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Abstract
To control Medicaid�s expenditure on prescription drugs, 1990 legis-

lation established a rebate program guaranteeing Medicaid a rebate on
each unit purchased by Medicaid consumers. The rebate is the di¤er-
ence between the minimum price and the average manufacturer price
(minimum price rule) or a proportion of the average manufacturer price
(average price rule). We characterize the optimal pricing strategy of a
third-degree price discriminating monopolist under these rules. Under
the minimum price rule, the minimum price gross of rebate always in-
creases whereas prices gross of rebate in at least some of the markets
always decrease. In contrast, under the average price rule, these prices
may move in the same direction in all markets, with all increasing in
some circumstances and all decreasing in others. We also examine the
e¤ects of such provisions on social welfare. We analyze a modi�ed ver-
sion of our minimum price rule model suitable for applications beyond
Medicaid.
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1 Introduction

Medicaid is a U.S. government program to pay for health-care services for
some low-income families and individuals. It is funded jointly by the federal
and state governments. Growing concern over the rapid increase in Medicaid�s
spending for outpatient prescription drugs led to the enactment of the Med-
icaid rebate program in 1990. This rebate program, established by the Om-
nibus Budget Reconciliation Act of 1990, requires drug manufacturers to o¤er
rebates to Medicaid based on the discounts o¤ered to other large purchasers.
This is a form of �most favored customer�(MFC) clause. In particular, Med-
icaid collects a rebate on each unit purchased by Medicaid participants. The
unit rebate is calculated as the di¤erence between the minimum price and the
quantity-weighted average price (minimum price rule), or a fraction1 of the
quantity-weighted average price (average price rule), whichever is higher.
As Medicaid participants constitute a signi�cant fraction of the whole mar-

ket,2 the Medicaid rebate program provides drug manufacturers with a strate-
gic incentive to alter their price distribution in the market. We analyze a model
in which a monopolist optimally determines her pricing strategy, subject to
minimum or average price rules. We examine these two types of MFC clauses
separately. More speci�cally, we are interested in examining their e¤ect on
pricing when the monopolist practices third degree price discrimination across
markets and a fraction of consumers in each market is covered by Medicaid.
As Medicaid consumers do not pay for their drugs directly,3 we allow for their
demand to be less price sensitive than that of non-Medicaid purchasers. We
also examine how these rebates a¤ect social welfare.
Although the rebate program seems to have succeeded in lowering Medic-

aid�s in�ation-adjusted drug expenditures (Congressional Budget O¢ ce, 1996),
its overall e¤ects are complex. The savings to Medicaid, if any, would not gen-
erally be the same as those calculated without taking into account the change
in optimal pricing strategy. Non-Medicaid purchasers are also a¤ected by the
rebate rule. For example, Duggan and Scott Morton (2006) estimate that for
the top 200 drug treatments, the average price of a non-Medicaid prescription
would have been 13.3 percent lower in 2002 if the Medicaid MFC clause had

1As of 2006, this fraction was 15.1% for branded drugs. See Hearne (2006).
2Estimates suggests a Medicaid market share around 15% as of 2006 (Jacobson et al.,

2007). Moreover, the healthcare reform legislation passed in 2010 is expected to result in
signi�cant expansion of Medicaid enrollment beginning in 2014 (Holahan and Headen, 2010).

3In some states, however, they do have small co-payments (Hearne, 2006). Furthermore,
their purchases may be in�uenced by physicians and others (including those running state
drug formularies).
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not been in e¤ect. The rebate rule also a¤ects drug manufacturers�pro�t ad-
versely. Thus the aggregate welfare e¤ects of this cost-saving mechanism are
not obvious.
What do we �nd? A quick preview of some of our results follows. Our

analysis of the minimum price rule is done with two markets. Under this
rule, the minimum price charged always rises compared to the no regulation
case. In contrast, the maximum price will (weakly) fall. The maximum price
will remain unchanged if the demand function of a Medicaid participant in a
market is the same as that of a non-Medicaid consumer. The welfare e¤ect
may be good or bad. A useful su¢ cient condition for the minimum price rule
to be welfare improving is that it result in higher aggregate quantity.
Under the average price rule, all market prices move in the same direction

if either Medicaid demand is su¢ ciently price insensitive or Medicaid demand
is nearly the same as non-medicaid consumers�demand. In the former case,
prices decrease, while in the latter, prices rise. As with the minimum price
rule, the welfare e¤ect of the average price rule is ambiguous in general. When
prices in all markets fall, both welfare and aggregate quantity increase, while
if all prices increase this is welfare and quantity decreasing.
Though the motivation for this paper mainly comes from the MFC clauses

that are featured in the Medicaid reimbursement policy, a broad class of con-
tractual problems features similar MFC clauses, especially in the form of min-
imum price rules.4 Modeling applications of minimum price rules in a more
general context requires a modi�ed formulation. Though Medicaid collects
a rebate from the sale price on each unit purchased by a Medicaid-covered
consumer, the amount of rebate is not known at the time of purchase. The
rebate is calculated only later, once the total Medicaid purchases, as well as
the relevant minimum and quantity-weighted average prices are known. Fur-
thermore, the rebate is paid by the manufacturer directly to Medicaid, and is
essentially invisible to consumers. Therefore, the e¤ective demand by Medic-
aid consumers is likely to be based on the pre-rebate market prices. In other
applications of minimum price rules, MFCs are often aware of the minimum
price at the time of purchase or more directly involved in the rebate process.
To facilitate this wider application, we also analyze a rebate-responsive ver-
sion of the minimum price rule in which MFC demand is directly a¤ected by
the price net of rebate (i.e., the minimum price). We �nd that our results on
pricing and welfare in the context of Medicaid also hold true qualitatively with

4For example, external referencing policy in drug pricing in the context of Europe (see
Heuer et al., 2007, Garcia Mariñoso et al., 2010), agreements between health care providers
and health practitioners (see Martin, 2000), or long term trading contracts with price pro-
tection, such as natural gas contracts (see Crocker and Lyon, 1994).
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this alternative version of the minimum price rule.
Understanding the e¤ects of these regulations is not simply of interest for

evaluation of Medicaid policy, but is also important as a guide to future regu-
lation. For example, recently there has been debate about the appropriate reg-
ulatory regime to govern drug purchases and reimbursement under Medicare,
the US government program of health insurance for the elderly (Jacobson et
al., 2007).

