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Summary. The usefulness of meta-analysis has been recognized in the evaluation of drug safety, as a single trial usually yields
few adverse events and oﬀers limited information. For rare events, conventional meta-analysis methods may yield an invalid
inference, as they often rely on large sample theories and require empirical corrections for zero events. These problems motivate
research in developing exact methods, including Tian et al.’s method of combining conﬁdence intervals (2009, Biostatistics,
10, 275–281) and Liu et al.’s method of combining p-value functions (2014, JASA, 109, 1450–1465). This article shows that
these two exact methods can be uniﬁed under the framework of combining conﬁdence distributions (CDs). Furthermore, we
show that the CD method generalizes Tian et al.’s method in several aspects. Given that the CD framework also subsumes
the Mantel–Haenszel and Peto methods, we conclude that the CD method oﬀers a general framework for meta-analysis of
rare events. We illustrate the CD framework using two real data sets collected for the safety analysis of diabetes drugs.
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1. Introduction
During drug development and post-approval, it is important
to enhance our understanding of drug safety (Barnes, 2007).
Diﬀerent from eﬃcacy evaluation where a conﬁrmatory clinical trial is often powered to make inference, safety evaluation
often entails dealing with non-prespeciﬁed rare events and requires multiple trials for a reliable assessment. Under such
circumstances, it is common to use meta-analysis, a systematic approach to integrating evidence from multiple studies,
to strengthen inferences. The goal of this article is to show a
general framework for exact meta-analysis, which is suited for
analyzing rare events data and drawing conclusions on drug
safety.
Our article is motivated by a recent safety evaluation of a
diabetes drug in a class of medicines called SGLT2 inhibitors.
Due to safety concerns, the Food and Drug Administration
(FDA) did not approve its New Drug Application submission
in December 2011 and requested additional data. The resubmission in 2013 provided data from 21 independent studies
with respect to indexed bladder cancer. The observed cancer
events are rare (see Web Table 1). The majority of the studies
did not observe any cancer event and no study reported more
than three cancer cases.
The aforementioned rare events setting is similar to another well-known safety study on rosiglitazone (Nissen and
Wolski, 2007), where 48 clinical trials were analyzed to assess
its risk of myocardial infarction and death from cardiovascular
causes. While most of the trials reported few or zero adverse
events, their meta-analysis concluded that rosiglitazone was
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associated with an elevated cardiovascular risk. This result
led to FDA’s action of issuing a black-box warning on the
drug label and thousands of lawsuits ﬁled against the manufacturer. On the other hand, this meta-analysis has been
criticized as misleading and raised debates in the societies of
medicine, law, and statistics (see Finkelstein and Levin, 2012
for a review of this case).
Although rare events are common in the studies of drug
safety, it was only in recent years that scientists became fully
aware of certain limitations of applying conventional statistical methods to such data. First, most meta-analysis methods,
including Peto’s method used in Nissen and Wolski (2007),
rely on large sample theories to draw inferences. Such inference outcomes often do not remain valid in the rare events setting (Tian et al., 2009; Rücker et al., 2009; Liu et al., 2014).
Second, when we observe a large portion of zero events in
a cohort of clinical trials, commonly used methods require
empirical continuity corrections for zero events to include all
available data in the analysis. This approach is known to have
an undesirable impact on the inference (Sweeting et al., 2004;
Rücker et al., 2009; Liu et al., 2014). To solve these problems,
Tian et al. (2009) and Liu et al. (2014) developed exact metaanalysis methods. The former is based on combining conﬁdence intervals and the latter is based on combining p-value
functions.
This article shows that Tian et al.’s and Liu et al.’s methods
can be uniﬁed under the framework of combining conﬁdence
distributions (CDs; see Xie, Singh, and Strawderman, 2011),
which implies that the two methods are equivalent in a certain
© 2016, The International Biometric Society
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sense. We also show that the CD framework is more general
in the senses that (1) Tian et al.’s method involves a choice of
conﬁdence levels, whereas the CD method can integrate the
conﬁdence intervals of all possible levels; (2) the CD method
aﬀords a variety of “transformation functions” in the combination, whereas Tian et al.’s speciﬁcally corresponds to the
logit transformation.
A conﬁdence distribution is referred to as a sampledependent distribution function that can represent the conﬁdence intervals of all levels for a parameter of interest (see,
e.g., Cox (1958); Efron (1993); and the review in Xie and
Singh (2013)). Cox (2013) stated that the CD approach aims
to provide “simple and interpretable summaries of what can
reasonably be learned from data (and an assumed model)”.
For example, consider a simple normal sample x = {xi , i =
1, . . . , n}, where xi ∼ N(μ, 1). To make
nan inference about μ,
we may use a point estimate x̄n = i=1 xi /n or an interval
√
√
estimate (x̄n − 1.96/ n, x̄n + 1.96/ n). To make an inference
based on a CD, we use N(x̄n , 1/n) or its cumulative distri√
bution function H(μ) = ( n(μ − x̄n )), to estimate μ. The
function H(μ) depends on both the sample x and the parameter μ. It is a distribution function on the parameter space
of μ when given a sample x. From this distribution function,
we can derive commonly used inference outcomes. For ex√
ample, (H −1 (α/2), H −1 (1 − α/2)) = (x̄n + −1 (α/2)/ n, x̄n +
√
−1
 (1 − α/2)/ n) provides a (1 − α)100% conﬁdence interval
for μ, for any 0 < α ≤ 1. The mean/median of the distribution
estimator N(x̄n , 1/n) provides a point estimator x̄n for μ. The
√
tail mass H(b) = ( n(b − x̄n )) provides a p-value for the
one-sided hypothesis test K0 : μ ≤ b versus K1 : μ > b. This
example illustrates the capacity of a CD as a vehicle carrying diﬀerent types of inference outcomes. It is this capacity
that explains why the CD concept is useful for developing a
general meta-analysis framework.
The CD concept has gained interest in recent years (Xie
and Singh, 2013). It has been used to develop meta-analysis
methods for a variety of problems, such as how to incorporate
expert opinions in clinical analysis (Xie et al., 2013), how
to perform network analysis without using subjective prior
information (Yang et al., 2014), how to make an inference on
ﬁxed study-speciﬁc parameters (Claggett et al., 2014), and
how to eﬃciently integrate heterogeneous studies (Liu et al.,
2015).
2. CD Framework for Meta-Analysis
In this section, we review the CD framework for metaanalysis. The idea is to combine functions derived from the
sample of each study. The overall inference is based on an
integrated function, rather than a combined point estimate.
When making inferences for a common parameter  across K
independent studies, conventional meta-analysis methods ex 1, . . . , 
 K from individual studies and
tract point estimates 
make inferences based on the combined point estimate:

