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Document Disclaimer
The list provided below is by no means comprehensive and if you find anything missing that you would like to
add please let me know. This review session has been created without prior knowledge of the problems in the
exam and should not be treated in any way as hints to problems that will be asked in the exam. We will do our
best to go over the topics of the course in detail however please do your own reading of chapters 1 through 11
(with the exception of chapter 8) as well as other topics not included in the book. If you find any typos please let
me know and I will update and push a new version to Github.

Relevant Reading Material from Textbook
•
•
•
•
•
•

•
•
•
•
•

6.1-6.4
6.6
6.7
7.1-7.4
7.5 (limited to what we covered in class)
7.7-7.8 (limited to what we covered in class)

9.1-9.8
10.3-10.4
11.1-11.5
11.6 (limited to what we covered in class)
11.9-11.14

Topics Covered Summary
Ch. 1 Introduction – Concepts of Stress
• Normal Stress – σ = P
, where A is perpendicular to direction of force
A
• Shearing Stress – τave = P
, where A is parallel to the direction of force
A
• Stresses under general loading conditions - Determining the different components of stress from FBD
such as σxx , σyy and τxy .
• Ultimate stress – σU = PAu
ultimate load
ultimate stress
• Factor of Safety – F.S.= allowable
= allowable
load
stress
• Truss Systems – How to efficiently solve a truss system using method of sections
Ch. 2 Stress and Strain – Axial Loading
•
•
•
•
•
•
•
•
•
•

δ
Strain –  = L
Elastic Stress-Strain Diagram – Linear Relationship
Plastic Stress-Strain Diagram – Ideal plasticity with yield stress σY
True Stress and True Strain – Difference between True and Engineering is the cross-sectional area.
True stress uses A of deformed specimen.
Hooke’s Law – σ = E
General Stress State – Symmetric positive definite matrix of σij
Modulus of Elasticity – E
Elastic vs. Plastic Behavior of Material – Necking, yield stress, rupture etc.
Fatigue – In cases of cyclic loading, rupture will occur at a stress much lower than the static breaking
strength; this phenomenon is called fatigue.
PL
Deformations of Members Under Axial Loading – δ = AE
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• Statically Indeterminate Problems – Problems that cannot be determined using statics, but where we
need to formulate a compatibility constraint. This occurs when we have more reaction forces to solve
for than we have equations.
• Problems involving temperature changes – Thermal strain T = α∆T . This does not create a stress until it is statically constrained and as per superposition the thermal strain becomes mechanical strain.
• Superposition Method – In statically indeterminate problems we remove redundant loads and apply
superposition to solve for the different unknown loads.
• Thermal Stress in a Film on a Substrate – This is the problem he worked out in class. My notes can be
found here http://fer.me/l/pbFeFA
strain
• Poisson’s Ratio – Relates lateral and axial strains through ν = − lateral
axial strain
• Multiaxial loading – Loading through multiple axis and the relationship to strain
• Generalized Hooke’s Law – Generalized relationship between all stresses, strains and material param1
1
(σx − νσy − νσz ), y = E
(σy − νσx − νσz ),
eters through equations of form x = E
1
z = E (σz − νσy − νσx )
• Plane Strain – z = 0
• Plane Stress – σz = 0
E
• Bulk Modulus – Change of volume per unit volume described by k = 3(1−2ν)
• Shearing Strain – Nondimensional deformation due to shearing stress γxy
• Hooke’s law for shearing stress and strain – τxy = Gγxy
• Modulus of Rigidity – Empirical value to relates shear stress to shear strain G. Analogous to modulus
of elasticity E.
E
=1+ν
• Relation among E, ν, G – 2G
• Stress Concentrations – K = σσmax
avg
• Plastic Deformation – Elastoplastic material stress strain curve. Gain intuition from this curve.
• Residual Stresses – Stresses left in a part post plastic deformation
Ch. 3 Torsion
• Deformation in a Circular shaft – γ = ρφ
L
• Average shearing strain – γ = ρc γmax
• Torsion Stresses – Shear stresses due to torsion τ = TJρ where J is the polar moment of inertia: http:
//fer.me/git/es120notes/blob/master/Section4/J-list.pdf
• Torsion Stresses in the Elastic Range – As long as the yield strength is not exceeded in any part of
circualr shaft, the shearing stress in that shaft varies linearly with distance ρ from the axis of the shaft
such that τ = ρc τmax
TL
• Angle of Twist in the Elastic Range – φ = JG
• Statically Indeterminate Shafts – This is analogous to non-torsional statically indeterminate problems,
where we need to find a compatibility equation to constrain the different reaction forces we cannot
solve for using statics.
• Design of Transmission Shafts – This simply builds the relationship of what we have learned to power,
P
frequency and torque, namely, T = 2πf
• Stress concentration in circular shafts – τmax = K TJc , where TJc is the stress computed for the smallerdiameter shaft and K is a tabulated stress-concentration factor obtained from an empirical curve.
• Plastic Deformation in Circular Shafts – Rt = TJu c , where Rt is the modulus of rupture, and Tu is the
ultimate torque of the shaft


