen by the
observer) the result is luminance in candles ft-2.
However, for use with Blackwell's tables this must be
converted to foot lamberts and the solid angle expressed
in terms of i7Td2 with d in minutes of arc. The result of
these conversions is

Lc= (9.8XIQ-O·4H)/J2 ft L

(5)

for the luminance of the comet.
Identifying D.L with the comet's luminance Lc, and
L with that of the sky L one obtains for the contrast
B,

B=Lc/L.= (9.8 X lQ-O.4H)/(L.d2).

(6)

Since B is the threshold contrast for recognition in 50%
of the tests, the corresponding magnitude may be
termed H 60 • Equation (6) yields

(7)
A decrease of 004 mag is now introduced in the constant
term: This is equivalent to increasing the comet's
luminance at threshold by a factor of lAS and, following
Blackwell's Fig. 7, ensures recognition in 82% of the
cases. The corresponding magnitude becomes the
threshold magnitude Ha after including the term for

atmospheric absorption. Thus

H a=2.1-2.5Iog 1o (BL.d2)-0.2 cscA

(8)

is the equation used to calculate threshold magnitudes.
Here A is the optimum altitude of the comet and the
corresponding sky luminance L. is interpolated using
Table II. For comets near the sun the optimum altitude
consistent with a dark sky occurs with the sun at -lSo,
and A depends on the angle 'Y between the comet and
the sun as well as on the latitude of the observer. For
a station at the most advantageous latitude, i.e., a
station where the comet (at the time of astronomical
twilight) has the same azimuth as the sun, then A
='Y-18° for 'Y~ 108° and A = 90° for 'Y> 108°. This
value of altitude was used in the calculation of Ha.
Where the latitudes (40 0 N and 40 0 S) are specified, a
corresponding calculation is made of the optimum
latitudes An and As and these are used in the determi
nation of Han and lIas. For example, consider the
conditions of Comet Barnard, 1888 V as shown on
Fig. 1 on the date of its discovery. Then 'Y was 6So
and the optimum altitude A is 50°. It may be shown
that this optimum condition, with the comet at the
same azimuth as the sun, occurred for a station at 5 0 S
latitude. At this same date the optimum altitudes An
and A. were 25° and 31°, respectively. The threshold
magnitudes H a, Han, and Has, were 11.7,11.2, and 11.5,
respectively.
The dependence upon the telescope aperture and
power appears in the value of B to be used in Eq. (8).
As mentioned already in Sec. 3, under conditions of
optimum magnification Pm (which depends on the
aperture) the apparent luminance of the sky and the
comet are not changed by an ideal telescope, but the
comet's angular size is P md as seen by the eye. To allow
for losses within the telescope it is assumed that both
sky and comet are 0.7 as bright as they would be in a
lossless telescope. Thus in the interpolation of Black
well's Table VIII to find B the background luminance
is taken as 0.7 Ls and the angular size as P md. Ordinarily
Pm has the value 40, but 16 power is also considered as
discussed in Sec. 3. In this interpolation, and also as it
appears explicitly in Eq. (S), the value of d is taken as
4.0/D. min of arc in order to allow for variation of the
angular size of the comet as the earth-comet distance D.
changes.
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