 (c) = (w1 
 1 + · · · + wK 
 K )/(w1 + · · · + wK ),
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functions, from individual studies. The overall inference is
drawn from the integrated function (Singh et al., 2005):
H (c) () = G(c) {w1 ψ(H1 ()) + · · · + wK ψ(HK ())},

where ψ(·) is a monotonic “transformation function” (e.g.,
the inverse of a continuous cumulative distribution function),
wk ≥ 0 are generic weights, and Gc (·) is the distribution function of w1 ψ(U1 ) + · · · + wK ψ(UK ) where U1 , . . . , UK are independent random variables following the uniform distribution
U(0,1). In the rest of this article, we will use examples to illustrate how to derive CDs and integrate them to perform
meta-analysis.
The CD combination method (2) leads to a meta-analysis
framework (Xie et al., 2011). Xie et al. (2011) showed that this
framework subsumes point estimates combination method
and p-values combination method. This article shows that
the CD method also subsumes Tian et al.’s method of combining conﬁdence intervals. The reason that the CD method
can unify these methods is that a CD function is loaded with
point estimates, interval estimates, and p-values. As a result,
the integrated CD function in (2) still carries the combined
point/interval estimate and the combined p-value.
2.1. Point Estimates Combination
Most meta-analyses are performed by combining point estimates derived from individual studies. The point estimates
combination is a special case of the CD combining framework
(2) (c.f., Xie et al., 2011). To see this, we consider a commonly
used model where it is assumed that

 k ind
∼ N(, σk2 ).


where wk ≥ 0 are weights with at least one wk = 0.
Diﬀerent from the conventional method, the CD method
obtains “distribution estimates” H1 (), . . . , HK (), i.e., CD

(3)

 k is a summary statistic from the k-th study and
Here, 
 k ) is assumed to be known. This general model
σk2 = var(
(3) is often used in the traditional domain of meta-analysis.
It applies to both ﬁxed-eﬀects meta-analysis (where σk2 represents the within-study variation sk2 ) and random-eﬀects metaanalysis (where σk2 represents sk2 plus the between-study variation τ 2 ). Model (3) applies to any parameter of interest such
as risk diﬀerence, relative risk, and odds ratio. See Normand
(1999) for a review.
Given (3), the point estimates combination method (1)
yields a combined point estimate
K
 k /σk2

(c)

 = k=1
,
K
2
k=1

(4)

1/σk

using weight wk = 1/σk2 . The inference is based on the nor (c)
mality of the combined
K point estimate  , coupled with its
variance σc2 = 1/{ k=1 1/σk2 }.
Under the same model assumption(3), we
 can show that
the distribution function Hk () = 

(1)

(2)



−k
σk

is a CD for .