1.1 Related Literature

The literature related to the Medicaid rebate program and its rebate rules has
been primarily empirical. The only theoretical models of monopoly behavior
under these rules that we know of are in the brief theory sections of Scott
Morton (1997a) and Congressional Budget O¢ ce (1996). The seminal Scott
Morton (1997a) is closely related to and an important motivation for our
analysis. We borrow the third degree price discrimination structure and the
possibility that Medicaid consumers�demand may be less elastic than other
consumers�demand from her model, but there are a number of key di¤erences
in our formulation and treatment of the problem.
First, we do not limit our analysis to the case of linear market demand

curves �we allow general downward sloping, continuously di¤erentiable de-
mands. Nor do we limit ourselves to polar cases in terms of price sensitivity
for Medicaid consumers�demand �we allow for all convex combinations of an
inelastic portion with a portion identical to that of non-Medicaid consumers.
Second, we analyze how these MFC clauses could a¤ect social welfare, an

aspect not studied in Scott Morton (1997a, 1997b) or Congressional Budget
O¢ ce (1996). Third, we �nd conditions under which non-MFC prices in all
markets increase when an average price rule is imposed and also conditions
under which these prices decrease in all markets as a result of an average price
rule.
Finally, in our formulation of minimum and average price rules, we assume

that the e¤ective demand of Medicaid consumers is based on the pre-rebate
prices, motivated by the fact that the amount of the rebate is neither de-
termined at the time of purchase nor does the ultimate rebate involve any
party except the manufacturer and Medicaid. In contrast, Scott Morton as-
sumes that the demand of Medicaid consumers is a function of the post-rebate
price. This is most related to our alternative minimum price rule formula-
tion, in which we also assume MFC demand depends on post-rebate prices. In
comparing this formulation to Scott Morton, in addition to the �rst two dif-
ferences pointed out above, we note that we provide a full characterization of
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the solution, and, even in the special case of linear demand, this solution only
coincides with that in Scott Morton (1997a) under additional and restrictive
assumptions.
The welfare aspect of our work has close connections with the literature on

the welfare e¤ects of third degree price discrimination by a monopolist. The
e¤ect of price discrimination on social welfare was �rst studied by Robinson
(1933). Schmalensee (1981) reexamined the problem, and provided a su¢ cient
condition for welfare to decrease under uniform pricing as compared to third
degree price discrimination. He shows that uniform pricing can lead to a
decrease in welfare only if it leads to an decrease in aggregate demand. As
stated above, we show a similar result for the minimum price rule �imposition
of this rule can lead to a decrease in welfare only if it leads to a decrease in
aggregate demand. Varian (1985) extends Schmalensee�s results and proves
additional results in a setting where demand in any market can depend on
prices in other markets and marginal cost is constant or increasing.5 Varian�s
(1985) techniques prove useful in our welfare analysis of the minimum price
rule.
Concerning the welfare e¤ects of an average price rule, the closest work is

Armstrong and Vickers (1991), which analyzes (see their case 2) the welfare
e¤ect of a somewhat related price regulation. They use a convexity property
of the consumer surplus function to establish that consumer surplus decreases
when moving from a given uniform price across all markets to price discrimi-
nation with a constraint that quantity weighted average price is at most the
given uniform price. Moreover, when the negative e¤ect of price discrimination
on consumer surplus is su¢ ciently small, they show the increase in producer�s
surplus dominates the loss in consumers�surplus, and therefore, aggregate wel-
fare increases if the producer is allowed to price discriminate to a small extent.
Unfortunately, the bene�ts of this convexity property of the consumer surplus
function are largely limited to circumstances where one of the benchmark pric-
ing schemes is uniform. As neither unconstrained prices nor prices under an
average price rule are generally uniform, we are not able to bene�t from their
techniques.
The empirical work on the Medicaid rebate program includes two United

States General Accounting O¢ ce (GAO) studies (1991, 1993), a Congressional
Budget O¢ ce report (1996), Scott Morton (1997a, 1997b) and Duggan and
Scott Morton (2006). All of these papers �nd some evidence of post-rebate rule

5Schwartz (1990) extends Varian�s analysis to the case of decreasing marginal cost func-
tions. Cowan (2007) and Cowan and Vickers (2007) obtain additional welfare results by
imposing functional form restrictions on demand.
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increases in drug prices for non-Medicaid buyers. Especially notable is Scott
Morton (1997b)�s �nding that products with higher ex-ante price dispersion
show a greater increase in price when the rebate rule is in e¤ect, consistent
with the theory.
Rules like the minimum price rule have been studied in a number of other

contexts. The impact of similar MFC clauses in oligopoly settings has been
studied extensively in the theoretical literature. Most of the research explores
the situation where the sellers strategically exploit the clause to soften price
competition.6 Spier (2003a, 2003b) studies uses of MFC clauses in settlement
of litigation. The use of a minimum price rule with long term contracts has
been studied by Butz (1990) in the context of durable goods monopoly. In
his analysis, this rule is used as a strategic device by the monopolist in its
intertemporal game with consumers to change consumer demand by changing
beliefs about future prices. Thus even in the monopoly context, the emphasis
has been on strategic e¤ects. Our analysis di¤ers substantially from those
mentioned in this paragraph because our focus is on the unilateral/own-price
e¤ects of such clauses rather than the strategic e¤ects operating through com-
petitor or consumer reaction. In particular, none of our pricing or welfare
results may be derived from this literature.
Our analysis of the rebate-responsive minimum price rule is related to the

literature on the theory of pricing with external referencing and with parallel
imports. Applications are common in the context of drug pricing in Europe
and in North America (see Garcia Mariñoso et al., 2010, Pecorino, 2002, and
Jelovac and Bordoy, 2005). In external referencing, a product�s price in one
market (call it the target price) is required to be below a function of the price
of the same product in another market (call it the reference price). An example
would be one country requiring that a drug be no more expensive than in a
neighboring country. Parallel imports refers to allowing the importation of a
product that may also be produced domestically. This leads to an indirect link
between the target price and the reference price. If a country imports, then
the domestic price is e¤ectively bounded by the foreign price plus the cost of
importing. Among the �ndings of this literature is that external referencing or
parallel imports may lead to an increase in the reference price. In the context
of a rebate-responsive minimum price rule, considering the minimum price as
the reference price and the MFC price as the target price, we show a similar
result.

6See, for example, Besanko and Lyon (1993), Cooper (1986), Cooper and Fries (1991),
Neilson and Winter (1992, 1993, 1994), Png (1991), Png and Hershleifer (1987), and Salop
(1986).
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This paper is organized as follows. In section 2, we describe the general
model and specify the monopolist�s objective function under the two rules. In
section 3, we examine the monopolist�s problem without an MFC clause. In
section 4, we solve the optimization problem under the minimum price rule and
examine its welfare implications. Section 5 carries out a similar investigation
for the average price rule. In section 6, we present the analysis of the rebate-
responsive form of the minimum price rule and a discussion of the possibility
that any of these rebate rules might lead the monopolist to drop a market.
Section 7 concludes. Proofs not included in the main text are collected in an
Appendix.