φ3
• Circular shafts made of Elastoplastic Material – T = 43 TY 1 − 41 φY3 is the relationship between the
torque and the angle of twist of a elastoplastic shaft. There are also relationships derived in section
3.10 that discuss it in the form of the radius ρ. It is worth reviewing the derivation of this section in
detail.
• Torsion of non-circular members – Using tabulated values we can find an expression for maximum
shear τmax = c1Tab2 and angle of twist φ = c2 TabL3 G where a and b are the lengths of the sides and c1
and c2 are coefficients determined empirically. Note that for large values of a/b the coefficients become
c1 = c2 ≈ 13
• Thin-walled hollow shafts – Integrate through an idea of shear ﬂow to obtain a relationship between
an equivalent area and the torque such that we can concentrate the shear only on the thin amount of
T
material to obtain τ = 2ta
, where a is the area of the region from the centerline of the thin-wall to the
center of the shaft
• Dynamics Torsion Problems – What is the frequency of a rods vibration if twisted and allowed to freely
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vibrate torsionally. This can be solved to be a wave equation of form
matter can be found here: http://fer.me/l/Nh1grt

2

∂ ρ
∂t2

2

∂ ρ
= c2 ∂x
2 . My notes on this

Ch. 4 Pure bending
• Geometry – any cross section perpendicular to the axis of the member remains plane and remains
perpendicular to the centroid line.
, where ρ is
• Normal strain and normal stress – normal strain xx = − yρ and normal stress σxx = − Ey
ρ
y
y
the radius of the beam. We also have xx = − c m and σxx = − c σm , where m and σm are maximum
strain and stress in the beam.
• Force & Position centroid line R– the force in the beam can be calculated by integratingRnormal stress
y dA, where
over the cross section: F = σxx dA, if the material is within elastic range, = − E
ρ
R
Q = y dA is called first moment (see Appendix A.2 in text book). Force in beam should be zero, that
means Q = 0. Solving Q = 0 gives the position of centroid
R line.
R 2
R
• Moment – moment in the beam is calculated by M = − yσxx dA = E
y dA, where I = y 2 dA
ρ

•
•

•
•

M
, and ρ1 = EI
is called the second moment (see Appendix A.3 for details). Now we have M = EI
ρ
(curvature - moment relation).
Connect stress with moment – σxx = − MI y and σm = MI c . Introducing elastic section modulus
S = I/c, so that we have σm = M
.
S
Composite beams – two materials with young’s modulus E1 and E2 , let n = E2 /E1 , the resistance to
bending of the bar would remain the same if both portions were made of the first material E1 , provided
that the width of each element of the lower portion were multiplied by the factor n. To obtain the stress
σ2 for material 2, we must multiply by n (see more on textbook page 230).
Reinforced concrete beams – (1) replace the total cross-sectional area of the steel bars As by an equivalent area nAs ; (2) only the portion of the cross section in compression should be used in the transformed section (see textbook 233).
Eccentric axial loading – σxx = (σxx )centric + (σxx )bending = P
− MI y
A