Applying the CD combination method (2) yields a combined
function


H (c) () = 

 (c)
−
σc


,

(5)
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N(, s2 ), as both nT and nC → ∞, where s2 =

Table 1
Typical layout of a 2 × 2 table

1
nC −Y

Event

No event

Total

X
Y
T

nT − X
nC − Y
N −T

nT
nC
N

Treatment
Control
Total

using the transformation function ψ(·) = −1 (·) and weight
wk = 1/σk . The resulting function H (c) () is a distribution
function on the parameter space of , and it is used as a
distribution estimate of  in the domain of frequentist inference. From H (c) (), we can draw other inference outcomes.
For example, the mean of H (c) () can be used as a point esti (c) in (4) obtained
mate for . In this case, it is the same as 
from the point estimates combination. This observation implies that the point estimates combination in (4) is a special
case of the CD combination.
Example 1. (Meta-analysis of 2 × 2 tables) In clinical research, the outcomes of interest are often reported in the form
of a 2 × 2 table as shown in Table 1. To examine the difference between the event rates of treatment (pT ) and control (pC ) groups, we consider making inferences for certain
risk measures,
 such as the log odds ratio (LOR) deﬁned
as  = log

X/(nT −X)
Y/(nC −Y )



1
X

+

1
nT −X

+

1
Y

+

 )/s is a CD for  asymptot. Thus, HA () =  ( − 

ically. In the presence of multiple 2 × 2 tables with a common
LOR , we use Figure 1 to illustrate the relationship between
combining point estimates as in (4) and combining CD functions as in (5). Speciﬁcally, the mean/median/mode of the
combined conﬁdence distribution (dashed curve) yields a com (c) (triangle), which is the same as the
bined point estimate 
one obtained from the point estimates combination.
2.2. P-Values (Functions) Combination
Another classical approach for meta-analysis is to combine pvalues obtained from testing a common hypothesis associated
with multiple studies. Consider testing a left-sided hypothesis
Q0 :  ≤ 0

versus

Q1 :  > 0 ,

(6)

for some particular value 0 of interest. The classical approach combines the p-value pi derived from each of the studies and draws the overall inference based on the combined
p-value p(c) ≡ p(c) (p1 , . . . , pK ). Commonly used methods include Fisher’s combination (Fisher, 1932)
K

p(c) = Pr

2
χ2K
≥ −2

log(pk )

,

(7)

k=1

. It is known that the point estimate

follows approximately normal distribution

2
denotes a χ2 -distributed random variable with 2K
where χ2K
degrees of freedom, and Stouﬀer’s combination (Stouﬀer et al.,

1.0

1.5

2.0

 = log




pT /(1−pT )
pC /(1−pC )
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Figure 1. An illustration of meta-analysis by combining conﬁdence distributions in the context of Example 1. Each of the
K = 10 solid curves represents a conﬁdence density function derived from a 2 × 2 table simulated from the setting where
 k from individual studies. The
 = 1.2, nT = nC = 100 and pC ∼ U(0.05, 0.1). The solid circles represent the point estimates 
 (c) depicted
combined conﬁdence density function is plotted using a dashed curve, together with the combined point estimate 
using a triangle.
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1949)

(a)

Example 1 (Continued) (Analysis of rare events) In the
setting of rare events, the probability of observing the event
of interest is very low. Consider Table 1 as an example.
Suppose we observe x = 4 events out of 300 cases in the

0.2
0.1
0.0

−4

−2

0

2

4

6

2

4

6

Δ

0.3

0.4

(b)