2 The Model

Consider a monopolist selling a single good in n di¤erent markets, indexed
by i. We assume that the monopolist cannot discriminate between consumers
within a market, but it can prevent arbitrage by consumers across markets.
The presence of a MFC provision divides consumers in each market into two
categories: MFCs and non-MFCs. If all consumers in market i were non-MFCs,
the demand function in market i would be given by a downward sloping, non-
negative, continuously di¤erentiable demand curve, qi(pi), for the product,
where pi is the price charged in market i.
In the context of Medicaid, MFCs�price sensitivity may be di¤erent from

non-MFCs�price sensitivity, as Medicaid consumers do not pay for their drugs
directly. Their purchases, however, may be in�uenced by physicians and others
(including those running drug formularies in some states) as well as possible
co-payments. Overall, the literature suggests viewing Medicaid demand as
less (and, at worst, equally) price sensitive compared to non-Medicaid demand
(see e.g., Congressional Budget O¢ ce, 1996, Scott Morton, 1997a, Danzon and
Towse, 2003). To incorporate various possibilities, we describe MFC demand
as follows: If all consumers in market i were MFCs, the demand function in
market i would be given by (1� �) qi (pi) + �zi, for constants zi > 0 and
� 2 [0; 1], where pi is the price charged in market i.
The constant � measures how price insensitive MFC demand is, compared

to non-MFC demand. Speci�cally, the price elasticity of non-MFC demand in
market i is piq

0
i(pi)

qi(pi)
, while for MFC demand in market i it is (1��)piq0i(pi)

(1��)qi(pi)+�zi =
piq

0
i(pi)

qi(pi)+
�

1�� zi
when � < 1. Thus, as � increases, the MFCs become less price

elastic compared to non-MFC consumers. This functional form is a convenient
and tractable way to capture the assumption that MFC demand is at most as
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elastic as non-MFC demand, while allowing the non-MFC demand to be quite
general.
For simplicity, we assume that the fraction of MFCs in each market is the

same and we denote this fraction by  2 [0; 1].7 Therefore, total demand in
market i is given by

(1� ) qi (pi) +  ((1� �) qi (pi) + �zi)
= (1� �) qi (pi) + �zi. (2.1)

Again for simplicity, we consider a linear cost function C(q) = cq. We also
assume there are gains from trade in all markets, i.e., qi(c) > 0. Without any
MFC provision, the monopolist�s total pro�t can be written as

nP
i=1

(pi � c) ((1� �) qi (pi) + �zi) . (2.2)

Within this model of third-degree price discrimination, we analyze the con-
sequences of MFC clauses. In particular, the MFC clauses related to Medicaid
each involve a rebate, which we denote by r, on each unit purchased for a
Medicaid-covered consumer. For practical reasons, the rebate amount is cal-
culated only retrospectively, once the Medicaid purchases are known, and is
paid directly from the manufacturer to Medicaid.8 Thus, the rebate amount
is essentially invisible to consumers at the time of purchase. We will assume,
therefore, that demand from MFCs is una¤ected by the rebate amount.9 To
avoid confusion between prices gross and net of rebate, we refer to the (gross of
rebate) prices, pi, as market prices while the (net of rebate) prices that Med-
icaid pays for each unit purchased by MFCs in market i, pi� r, are referred to
as post-rebate prices. With an MFC clause in e¤ect, the monopolist will take

7If the monopolist were able to additionally price discriminate based on insurance plan,
thus sub-dividing the markets as de�ned here, one might expect  to vary across these new
�markets�and would want to modify our analysis to allow a di¤erent i for each market.

8See e.g., Congressional Budget O¢ ce report (1996) and Scott Morton (1997a, 1997b).
9While we think this is the most appropriate model for the Medicaid application, in a

later section we also consider a general version of the minimum price provision rule where
MFCs�demand is a¤ected by the post-rebate price (i.e., the price ultimately paid). The
latter model may be more relevant for other applications.
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the rebate into account and chooses market prices to maximize

nP
i=1

(pi � c) ((1� �) qi (pi) + �zi) (2.3)

�r
nP
i=1

((1� �) qi (pi) + �zi)

=
nP
i=1

(pi � r � c) ((1� �) qi (pi) + �zi) + r(1� )
nP
i=1

qi (pi) .

Notice that  and � a¤ect the monopolist�s problem under an MFC clause
in distinct ways �although each results in demand (1� �) qi (pi) + �zi in
each market becoming less price sensitive (increasing the fraction of consumers
having less price sensitive demand has the same impact on market demand as
making the demand of each of the less price sensitive consumers even less
elastic), only  determines the demand not subject to rebates, (1 � )qi (pi).
This is why it is meaningful to distinguish the two, whereas it would not be
in a setting without an MFC clause, where only total demand would matter.
There are two di¤erent rules that Medicaid uses to calculate the per unit

rebate: the minimum price rule and the average price rule. We study them
separately.
Under the minimum price rule, Medicaid claims the di¤erence between pq,

the quantity weighted average market price, and pmin � min (p1; : : : ; pn), the
minimum price charged in any market:

r = pq � pmin. (2.4)

Under the average price rule, Medicaid claims a fraction � 2 [0; 1] of the
quantity weighted average market price.10 So,

r = �pq where pq =

Pn
i=1 pi ((1� �) qi (pi) + �zi)Pn
i=1 ((1� �) qi (pi) + �zi)

. (2.5)

We will assume throughout our analysis that all n markets are served
whether or not the MFC provisions are imposed. To this end we impose
the following:

Assumption 1 The demand functions qi are positive for every market i at the
monopolist�s optimal market prices for the problem without an MFC provision,

10As of 2006, when discounting average price, Medicaid uses � = 0:151 for branded drugs
and � = 0:11 for generic drugs (Hearne, 2006).
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the problem with the minimum price rule and the problem with the average price
rule.

The above assumption simpli�es our analysis by ruling out those situations
where an MFC provision might lead the �rm to drop some markets that it
would serve in the absence of regulation. In general, for example, choosing
not to serve a relatively small market that had the lowest price without the
minimum price rule could be pro�table under the minimum price rule because
of its e¤ect on the rebate. While a complete analysis of the possibility of
dropping markets is beyond the scope of this paper, section 6.2 discusses some
�ndings on pricing and welfare when Assumption 1 is relaxed.
We also assume that demand in each market is such that pro�t in that

market (assuming no MFC clause) is a strictly concave function of price in
that market whenever demand is positive. This assumption ensures that the
unique solution of the monopolist�s pro�t maximization problem without an
MFC provision may be found by solving the �rst-order conditions. Formally,
the following is assumed for the remainder of the paper:

Assumption 2 For each market i, (pi�c)qi (pi) is strictly concave in pi when-
ever qi (pi) > 0.