Ch. 5 Analysis and Design of Beams for Bending
• Shear and Bending moments diagrams – Drawing shear forces through a uniform beam. Remember
which direction is positive and which direction is negative. Note that the bending moment is the integral of the shear diagram, see Figure 5.7 of textbook.
• Relations among load shear and bending moment – The overall relationship of all of these are integrals.
Specifically they are related through these equations: −w = dV
, V = dM
. In other words, they are the
dx
dx
area under the curve of each other.
• Design of Prismatic Beams for Bending – How to design beam cross-sections such that you achieve the
most economical design possible to efficiently withstand specific load conditions. This is a procedure
detailed on page 333 of textbook. The main idea of the procedure is to use bending moment diagrams
in conjunction with the fact that the maximum stress occurs at the edge of the section to come up with
a cross-section height that is appropriate for the loading conditions.
• Using Singularity
( Functions for Shear and Bending Moments – Singularity functions are defined as
(x − a)n for n ≥ a
< x − a >n =
They are useful to organize the discontinuities in the distribu0
for n < a
tion of shear forces, bending moments and weights through the beam. It simplifies by not having to
account for each part of the beam in separate equations, but instead condenses all information into
one equation. This is also useful when performing the integrals from weight to shear forces to bending
moments
• Nonprismatic beams – Unlike primsmatic beams, we now relax the assumption that the beam crosssection is constant. Now the goal of this is to have a beam of constant strength for a particular loading
condition and allow the cross section of the beam to be controlled via the loading conditions. This is
|
very similar to prismatic beam design only now S = |M
. This is covered in more detail in an example
σall
problem below.
Ch. 6 Shearing Stresses in Beams and Thin-Walled Members
• Horizontal shear per unit length – q = ∆H
= VIQ This expression is obtained by considering hori∆x
zontal
equilibrium of a material element (with shearing forces ∆H, and net force across the two faces,
R
σxx dA)
3/18

May 1, 2018

ES120 Midterm Review

= VItQ , where t is the thickness of the area over which the
• Shearing Stresses in a beam – τavg = ∆H
∆A
shear stress is considered. For narrow rectangular beams, the variation of this shear stress across the
beam width is small (less than 0.8% for b 6 h/4).
2
• Shearing Stresses in a rectangular beam – τxy = 23 V
(1 − yc2 ), where c is the distance from neutral
A
axis to the beam surface. Note the parabolic nature and the location/magnitude of the maximum shear
stress.
• Longitudinal shear on a beam element of arbitrary shape – A similar procedure is used from the derivations for shear per unit length, q, but applied to arbitrary cross sections. The result is in essence the
= VIQ
same as the above. q = ∆H
∆x
• Plasticity – Similar treatments to other cases of plasticity in torsion and normal loading. As before, we
have a critical strain or load that causes yielding. For a rectangular beam: My = 23 σy bc2 . This leads to
a critical curvature,

1
ρy

=

σy
EC

and an expression for the moment: M =

3
My (1
2

−

ρ2
)
3ρy 2

Ch. X Dynamic Beams (please see handout on Canvas for reading on this topic)
2

2

2δ φ
2
= G
• The differential equation – δδtφ
2 = c δx2 , c
ρ
• Sep of Variables – φ(x, t) = X(x)T (t)
• Solutions – X(x) = A cos ωc x + B sin ωc x, T (t) = C cos ωt + D sin ωt, and relevant boundary conditions.

Ch. 7 Transformation of Stress and Strain
• Transformation of Plane Stress – Geometry/trigonometry for transformation of coordinate systems by
σ +σ
σ −σ
−σx −σy
rotating the x-axis by an angle θ. σx0 = x 2 y + x 2 y cos 2θ + τxy sin 2θ, τx0 y0 =
sin 2θ +
2
σx +σy
σx −σy
τxy cos 2θ, σy0 =
−
cos 2θ + τxy sin 2θ
2
2
• Principal stress / Max Shearing Stress – Note there are some invariants that appear from the writing
of these transformed coordinates (this allows us to note we can construct a circle out of these variσ +σ

σ +σ 2

2τ

xy
. This is the basis for
ables). σavg = x 2 y , R2 = x 2 y + τxy 2 . We also note that tan 2θ = σx −σ
y
constructing Mohr’s Circle!
• Mohr’s Circle – Construct as per Prof. Vlassak’s method of aligning normal stress directions with "normal stress" axis and inverting shear stress direction. Angles in Mohr’s circle are double real rotations.
• Yield Criteria – The failure criterion covered in class were von Mises: σV2 M = σ1 2 + σ2 2 + σ3 2 ; and
Mohr’s: σa = σult (both of which use principle stresses).

Ch. 9 Deﬂection of Beams
2

M (x)
d y
• Equation of the elastic curve – dx
.
2 =
EI
Rx
R x M (x)
• Integration – y = 0 dx 0 EI dx + C1 x + C2 , where C1 and C2 are determined by boundary conditions.
• Statically indeterminate beams – superposition of deﬂection (see more in textbook on page 560).
• Beam vibrations – Know the governing PDE and the general solutions for varying boundary conditions.
Read lecture notes on this and also notes posted to Canvas.