0.2

Additional p-values combination methods can be found in
Marden (1991).
It is shown in Xie et al. (2011) that the p-values combination is a special case of the CD framework (2). In fact, Liu
et al.’s method of combining p-value functions can also be
uniﬁed under the same framework. To see this, we consider
varying the value of 0 in the hypothesis testing problem (6).
Then, pk ≡ pk (0 ) becomes a function over the parameter
space of , and we denote it by pk (·). This function is known
as a signiﬁcance function (Fraser, 1991) or p-value function
(see, e.g., Singh et al., 2005; Xie et al., 2011; Liu et al., 2014).
Such a function pk (·) is typically a distribution function on
the parameter space—it is increasing and bounded below by
0 and above by 1. The p-value function pk (·) is usually a
CD (at least asymptotically) (Singh et al., 2005). If we let
Hk (·) = pk (·), p-values combination methods, such as the ones
in (7) and (8), are special cases of the CD framework (2). To
see this, let ψ(·) = log(·) and wk = 1 for all k in (2); then, the
combined function H (c) (·) can yield a p-value H (c) (0 ), which
is the same as p(c) in Fisher’s combination (7). Similarly, let
ψ(·) = −1 (·) and wk = 1, and then, H (c) (·) can yield a p-value
H (c) (0 ), which is the same as p(c) in Stouﬀer’s combination
(8). For other forms of p-values combination that can be written as special cases of CDs combination, we refer readers to
Xie et al. (2011).
The CDs combination method generalizes the classical
p-values combination methods (Xie et al., 2011; Liu et al.,
2014). First, the classical methods combine the observed
p-values, a set of single values from individual studies,
whereas the CD method combines p-value functions, a set of
functions (on the parameter space) from individual studies.
Second, the classical methods use equal weights in the
combination (as seen in formulas (7) and (8)), which may
lead to a decline in the Fisher eﬃciency. The CD method
(2) oﬀers a ﬂexible choice of weights. The use of non-trivial
weights can improve the Fisher eﬃciency and yield robust
inferences in the presence of heterogeneous studies (see, e.g.,
Singh et al., 2005; Xie et al., 2011; Liu et al., 2014).
Incorporating the classical p-values combination into the
CD framework leads to a class of exact meta-analysis methods for discrete data (Liu et al., 2014). As stated in the introduction, exact inferences are desired in meta-analysis of rare
events where typical normal approximations (such as those
relied on for model (3)) may not work well. The key idea of
Liu et al. (2014) is to derive p-value functions from exact test
results. Such p-value functions preserve small-sample properties, which are inherited from the exact distributions of test
statistics. This point is illustrated in the following example.

0.1

(8)

0.3

0.4




1
√
.
−1 (p1 ) + −1 (p2 ) + · · · −1 (pK )
K

0.0


p(c) = 

−4

−2

0
Δ

Figure 2. An illustration of p-value functions derived from
exact test results (in solid curves) and normal approximations
(in dashed curves). Displayed are two cases using: (a) the data
in Table 2; and (b) the data in Table 2 with the observed
events in the treatment group x = 4 replaced by x = 15.

treatment group (p̂T = 1.33%) and y = 1 out of 100 controls
(p̂C = 1.00%). To illustrate Liu et al.’s exact method, we plot
in Figure 2(a), a p-value function p(·) for the log odds ratio
 (in the solid curve) obtained from the mid-p adaption of
Fisher’s exact test. This p-value function is presented in its
density form (i.e., its derivative function). As a reference, we
also include in Figure 2(a), a conﬁdence density function (in
the dashed curve) obtained from the normal approximation to
 k as seen in model (3). This dashed curve is derived in the

same way as the curves in Figure 1. The comparison between
the solid and dashed curves shows that the p-value function
p(·) based on the exact test preserves the skewness in the exact
distributions of the statistics in Table 1.
In the setting of rare events, the normal approximation
may not work well even when it is applied to log-transformed
statistics. In our example, parameter  and its estimate
have already been log-transformed. The inadequacy of applying log-transformation is exempliﬁed in Figure 2(b), where we
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Figure 3. An illustration of combining p-value functions in the rare events setting. Plotted in solid curves are individual
p-value functions (in its cumulative form) obtained from four 2 × 2 tables, all having the data layout of Table 2 with X takes
diﬀerent realizations, i.e., x = 4, 5, 6, and 7. The dashed curve represent the combined p-value function. The solid circle and
triangle denote the individual and combined p-value, respectively, for testing the hypothesis Q0 :  ≤ 0 versus Q1 :  > 0
change the observed events x in the treatment group to x = 15
(p̂T = 5%). This is the only diﬀerence between Figure 2(b)
and (a). We observe in Figure 2(b) that the tails of the solid
and dashed curves are distinct on both sides. This implies that
inferences based on the normal approximations could be diﬀerent from that from exact tests, considering that a p-value for
testing the hypothesis (6) is calculated as the area under the
curve to the left of the dotted vertical line. In this example,
the distinct behavior in tails yields diﬀerent p-values (0.034
and 0.056 from the solid and dashed curves, respectively) and
results in disparate conclusions.
Figure 3 illustrates the combination of p-value functions.
The solid curves represent individual p-value functions for
four 2 × 2 tables, all having the data layout of Table 2 where
X takes diﬀerent realizations (x = 4, 5, 6, and 7). The solid
circles represent individual p-values for testing the hypothesis Q0 :  ≤ 0 versus Q1 :  > 0. Plotted in the dashed curve
is the combined p-value function, from which we can draw
a combined p-value (shown as the triangle in Figure 3) and
a combined conﬁdence interval. In the following section, we
show that under the CD framework, such a combined conﬁdence interval is, in a certain sense, equivalent to the one
proposed by Tian et al. (2009).
3. From Combining CIs to Combining CDs
Tian et al. (2009) proposed an exact meta-analysis method,
which can include in the analysis all available data without
using continuity corrections to zero events. Their idea is to
combine conﬁdence intervals derived from certain exact procedures. In this section, we show that (1) Tian et al.’s method
of combining conﬁdence intervals (CIs) is a special case of