Additional assumptions will be needed to support the �rst-order approach
under the minimum and average price rules. We defer discussion of those to
the sections on these respective rules.
In addition to the pricing implications of the MFC clauses, we are in-

terested in the social welfare e¤ects. To measure these, we use the classical
Marshallian welfare criterion, consumers� surplus plus producers� surplus.11

Since we allow for the possibility that MFC demand may have an inelastic
component, zi, consumer surplus for these consumers is technically in�nite,
rendering Marshallian welfare insensitive to changes in market prices. This
is no more than a technicality for our purposes, however, as it can easily be
remedied in a way that does not bias the results and simply removes the in�ni-
ties from the analysis by assuming MFC demand is zero when market prices
become high enough.12 More speci�cally, assume there is a non-binding �nite
upper bound on market prices, M , such that demand in all markets is zero at

11See Schmalensee (1981) and Varian (1985) for discussions on the legitimacy of this
measure.
12This is just the simplest way of getting �nite consumer surplus. Any MFC demand that

doesn�t decline below �zi until price is above the price that chokes o¤ non-MFC demand,
q�1i (0), and that has a �nite area under the demand curve as price rises from q�1i (0) to
in�nity leads to the same results.
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prices above M . This is equivalent to saying that the inelastic component of
demand isn�t really perfectly inelastic, but rather is inelastic until price hits
M , and zero thereafter. For any price vector P = (p1; : : : ; pn) and associated
demand x (P ) = (x1 (p1) ; : : : ; xn (pn)), the Marshallian welfare measure will
thus be given by

W (P ) �
nX
i=1

"
(pi � c)xi (pi) +

Z M

pi

xi (v) dv

#
(2.6)

As we will be interested in the changes in welfare brought about by the various
MFC clauses and not absolute welfare levels, any non-binding, �niteM yields
the same pricing and welfare results.
One consequence of adopting this welfare criterion is that the rebate funds

collected do not enter into the measure of welfare directly because they are a
pure transfer from the monopolist to consumers/Medicaid. Any welfare e¤ect
of such a policy will operate only through the change in prices it generates. If
instead, as is sometimes assumed in the optimal regulation and public �nance
literatures, there were a greater weight placed on consumer surplus compared
to producer surplus, then rebates would have a direct welfare value as well.
Though we will not analyze this possibility at length, we note that the su¢ -
cient conditions derived below for welfare to increase remain su¢ cient when
consumer surplus is overweighted. However, even in the extreme case when
no weight is given to producer surplus so that the rebate amount is treated as
pure consumer surplus gain, we can show through examples that the pricing
reaction of the monopolist may be strong enough to turn consumer surplus
negative. Thus, just as we will demonstrate is the case for the Marshallian
welfare criterion, MFC clauses may be good or bad for consumer surplus.
We do not explicitly consider at least two characteristics of the actual Med-

icaid rebate policy. First, participation in the Medicaid rebate program on the
part of drug manufacturers is voluntary in the following sense: a manufac-
turer could choose not to enroll drugs in the rebate program in exchange for
giving up coverage for them under Medicaid, e¤ectively eliminating sales to
Medicaid-covered consumers. This could be modeled by including a participa-
tion constraint (i.e., that pro�ts under the rebate program should be at least
as high as pro�ts without rebates when no Medicaid consumers are served).
In practice, it appears that this constraint is not binding. Nearly all branded
and generic drug manufacturers enrolled when the rebate program was intro-
duced (Scott Morton, 1997a). Furthermore, in our model, it can be shown
that this participation constraint is trivially satis�ed when Medicaid demand
has almost no inelastic component (i.e., � is close to 0). For higher values of
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�, the constraint can be shown to be satis�ed under a restriction on the range
of relative values of the inelastic component of Medicaid demand as it varies
across markets (i.e., the range of ratios of the zi�s).
Second, the actual Medicaid rebate (at least for branded drugs) is calcu-

lated as the rebate from the average price rule, or the rebate from the minimum
price rule, whichever is higher. We analyze the two rebate forms separately.
It is clear that these separate analyses can still give much insight into the
combined problem. If at the optimal solution to the combined problem, only
one of the two clauses, but not both, is binding, the solution will be exactly
either the solution to the minimum price rule problem or the solution to the
average price rule problem and our analysis may be directly applied. If at the
optimal solution, however, both clauses are simultaneously binding, then the
solution to the combined problem may di¤er from the optimal solutions ob-
tained through our separate analyses. Ideally we would have liked to analyze
this case as well, however it appears to us to be quite intractable. Furthermore,
we have been unable to locate evidence that would suggest the dual-binding
case occurs in practice.
As a �nal remark on the model, note that, in common with the literature on

third-degree price discrimination and its welfare e¤ects, we describe consumer
behavior using demand functions as the primitive and imposing restrictions
directly on these functions. Nonetheless, it is worthwhile to brie�y investigate
the utility foundations of the demand functions we assume. In particular, this
may help in further understanding the role of the parameter � in our model.
Since consumer surplus is an exact measure of aggregate consumer welfare
only in the absence of income e¤ects (see e.g., Varian, 1985), consider a quasi-
linear utility function for a non-MFC in market i, vi(q) + y, where y is the
numeraire and, for q > 0, vi is strictly increasing, concave and continuously
di¤erentiable. Given a price p, such an individual will demand qi(p) units
where qi(p) is determined by the equation v0i(qi(p)) = p whenever qi(p) > 0.
This is how a non-MFC�s demand function in market i could be derived from
utility maximizing behavior.
How about the behavior of an MFC in market i? Again, assume a quasi-

linear utility function, ui(q) + y with ui, for q > 0, strictly increasing, concave
and continuously di¤erentiable. If

u
0

i((1� �)qi(p) + �zi) = p (2.7)

whenever qi(p) > 0 then demand for such a consumer will be exactly (1 �
�)qi(p) + �zi as long as the price p is not so high that qi(p) = 0. Under
Assumption 1, it is never optimal for the monopolist to set prices so high,
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and thus equation (2.7) fully determines MFC demand. We have in mind that
ui is an induced utility, re�ecting some combination of the inherent marginal
bene�t of consuming the product with the e¤ective lowering of marginal cost
due to Medicaid coverage. The parameter � functions as a rough index of
the way this nets out �for all quantities q < zi, the marginal utility at that
quantity for MFCs is higher than the corresponding marginal utility for a non-
MFC individual, and this di¤erence is increasing in �. In other words, as the
impact, as indexed by �, of Medicaid coverage increases, marginal utility of
consuming the drug increases compared to the marginal utility of a non-MFC
in a way that translates into decreased price sensitivity of the MFCs.

3 The Benchmark Case: No MFC Provision

As a point of comparison, it is useful to begin our analysis by looking at the
pro�t maximization problem for the monopolist when there is no MFC clause.
Without one, the monopolist receives revenue pi for each unit sold in market i,
irrespective of the split between MFCs and non-MFCs within the market. The
monopolist therefore chooses prices to maximize pro�ts as de�ned in (2.2). We
call this the unconstrained problem.
Let pmi denote the optimal monopoly price in market i. Given our assump-

tions, pmi is the unique solution to the equation

(1� �) (p� c)q0i(p) + (1� �) qi (p) + �zi = 0. (3.1)

With no MFC clause, the social welfare is therefore given as

nX
i=1

"
(pmi � c) ((1� �) qi (pmi ) + �zi) +

Z M

pmi

((1� �) qi (v) + �zi) dv
#
.