Ch. 10 Columns
• Euler’s formula: critical load – Pcr =

π 2 EI
,
L2
ef f

where Lef f depends on the boundary conditions:

both end pinned – Lef f = L
one fixed end one free end – Lef f = 2L
one fixed end one pinned – Lef f = 0.7L
both ends fixed – Lef f = 0.5L
• Critical stress – σcr = Pcr /A
Ch. 11 Energy Methods
• Strain-energy
density for general stress state (pagei 680)
h
1
1
2
2
2
2
u = 2E σx + σy2 + σz2 − ν(σx σy + σx σz + σy σz ) + 2G
(τxy
+ τxz
+ τyz
)
• Strain-energy for special case (page 675) – Axial loading: U =
R L T2
U = 0 2EI
dx
p

P 2L
,
2AE

Bending: U =

M2
dx,
0 2EI

RL

• Work of single load (page 696) – force: U = 12 P1 x1 , moment: U = 12 M1 θ1 , torque: U =
• Work of two loads (page 709) – U = 12 (α11 P12 + 2α12 P1 P2 + α22 P22 )
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Pn

Pn

• Work of n loads – U = 12 i=1 k=1 αik Pi Pk
∂U
• Castigliano’s theorem (page 711) – displacement (deﬂection): xj = ∂P
, angle (slope): θj =
j
R
L M ∂M
∂U
• Deﬂections by Castigliano’s theorem (page 712) – xj = ∂Pj = 0 2EI ∂Pj dx.
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Review Problems
Problem 1:
Knowing that the torsional spring at B is of constant K and that the bar AB is rigid, determine the critical load
Pcr .

Figure 1

Solution 1
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Problem 2:
Two rigid bars AC and BC are connected as shown to a spring of constant k. Knowing that the spring can act
in either tension or compression, determine the critical load Pcr for the system.

Figure 2

Solution 2
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Problem 3:
A frame consists of four L-shaped members connected by four torsional springs, each of constant K. Knowing
that equal loads P are applied at points A and D as shown, determine the critical value Pcr of the loads applied
to the frame.

Figure 3

Solution 3
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Problem 4:
Determine (a) the critical load for the steel strut, (b) the dimension d for which the aluminum strut will have the
same critical load. (c) Express the weight of the aluminum strut as a percent of the weight of the steel strut.

Figure 4
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Solution 4
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Problem 5:
Knowing that a factor of safety of 2.6 is required, determine the largest load P that can be applied to the structure
shown. Use E = 200 GPa and consider only buckling in the plane of the structure.

Figure 5

Solution 5
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Problem 6:
A 30-in. length of aluminum pipe of cross-sectional area 1.85 in2 is welded to a fixed support A and to a rigid cap
B. The steel rod EF , of 0.75-in. diameter, is welded to cap B. Knowing that the modulus of elasticity is 29 × 106
psi for the steel and 10.6 × 106 psi for the aluminum, determine (a) the total strain energy of the system when
P = 10 kips, (b) the corresponding strain-energy density of the pipe CD and in the rod EF .

Figure 6

Solution 6
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Problem 7:
In the truss shown, all members are made of the same material and have the uniform cross-sectional area indicated. Determine the strain energy of the truss when the load P is applied.

Figure 7

Solution 7
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Problem 8:
The ship at A has just started to drill for oil on the ocean ﬂoor at a depth of 5000 ft. The steel drill pipe has an outer
diameter of 8 in. and a uniform wall thickness of 0.5 in. Knowing that the top of the drill pipe rotates through
two complete revolutions before the drill bit at B starts to operate and using G = 11.2 × 106 psi, determine the
maximum strain energy acquired by the drill pipe.

Figure 8

Solution 8
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Problem 9:
The thin-walled hollow cylindrical member AB has a noncircular cross section of nonuniform thickness. Using
T
the expression given in book Eq. (3.53) τ = 2ta
, and the expression for the strain-energy density given in book
Eq. (11.19) u =

τ2
,
2G

show that the angle of twist of member AB is

where ds is an element of the center line of the wall cross section and A is the area enclosed by that center line.

Figure 9

Solution 9
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Problem 10:
For the prismatic beam shown, determine the slope at point B.

Figure 10

Solution 10
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Problem 11:
Knowing that the eight members of the indeterminate truss shown have the same uniform cross-sectional area,
determine the force in member AB.

Figure 11
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Solution 11
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