the CD framework; and (2) the CD method generalizes Tian
et al.’s method in several aspects.
3.1. Tian et al.’s Method of Combining CIs
Consider constructing a 100(1 − α)% one-sided CI (a, +∞) for
. Tian et al. (2009) proposed to consider study-speciﬁc onesided η-level CIs (ak , +∞) for , for a given η. To integrate
K study-speciﬁc CIs, they proposed to, for any ﬁxed , say
0 , examine how many CIs include 0 as an interior point.
If 0 is the true value of , then 0 should be included in
at least 100η% of the K CIs under consideration. This fact is
used as a criterion to examine all possible values of . The
points satisfying the criterion form a combined CI (a, +∞)
for . An explicit expression of such a 100(1 − α)% CI is

CIη =







K

wk {I( > ak ) − η} ≥ dα,η

,

(9)

k=1

where I(·) is an indicator function and wk is the weight assigned to the k-th study. The value of dα,η is chosen such that

K
w (Bk − η) < dα,η ≤ α, where B1 , . . . , BK are K inPr
k=1 k
dependent Bernoulli random variables with a success probability of η. Note that if 0 is the true value of , the random
variable I(0 > ak ) has the same distribution as Bk .
To improve inference eﬃciency, Tian et al. proposed to
use multiple levels of CIs. Generally, they consider M levels {η1 , . . . , ηM } of conﬁdence intervals Jkm = (akm , ∞) (m =
1, . . . , M) for the k-th study, where 0 < η1 < . . . < ηM < 1 and
ak1 ≥ · · · ≥ akM . Then, the aggregated 100(1 − α)% conﬁdence
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interval is

agg

CI{ηm } =

following U(0,1). Plugging in the speciﬁc ψM (·) in (11), we







M

K
(c)

have GψM (t) = Pr

M

K

w
 m {I( > akm ) − ηm } ≥ dα

wk
k=1

,

m=1

 m is the within-study weight assigned to the ηm -level
where w
interval. Tian et al. suggested using w
 m that is proportional
to {ηm (1 − ηm )}−1 .
3.2. Tian et al.’s Method under the CD Framework
In this subsection, we show that Tian et al.’s method is a special case of the CD framework. The intuition comes from the
fact that a CD can represent the conﬁdence intervals of all
levels (i.e., for all η ∈ (0, 1)) for the parameter of interest .
In fact, the classical way (Cox, 1958) of deﬁning a CD is
to invert the upper (lower) end of a one-sided level-η conﬁdence interval. In the current context, consider the level-ηm
CI Jkm = (akm , ∞) for  in the k-th study for example. The
lower end akm ≡ akm (ηm ) of the interval Jkm is a function of
ηm , as depicted on the left-side of Web Figure 1. A conﬁdence
distribution for  can be obtained by inverting the function
akm (ηm ) represented by the curve in Web Figure 1, such that
akm = Hk−1 (1 − ηm ) for any ηm ∈ (0, 1). In other words, a CD
for  can be deﬁned as a function such that Hk (akm ) = 1 − ηm ,
as depicted on the right-side of Web Figure 1. Such a function Hk (·) encompasses a set of CIs for all possible conﬁdence
levels.
Formally, we make the following assumption.
Assumption 1. For any given sample xk in the k-th study
and any level-ηm one-sided conﬁdence interval Jkm = (akm , ∞)
for the parameter , we assume that there exists a continuous
and increasing function Hk (·), deﬁned on the parameter space
of , such that Hk (akm ) = 1 − ηm .
When Assumption 1 holds, the function Hk (·) is a CD for .
We show below that the CD framework (2) can yield a combined conﬁdence interval that is the same as Tian et al.’s
agg
aggregated interval CI{ηm } in (10). Speciﬁcally, we take the
transformation function in (2) to be
M

w
 m (I(u > 1 − ηm ) − ηm ).