As it is convenient, without loss of generality, we henceforth assume pm1 <
pm2 < : : : < p

m
n .
13 It will also be helpful to denote the uniform monopoly price

(i.e., the pro�t maximizing price under the constraint that the same price must

13If this is strictly violated, simply reindex the markets so that their numbering agrees with
the monopoly price induced order. In cases where there is equality in monopoly prices across
markets, a similar analysis can be carried out by �rst combining these markets into one. To
see this, let us consider a situation where pm1 < ::: < pmk = pmk+1 < ::: < p

m
n . If we de�ne a

market indexed by k0 by combining market k and market k+1 such that qk0 = qk+qk+1 and
zk0 = zk + zk+1, then pmk0 remains the same as p

m
k and pmk+1. This returns us to a situation

where strict inequality is maintainted among the optimal individual monopoly prices in each
of these markets.

13



be charged in each market) by pu, the unique solution to

nP
i=1

[(p� c) (1� �) q0i(p) + (1� �) qi(p) + �zi] = 0.

4 Minimum Price Rule

We now examine the minimum price rule problem. Under the minimum price
rule, combining (2.3) and (2.4), the monopolist chooses market prices to max-
imize

nP
i=1

(pi � c) ((1� �) qi (pi) + �zi) (4.1)

� (pq � pmin)
nP
i=1

((1� �) qi (pi) + �zi) .

Let bpi denote the market price charged in market i in the solution to
this problem. For simplicity and tractability of our results, we consider the
two market case (n = 2). We also assume the following strengthening of
Assumption 2:

Assumption 3 (4.1) is strictly concave in (p1; p2) whenever (q1 (p1) ; q2 (p2))�
0.

Just as Assumption 2 ensured that �rst-order conditions determined the
unique solution to the monopolist�s unconstrained problem, Assumption 3 does
the same for the minimum price rule problem. To see that this strength-
ens Assumption 2, notice that when p1 = p2, (4.1) reduces to

P2
i=1(pi �

c) ((1� �) qi (pi) + �zi), and thus Assumption 3 implies the strict concav-
ity of (pi � c)qi (pi).

4.1 Pricing Analysis

Our next result shows that the optimal price in market 1 will remain (weakly)
below the optimal price in market 2 after the minimum price rule is imposed.
The key to this is showing that the monopolist would always prefer to charge
a uniform price compared to a situation of charging a high price in the �rst
market and a low price in the second market.

Lemma 1 Suppose Assumptions 1 and 3 hold. Then bp1 � bp2.
14



With the aid of this lemma, we can describe the e¤ect of the minimum
price rule on prices.

Proposition 1 Suppose Assumptions 1 and 3 hold. If the minimum price
rule is imposed, the minimum market price increases and the maximum market
price decreases compared to the unconstrained case (i.e., bp1 � pm1 and bp2 �
pm2 ). When some but not all of the consumers are MFCs ( 2 (0; 1)), these
changes are strict. Further, the monopolist will charge a uniform price if and
only if

(pu � c) (1� �) q02 (pu) + ((1� �) q2 (pu) + �z2) (4.2)

�
 
1� 

P2
i=1 ((1� �) qi (pu) + �zi)P2

i=1 ((1� �) qi (pu) + �zi)

!
� 0.

In such a scenario, the optimal uniform price will be the uniform monopoly
price, pu.

The �rst part of the above proposition shows that the minimum price
rule raises the minimum market price but lowers the maximum market price.
The basic intuition for this is that the monopolist pays a rebate based on
the di¤erence between the minimum market price and the quantity weighted
average market price. The monopolist therefore, all else equal, prefers to set
prices so that the minimum market price is close to the quantity weighted
average market price. This force pushes the minimum market price up and
the maximum market price down. At an extreme, the two prices coincide and
the monopolist prefers to charge a uniform price. When this happens, the
rebate equals zero. Therefore, the only equal market price that can be optimal
for the monopolist to charge is the uniform monopoly price, pu.
The second part of the above proposition provides a necessary and su¢ cient

condition under which the monopolist prefers to charge a uniform price. The
condition has a simple interpretation � it says that, starting from uniform
monopoly prices (pu; pu), a marginal increase in p2 reduces the monopolist�s
pro�t (net of rebate) from sales in market 2. Alternatively, one could write
a similar condition examining a marginal decrease in p1. Part of the proof of
the proposition shows that it is enough to look at the change in only one of
the markets. When (4.2) fails, market prices may be found by replacing pmin
with p1 in (4.1) and setting the partial derivatives with respect to p1 and p2
equal to zero. This ensures that bp1 and bp2 exactly balance the marginal gain
in pro�t due to reduction in rebate with the marginal loss in pro�t because of
deviation from the unconstrained monopoly prices.
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4.2 Welfare Analysis

We start by describing a general result from Varian (1985) about change in
welfare. We apply the result in our setting to derive bounds on the change in
welfare resulting from the imposition of the minimum price rule.
Consider an m - good economy for any �nite m > 0. Let x (P) =

(x1 (p1) ; : : : ;xm (pm)) 2 Rm+ denote the vector of demands associated with
price vector P =(p1; : : : ; pm) 2 Rm+ . Assume that unit cost of production is
constant and equal for each good and let c = (c; : : : ; c) 2 Rm+ denote the vector
of production costs. The Marshallian welfare measure, as before, is de�ned as
the sum of consumers�surplus and producers�surplus.14

When changing from a price vector P0 2 Rm+ to a price vector P1 2 Rm+ ,
let 4x 2 Rm and 4W 2 R denote the vector of changes in demand and
the change in welfare respectively (i.e., 4x = x (P1) � x (P0) and 4W =
W (P1)�W (P0)).

Fact 1 (Varian 1985) The change in welfare, 4W , satis�es the following
bounds: �

P0 � c
�
� 4x � 4W �

�
P1 � c

�
� 4x

Proof. See the proof of Fact 2 in Varian (1985).
The next result uses Fact 1 and the solutions to the monopoly pricing

problems with and without the minimum price rule to obtain bounds on the
change in welfare resulting from this rule.

Proposition 2 Suppose Assumptions 1 and 3 hold. The change in welfare,
when moving from the unconstrained problem to a minimum price rule, satis�es
the following lower bound:

4W � (bp1 � c)4Q
where 4Q denotes the corresponding change in aggregate demand. Further-
more, if qi (p) is concave in p � 0 for i = 1; 2, then the change in welfare
satis�es the following upper bound:

(bp1 � c)4Q�4� + (1� �) (bp2 � bp1) (q2 (bp2)� q2 (pm2 )) � 4W
14In our formulation of social welfare, we consider a �nite upper bound in prices, given by

M , such that demand becomes zero at prices above M . In Varian (1985), there is no �nite
upper bound in prices (M =1) as he did not explicitly consider demand with an inelastic
portion. However, it can be shown easily that all the results on welfare bounds in Varian
(1985) go through with �nite M .
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where 4� denotes the corresponding change in the monopolist�s pro�t (exclud-
ing the rebate from the pro�t calculation).