(11)

m=1

Here, ψM (u) is a non-decreasing step function. Then, the combined CD derived from (2) becomes
M

K
(c)

(c)

HψM () = GψM

(c)

 HψM () ≥ α , which is

CIψM =

K

(c)

wk
k=1

M

w
 m {I(Hk () > 1 − ηm ) − ηm }

≥α

m=1

=





M

K

w
 m {I( > akm ) − ηm }

wk
k=1

(c) −1

≥ GψM

m=1



(α) .

The last equation shows that CIψM is the same as Tian et al.’s
(c) −1

interval in (10). Note that dα in (10) is GψM
have established the following result.

(α). Thus, we

Proposition 1. If Assumption 1 holds, then Tian et al.’s
aggregated conﬁdence interval in (10) corresponds to a special
case of combining conﬁdence distributions H1 (·), . . . , HK (·) as
in the framework (2), with the transformation function beM
ing ψM (u) = m=1 w
 m (I(u > 1 − ηm ) − ηm ). More speciﬁcally,
agg
CI{ηm } ≡ CIψM .

3.3. Integrating the CIs for All Conﬁdence Levels
To apply Tian et al.’s method, we have to specify a number of
conﬁdence levels {ηm , m = 1, . . . , M}. It is unknown that without compromising eﬃciency, how many levels should be used
in practice and what speciﬁc levels should be included in the
analysis. We show that the CD method can eliminate the ad
hoc choosing of conﬁdence levels and achieve the integration
of the CIs of all possible conﬁdence levels.
We have considered the transformation function in (11) to
establish Proposition 1. We now derive the limiting form of
ψM (u) as the number of conﬁdence levels M goes to inﬁnity
and the adjacent levels become suﬃciently close to each other.
Let δm = ηm − ηm−1 and deﬁne

m=1

(12)

ψ∞ (u) =

w ψ (Uk ) ≤ t by deﬁnition (SecHere, GψM (t) = Pr
k=1 k M
tion 2), where U1 , . . . , UK are independent random variables

=

(I{Hk () > 1 − ηm } − ηm )}.

K




GψM

m
w

wk
k=1

m=1

random variables Bkm = I(Uk > 1 − ηm ).
(c)
Based on the combined CD HψM () in (12), we can
derive
 a one-sided

 100(1 − α)% conﬁdence interval CIψM =



ψM (u) =

 m (Bkm − ηm ) ≤ t , where the
w

wk
k=1

(10)

(c)
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lim

max δm →0;M→∞

δm ψM (u)
M

δm w
 m (I(u > 1 − ηm ) − ηm ).

lim

max δm →0;M→∞

m=1
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Inputting the within-study weight w
 m = {ηm (1 − ηm )}−1 as
used in Tian et al. (2009), we get

1
ψ∞ (u) =

{I(u > 1 − η) − η}/{η(1 − η)}dη
0

= ln

 u 
1−u

= logit(u).

(13)

The result shows that the transformation function ψM (u),
which is a step-function, converges to a continuous logit function as the conﬁdence levels become suﬃciently dense. For illustration purposes, we plot in Web Figure 2 the step-function
ψM (u) (scaled by a factor of δ = δm ) in a solid curve along with
its limiting form ψ∞ (u) = logit(u) in a dashed curve. The ﬁgure shows that ψM (u) is an approximation to the logit function, and the approximation may be adequate except in the
two tails when M = 20.
Using the transformation function ψ∞ (u) in the CD formula
(2), we can derive a new combined CD
K
(c)

(c)

Hψ∞ () = Gψ∞

wk ψ∞ (Hk ())
k=1



K
(c)

= Gψ∞

wk ln
k=1

(c)

where Gψ∞ (t) = Pr
(c)

K
k=1

Hk ()
1 − Hk ()


,

(14)



wk ψ∞ (Uk ) ≤ t . The CD function

Hψ∞ () yields a one-sided 100(1 − α)% conﬁdence interval
CIψ∞ =

 

 (c)
 Hψ∞ () ≥ α . The proposition below is a result

of the continuity and monotonicity of Hk ()’s. It implies that
combining CIs for all possible conﬁdence levels is equivalent
to combining CDs.
Proposition 2. If Assumption 1 holds and the withinstudy weight is given as w
 m = {ηm (1 − ηm )}−1 , then the lower
agg
end of Tian et al.’s aggregated conﬁdence interval CI{ηm } in
(10) converges to the lower end of the conﬁdence interval CIψ∞
(c)
derived from the CD function Hψ∞ () in (14), as M → ∞ and
max δm → 0.
An implication of Proposition 2 is that the CD method offers a tractable means to study the impact of within-study
weights in Tian et al.’s method. Such impact can be explained by the impact of the transformation functions in
the CD framework. Recall that Tian et al.’s within-study
weight w
 m = {ηm (1 − ηm )}−1 results in the limiting form of a
logit function ψ∞ (u) = logit(u). Generally, (13) implies that
a diﬀerent weighting scheme w
=w
 (η) will lead to a diﬀerent
transformation function,

w
ψ
(u) =

1
{I(u > 1 − η) − η}w
 (η)dη,

∞

0

(15)

provided that the integration exists for any u. In view of (15),
it is equivalent to study the eﬀect of the weight w
 (η) or that

w
of the transformation function ψ
∞ (u). While we are not aware
of any systematic investigation on the choice of w
 (η), which
may be diﬃcult because of the correlation among intervals,
there exist a series of works on studying the impact of transformation functions in (2). For example, the double exponential function ψ(u) = {1 + sgn(u)(1 − e−u )}/2 yields an eﬃcient combination in Bahadur’s sense (Singh et al., 2005). The
normal distribution function ψ(·) = −1 (·) yields an eﬃcient
combination in Fisher’s sense when Hk (·)s are approximately
normal (Xie et al., 2011; Liu et al., 2014). These results can
be used as guidelines for applications.

4. Case Studies
We consider two real data sets collected for safety analyses
of two diabetes drugs. Both data sets have a considerable
portion of trials where few events of interest are observed. We
analyze the data sets using the methods presented in Sections
2 and 3. Since these methods can be uniﬁed under the CD
framework, we implement the analysis using an R package
gmeta, developed by Yang and Xie (2016) as a computing
tool to perform the CD inference for meta-analysis.
For the rosiglitazone case introduced in Section 1, we consider its potential risk in increasing CVD-related mortality.
For this endpoint, there are 25 studies (out of the total of 48)
where no death was observed in either arm. Using the risk difference (pT − pC ) as the risk measure, we obtain the results
shown in Table 2. The Mantel–Haenszel (MH) method shows
a marginally signiﬁcant result with a p-value of 0.05. This
method relies on a large-sample theory and it eﬀectively uses
23 studies (48%) in the analysis. In this case, the MH method
may yield invalid inference outcomes (Tian et al., 2009; Liu
et al., 2014). Unlike the MH method, the other three methods
in Table 2 make use of an exact test (see, Tian et al., 2009).
As a result, these methods can yield conﬁdence intervals with
a proper coverage probability and/or testing results with a
proper type I error rate. Table 2 shows that both the traditional p-values combination methods (Fisher’s and Stouﬀer’s)
yield a p-values of 1, which implies that these two methods
may be overly conservative. For Tian et al.’s method, Table 2
shows that as the number of CI levels (M) increases, the combined CIs become narrower and the p-values smaller, which
indicates that the inference becomes more eﬃcient. Recall
that when M → ∞, Tian et al.’s method is equivalent to the
CD combination (or Liu et al.’s method) with a logit transformation. Table 2 shows that the latter method improves inference eﬃciency, with a narrower CI (−0.10%, 0.20%) and a
smaller p-value 0.71. It also shows that other transformations
(normal/double exponential) yield similar results, whereas
the normal transformation seems slightly more eﬃcient. Both
Tian et al.’s and Liu et al.’s methods eﬀectively use all available data (including the 25 studies where no event was observed). The two methods do not require continuity corrections to zero events, which can lead to severe inference bias
(Sweeting et al., 2004; Tian et al., 2009; Liu et al., 2014).
Now, we consider safety analysis for a new diabetes drug
in a class of medicines called SGLT2 inhibitors that work
independently of insulin to help remove excess sugar from the
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Table 2
Meta-analysis results for assessing rosiglitazone’s risk in increasing CVD-related mortality (with risk diﬀerence used as the
risk measure)
95% CI (%)
Point estimates combination
Mantel–Haenszel
P-values combination
Fisher’s
Stouﬀer’s
Tian et al.’s method of combining CIs
M=5
M=10
M=20
Liu et al.’s method of combining p-value functions (CDs)
ψ(u) = ln{u/(1 − u)}
ψ(u) = (u)
ψ(u) = {1 + sgn(u)(1 − e−u )}/2