The bounds in Proposition 2 use knowledge of only the realized change in
aggregate demand, 4Q, the minimum price, bp1, the manufacturing cost, c,
and the loss in pro�ts to the monopolist due to the minimum price rule, 4�,
to bound the change in welfare. As the monopolist can always do best when
pricing is unrestricted, 4� is never positive. Moreover, (1� �) (bp2 � bp1)
(q2 (bp2)� q2 (pm2 )) is always positive as bp1 � bp2 � pm2 . Thus the bounds are
always possible to satisfy.
It is interesting to note that even if costs (and thus pro�ts), for example,

are unobserved, the lower bound implies that welfare (and consumer surplus)
always increases when imposing the minimum price rule leads to an increase
in aggregate demand. Similarly, if aggregate demand is decreased, welfare
can decrease by no more than the decrease in aggregate demand valued at
the minimum price. Under concavity of the demand functions, the upper
bound implies that a large enough decrease in aggregate demand (4Q <
[4� � (1� �) (bp2 � bp1) (q2 (bp2)� q2 (pm2 ))] = (bp1 � c)) generates a decrease in
welfare.

5 Average Price Rule

We now analyze the average price rule. We allow for n markets here as, for
the average price rule, this additional generality comes at no cost and may be
helpful in applications. Under the average price rule, the monopolist chooses
prices to maximize

nP
i=1

(pi � c) ((1� �) qi (pi) + �zi)� �pq
nP
i=1

((1� �) qi (pi) + �zi) . (5.1)

Let bpi denote the optimal market price in market i after the average price
rule is imposed. Then bp = (bp1; bp2; : : : ; bpn) solves the �rst-order conditions:

d

dpi

�
nP
i=1

(pi � c) ((1� �) qi (pi) + �zi)
�

�� d
dpi

�
pq

nP
i=1

((1� �) qi (pi) + �zi)
�
= 0 , for i = 1; 2; : : : ; n. (5.2)

This says that optimal market prices under the average price rule equate the
marginal gain in pro�t due to reduction in total rebate paid with the marginal
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loss in pro�t due to deviation from the unconstrained monopoly prices. As in
our analysis of the minimum price rule, we strengthen Assumption 2 to ensure
that the �rst-order conditions determine a unique global optimum. To this
end, assume the following:

Assumption 4 (5.1) is globally concave in (p1; p2; : : : ; pn) whenever
(q1 (p1) ; : : : ; qn (pn))� 0.

5.1 Pricing Analysis

How do the market prices under the average price rule compare to those in
the unconstrained problem? Observe that at the solution of the unconstrained
problem, (pm1 ; : : : ; p

m
n ), the �rst term in (5.2) is equal to zero for all markets i.

Hence, the left-hand side of (5.2), computed at (pm1 ; : : : ; p
m
n ), reduces to

�� d
dpi

�
pq

nP
i=1

((1� �) qi (pi) + �zi)
�
jp=(pm1 ;:::;pmn ) . (5.3)

Therefore, the sign of this expression is the key to understanding whether
imposing the average price rule will raise or lower market prices.
The �rm�s only motive for moving prices away from the unconstrained

monopoly level is to reduce the rebates it has to pay. If, at unconstrained
market prices, raising prices increases the total rebate, (5.3) is negative, im-
plying that the average price rule will result in lower market prices. Similarly,
if raising prices decreases the total rebate, (5.3) is positive, implying that the
average price rule will result in higher market prices.
In general, either case is possible. However, the parameter �, governing how

much of MFC demand is inelastic, is very helpful in determining which case is
relevant. We show that when � takes extreme values, one can unambiguously
compare the market prices under the average price rule, bp, to the unconstrained
prices. When MFC demand is similar to that of other consumers (i.e., � low
enough), the average price rule will increase market prices. If, instead, MFC
demand is much closer to inelastic (i.e., � high enough), the average price rule
will decrease market prices. The following proposition formalizes this claim:

Proposition 3 Suppose Assumptions 1 and 4 hold. There exist � and �,
0 < � � � < 1, such that (i) for � < �, all market prices strictly increase
under the average price rule compared to the unconstrained case, and (ii) for
� > �, all market prices strictly decrease under the average price rule compared
to the unconstrained case.
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What is the intuition for the role of � in determining these e¤ects? Un-
der the average price rule, the total rebate paid is a fraction of the quantity
weighted average market price times the total MFC demand for the product.
The monopolist, all else equal, prefers to reduce the rebate it pays. Starting
at the solution of the unconstrained problem, an increase in market prices
generates two e¤ects on the total rebate. First, the quantity weighted average
price increases. Second, total MFC demand for the product falls. When �
takes values close to zero, i.e., when MFC demand is similar to that of other
consumers, the demand reduction e¤ect dominates and so by increasing prices
from the unconstrained monopoly level, the �rm can reduce the rebate it pays.
On the other hand, when � takes values close to one, i.e., when MFC demand
is almost inelastic, there is little demand reduction and the e¤ect on quantity
weighted average price dominates, leading the monopolist to reduce the rebate
by decreasing prices. Note that the boundaries of these regions, � and �, will
vary with the fraction of MFCs, , the �rm�s cost, c, the demand functions qi

and the total of the inelastic demand terms,
nP
i=1

zi. The determination of these

boundaries is described in the proof. For intermediate values of �, prices in
di¤erent markets may move in di¤erent directions.

5.2 Welfare Analysis

The change in social welfare engendered by the average price rule depends on
how it causes market prices to move. From Proposition 3, we know that for
� < �, all market prices increase, and move further away from the competitive
price (which is pi = c for all i). As a result, aggregate quantity falls and social
welfare decreases.15 Conversely, for � > �, all market prices decrease and
move toward the competitive price. As a result, aggregate quantity rises and
social welfare (and also consumer surplus) increases. This argument proves
the following result:

Proposition 4 Suppose Assumptions 1 and 4 hold. For � < �, social welfare
decreases when the average price rule is imposed and (ii) for � > �, social
welfare increases when the average price rule is imposed.

Thus, at least in the cases where all market prices move in the same direc-
tion, whether the policy is welfare improving is easy to detect by looking to
see if market prices fall.

15The e¤ect on consumers alone may be positive or negative, as the rebate may or may
not compensate for the price increase.
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6 Extensions

6.1 Rebate-responsive Minimum Price Rule

In our analysis, we have assumed that demand from Medicaid consumers (to
the extent that it is price-sensitive) is based on pre-rebate market prices. This
appears reasonable in the Medicaid context, especially because the rebates are
not transparent to consumers. However, as mentioned in the Introduction,
clauses similar to the minimum price rule appear in other contexts as well.
Often, the analogue to rebates in these applications are more immediate and
visible than under Medicaid.
For example, consider long term trading contracts with price protection,

such as natural gas contracts (see e.g. Crocker and Lyon, 1994). Sellers often
sign agreements with large buyers (or buyers with large sellers) to provide
the buyers (or sellers) with price protection over an extended time period.
Consider this as an n period problem, where demand may change from period
to period. A section of buyers, treated as most favored customers, will be
paying the minimum price that prevails over the n periods. However, the seller
is allowed to charge di¤erent prices in di¤erent periods to other customers. As
long as it is not possible to substitute demand in one period for demand in
another, we can treat these n di¤erent periods as n di¤erent markets with
distinct demand curves. If the section of most favored customers remains a
�xed fraction of the total consumers in every market, this formulation will
directly �t our model.
As another example, consider a consumer electronics manufacturer who

sells her product in di¤erent locations through retailers. Retailers di¤er in
their bargaining power, depending on the size and elasticity of their individual
markets. Assuming a high level of search cost, this would typically result in
high dispersion in retail prices. Now consider an exogenous mechanism that
can reduce the search cost for a section of consumers. For example, with
the growth of web based transactions, almost every retailer now maintains a
web site that allows online purchase of electronics. Not everybody can easily
access or feels comfortable using that market, but for those who do, search
cost is reduced to a large extent. Assuming that the fraction of consumers
who may exercise the online purchasing option remains relatively constant
across di¤erent markets, this implies that a section of consumers from every
market now pay the minimum price (ignoring di¤erences in retailer service
provision and return policies).
What is important from a theoretical perspective is that the long term

trading agreements or exogenous shifts in location of consumers create a cross-
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market e¤ect among the individual market prices in the monopolist�s objective
function. In each market, a fraction of the consumers is now paying a price
that is the minimum of the prices charged in other markets. Thus, to ex-
pand the scope of application, and also as a robustness check on our Medicaid
analysis, this section presents and analyzes the minimum price rule under the
assumption that the prices relevant to MFC demand are the post-rebate (i.e.,
minimum) prices.
Under this rebate-responsive minimum price rule, MFCs in market i re-

ceive a rebate r, which is the di¤erence between the market price, pi, and the
minimum price, pmin. The post-rebate price for MFCs in market i, is therefore
given by

pi � r = pi � (pi � pmin) = pmin.
Unlike what we assumed earlier, MFC demand depends on the post-rebate

price, pi� r. The monopolist therefore chooses market prices, pi, to maximize

(1� )
nP
i=1

(pi � c) qi (pi)

+
nP
i=1

((pi � r)� c) ((1� �) qi (pi � r) + �zi)

= (1� )
nP
i=1

(pi � c) qi (pi) (6.1)

+
nP
i=1

(pmin � c) ((1� �) qi (pmin) + �zi) .

6.1.1 Pricing Analysis

We de�ne epi as the optimal monopoly price if facing only the non-MFCs in
market i. Without loss of generality and because it will prove convenient, we
order the markets so that ep1 < ep2 < : : : < epn: Note that this ordering of
the markets is on the basis of the optimal monopoly prices when facing the
non-MFCs only, and that this is di¤erent from the way we ordered markets in
the previous sections. Here, epi solves

(p� c)q0i(p) + qi(p) = 0:

The following condition is useful in characterizing the optimal prices:

�

nX
i=1

zi + (1� �)
nX
i=1

[(epn � c)q0i(epn) + qi(epn)] � 0: (Condition U)
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If the same price is being charged in all markets, the left-hand side of Con-
dition U is the derivative of the pro�t function with respect to price evaluated
at a price of epn. Therefore, given strict concavity, Condition U is necessary and
su¢ cient for the optimal uniform price to be above epn. Note that, by de�ni-
tion, (epn�c)q0n(epn)+qn(epn) is zero, whereas, by concavity, (epn�c)q0i(epn)+qi(epn)
is negative for any other i. The next result describes the optimal solution and
shows that Condition U determines whether this solution involves uniform
pricing.

Proposition 5 Suppose Assumptions 1 and 2 hold. If Condition U is violated,
the solution of the pro�t maximization problem under the rebate-responsive
minimum price rule is of the form

(bp; : : : ; bp| {z }
k times

; epk+1; : : : ; epn)
where bp 2 [epk; epk+1) and k 2 f1; 2; : : : ; n� 1g. If Condition U holds, the
solution will be of the form (bp; : : : ; bp| {z }

n times

) (i.e., uniform pricing) where bp � epn.
Several comments are in order. First, note that Assumption 2 is enough

to guarantee strict concavity of the pro�t function in the minimum market
price and the validity of the �rst-order approach, unlike in our earlier mini-
mum price rule analysis. The reason for this is that, since the minimum price
(post-rebate price) rather than the market price a¤ects MFC demand, the ex-
pressions involving prices in the objective function (6.1) are either linear in
price (the inelastic part) or in the form of a standard pro�t function addressed
by Assumption 2.
Second, under rebate-responsiveness, the minimum price may be charged

in more than one market, even though distinct prices would be charged in each
market in the absence of the minimum price rule.16 Furthermore, the analysis
of n markets with the rebate-responsive minimum price rule turns out to be no
more messy or di¢ cult than the two market case, which was less true without
rebate-responsiveness and led to our choice to present only the two market
case in our earlier analysis.

16This point is germane to the relation with Scott Morton�s (1997a) analysis of minimum
price provision. Her model corresponds to the rebate-responsive minimum price rule as-
suming linear demand and � = 0 or � = 1. Comparing our result under those assumptions
to her solution, we see that Scott Morton (1997a) must be implicitly assuming that the
minimum price is charged in only one market (i.e., k = 1 in our proposition).
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Finally, as was true without rebate-responsiveness, market prices may de-
crease in some of the markets under the minimum price rule compared to the
unconstrained case. In those markets where the minimum price is not charged
under the rule, the monopolist will optimally charge the monopoly price as if
demand in that market came only from non-MFCs. In those markets, before
the rule was imposed, the optimal market price was higher (with equality if
� = 0) than the optimal monopoly price based on only the non-MFC section.
Therefore, these prices decrease under the rebate-responsive minimum price
rule. However, as was true without rebate-responsiveness, prices cannot fall in
all markets. In particular, the minimum market price charged under the rule
will always be higher than the minimum market price under unconstrained
price discrimination. Formally:

Proposition 6 Suppose Assumptions 1 and 2 hold. The minimum market
price increases under the rebate-responsive minimum price rule, compared to
the unconstrained case. In those markets where the minimum price is not
charged, market prices decrease under the rebate-responsive minimum price
rule.

6.1.2 Welfare Analysis

As before, we apply Fact 1 to derive bounds on the change in welfare result-
ing from the imposition of the rebate-responsive minimum price rule. The
following proposition uses Fact 1 and the solutions to the monopoly pricing
problems with and without the minimum price rule to obtain bounds on the
change in welfare.