body in adult patients. See Section 1.2 of FDA Brieﬁng Book
(2013) for its review history. Web Table 1 presents the safety
data from 21 independent studies with respect to indexed
bladder cancer. The events are rarer than the rosiglitazone
example. Only 7 studies (33%) reported bladder cancer
and no study observed more than 3 such events. Without
patients’ exposure time and time to event data, we cannot
obtain the hazard ratio (HR) as FDA has done. Using the risk
diﬀerence as the risk measure, we obtain the results in Web
Table 2. The results are similar to those in the rosiglitazone
case. Thus, a similar interpretation follows and detailed
discussions are omitted. One caveat here is that we have
implicitly assumed that the risk diﬀerence remains constant
regardless of the varying exposure time in the 21 studies.
This should not be overlooked in our interpretation.
5. Discussion
We have shown that for exact meta-analysis of rare events,
the CD framework uniﬁes Tian et al.’s method of combining
conﬁdence intervals and Liu et al.’s method of combining pvalue functions. In view of the duality of conﬁdence intervals
and hypothesis testings, our results demonstrate that the two
exact methods are equivalent in the sense as elaborated in
Section 3. We show in the Web Appendix that the CD framework also subsumes the Mantel–Haenszel and Peto methods.
The key is to deﬁne CD-like functions so that even if individual functions are not CD functions, the combined function
can be proved to be a CD function. Thus far, we can conclude that the CD method oﬀers a unifying framework for
the meta-analysis of rare events.
The CD framework eliminates the need to select the number and levels of conﬁdence intervals, as required by Tian
et al.’s method. However, to implement the CD method, users
still need to specify transformation functions in practice. As
far as the length of conﬁdence intervals (as a measure of efﬁciency) is concerned, we recommend using the normal distribution function ψ(·) = −1 (·), based on the theoretical result summarized at the end of Section 3 and the numerical
results in Section 4. The recommendation concerns the eﬃciency, rather than the validity of the CD combination. The

(0.00, 0.21)

P-value
0.05

—
—

1.00
1.00

(−0.26, 0.31)
(−0.14, 0.27)
(−0.14, 0.23)

0.96
0.85
0.81

(−0.10, 0.20)
(−0.09, 0.20)
(−0.11, 0.21)

0.71
0.69
0.77

CD method remains valid, regardless of the choice of transformation functions.
To achieve an overall inference, the CD framework requires
users to specify an exact test (or a set of exact tests) for
each individual study. The choice of exact tests depends on
what risk measure is of interest. For the risk diﬀerence, Tian
et al. (2009) used the mid-p adaption of Chan and Zhang
(1999)’s method. For the odds ratio, Liu et al. (2014) used the
mid-p adaption of Fisher’s exact test. The mid-p method reduces the conservatism of individual exact tests and improves
the eﬃciency of the overall inference. Although, theoretically,
the mid-p method cannot guarantee that the inference has a
proper type I error rate, it works well in our numerical studies. A known result is that if each individual test has a proper
type I error rate, so does the overall test derived from the CD
combination method (see Corollary 1 in Liu et al., 2014).
Meta-analyses are used in both exploratory (hypothesisgenerating) analyses and conﬁrmatory (hypothesis-testing)
analyses in clinical trials (Berlin et al., 2013). For studying
drug safety, exploratory analyses can be viewed as a discovery process in which decision makers are hoping to recognize
safety issues as early as possible, such as in phase II studies
during drug development. To achieve an early detection, we
can perform a meta-analysis of the existing trials using the
CD exact method. Since the concern may be better directed
at trying not to miss a signal (Berlin et al., 2013; Thompson
et al., 2011), we may consider more aggressive methods to
mitigate the conservativeness of the exact test used in the
CD method. An example is the so-called beta adjustment
proposed by Liu et al. (2014). We may also explore the data
using diﬀerent types of exact tests or risk measures to maximize the likelihood of discovery (Thompson et al., 2011). In
contrast, the choice of analyses is diﬀerent in conﬁrmatory
analyses where decision makers have a pre-speciﬁed hypothesis prior to the trials and the goal is to conﬁrm the hypothesized association. In this situation, a priori analysis plan is
essential (Thompson et al., 2011). To use the CD method,
we may specify in advance what risk measure/exact test to
use and whether or not to make an adjustment to the exact
test. Once the data from conﬁrmatory trials are available, we
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may use the CD method to meta-analyze the new data, or
more contentiously, with the data used in exploratory analyses to capture the totality of evidence. We refer readers to
Thompson et al. (2011) and Berlin et al. (2013) for practical
issues in meta-analyses of clinical trials.
6. Supplementary Materials
Web Appendix, referenced in Sections 1, 3.2, 3.3, 4, and 5, is
available with this article at the Biometrics website on Wiley
Online Library.
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