Proposition 7 Suppose Assumptions 1 and 2 hold. The change in welfare,
when moving from no minimum price rule to a rebate-responsive minimum
price rule, satis�es the following lower bound:

4W � (bp� c)4Q
where 4Q denotes the corresponding change in aggregate demand. Further-
more, if qi (p) is concave in p � 0 for all i = 1; 2; : : : ; n, then the change in
welfare satis�es the following upper bound:

(bp� c)4Q�4� +B � 4W
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where 4� denotes the change in the monopolist�s pro�t and

B =

8>>>>>><>>>>>>:

0 if Condition U holds,

(1� )
nP

i=k+1

((epi � bp) (qi (epi)� qi (pmi )))
+�(1�)

1��

nP
i=k+1

(bp� epi) zi otherwise,

where k denotes the number of markets in which the minimum price is charged.

The lower bound in Proposition 7 uses knowledge of only the realized
change in aggregate demand, the minimum price and the cost to bound the
change in welfare. As was true without rebate-responsiveness, it is important
to note that even if cost, for example, is unobserved, the lower bound im-
plies that welfare (and consumer surplus) always increases when imposing the
minimum price rule results in an increase in aggregate demand.

6.2 Dropping Markets

Throughout the paper, we have used Assumption 1 to ensure that an MFC
clause will not lead the �rm to drop any markets. For the analysis of the min-
imum price rule with two markets as in section 4, we can extend our analysis
to the case where dropping markets is permitted. In particular, a necessary
condition for the monopolist to serve only one market is that q1(pm2 ) = 0. If
this holds, then the �rst market will be dropped if and only if the pro�t from
serving market 2 at price pm2 is above the pro�t from the solution serving both
markets described in section 4. If the market is dropped due to the minimum
price rule, welfare (and consumer surplus) always decreases, as pro�t and de-
mand in market 2 are the same as without the rule, while the gains from
trade from market 1 are lost. The same results hold for the rebate-responsive
minimum price rule with two markets as well.
Under the average price rule, even with two markets, and under the mini-

mum price rule with three or more markets (with or without rebate-responsiveness)
the analysis becomes signi�cantly more complex when dropping markets is con-
sidered. The di¢ culty is that the problem with n � 1 markets is, by itself,
as complex as the problems we have analyzed where all markets are served,
so that one ends up needing to compare the solution to multiple problems,
each as complex as the problems we focus on in this paper. Characterizations
and welfare results are thus hard to come by. We have, however, been able
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to �nd examples showing that it is possible for the minimum price rule with
three markets (again with or without rebate-responsiveness) to increase wel-
fare even when leading the monopolist to drop a market. Under the average
price rule, while we suspect this can be true, we have been unable to �nd such
an example.

7 Conclusion

Our analyses in sections 4 and 5 show how the minimum and average price
rebate rules a¤ect a monopolist�s optimal pricing strategy as well as social
welfare under third-degree price discrimination. In the context of the minimum
price rule, we present our analysis with two markets. The minimum market
price charged always rises compared to the no regulation case. In contrast,
prices in markets where the minimum is not charged will fall. The welfare
e¤ect may be good or bad. A useful su¢ cient condition for the minimum
price rule to be welfare improving is that it raise aggregate quantity. We
also analyze a rebate-responsive version, in which MFC demand is a¤ected
by the post-rebate (i.e., minimum) price. We �nd that the minimum price
rule has e¤ects on prices and social welfare similar to those without rebate-
responsiveness and suggest applications beyond the Medicaid context.
Under the average price rule, we �nd that all market prices move in the

same direction in two di¤erent scenarios: when MFC demand is close enough
to inelastic or when MFC demand is su¢ ciently similar to non-MFCs demand.
When MFC demand is close to inelastic, all market prices decrease, resulting
in an increase in aggregate quantity and social welfare. In contrast, when MFC
demand is close to non-MFC demand, all market prices increase, resulting in
a decrease in aggregate quantity and social welfare.
The analysis of these policies is surprisingly intricate, even in a relatively

simple setting such as ours. This suggests that great care is needed when
implementing such MFC rules and that making provisions for data collection to
support follow-up empirical work measuring the pricing and demand response
has high potential value in avoiding mistakes or helping �ne-tune the policy.
Some theoretical issues that we have not addressed here, such as incorporating
competition, demand uncertainty, second-degree price discrimination or the
e¤ect on dynamic R&D incentives for the manufacturer are interesting topics
for future work to explore. In related settings, these factors have been shown
to modify conclusions found under monopoly in various ways (see e.g., Stole,
2007).
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8 Appendix

Proof of Lemma 1. Suppose, if possible, bp1 > bp2. There are three possible
cases to consider. First, let us suppose that bp1 � pu � bp2. Compare this
with charging p1 = pu = p2. The rebate will be weakly lower in the latter
case. Pro�ts in the second market will be weakly higher, as price is moving
closer to pm2 (by Assumption 3). Similarly, in the �rst market pro�ts will be
weakly higher, as price is moving closer to pm1 from above (by Assumption 3).
Thus, p1 = pu = p2 dominates bp1 � pu � bp2. Next suppose bp1 > bp2 � pu.
Compare this with p1 = bp2 = p2. Again the rebate is lower in the latter case,
pro�ts from the second market are the same, while pro�ts from the �rst market
increase since p1 is getting closer to pm1 from above (by Assumption 3). Thus
p1 = bp2 = p2 dominates bp1 > bp2 � pm. Finally, suppose pu � bp1 > bp2. By
similar arguments this is dominated by p1 = bp1 = p2.
Proof of Proposition 1. Given Lemma 1, there are two possibilities to
consider: bp1 = bp2 and bp1 < bp2. In the �rst scenario (i.e., when bp1 = bp2),
the optimal solution will be to charge the uniform monopoly price pu. Since
both prices are the same, the e¤ective rebate equals zero, which is the lowest
possible e¤ective rebate. Therefore, the solution of (4.1) is also the solution of
the maximization problem when the monopolist maximizes pro�ts (the �rst
sum in equation 4.1), under the constraint of uniform pricing.
A remaining question is thus, when is the uniform monopoly price optimal?
When it is not, we know that bp1 < bp2. We claim that it is su¢ cient to prove
optimality of the uniform monopoly price (under Assumption 2) by checking
whether starting from the uniform monopoly price it does not give a local
improvement to either lower p1 or raise p2. When will these moves not give
a local improvement? When the partial derivative of (4.1) with respect to p1
when taken from below and evaluated at uniform monopoly prices is positive
and the partial derivative of (4.1) with respect to p2 when taken from above
and evaluated at uniform monopoly prices is negative. Formally, these one-
sided partial derivatives are, from below and above respectively:

(p� c) (1� �) q01 (p) + ((1� �) q1 (p) + �z1)
� (pq (p; p2)� p) (1� �) q01 (p) (8.1)

�
�
dpq (p; p2)

dp
� 1
�
((1� �) (q1 (p) + q2 (p2)) + � (z1 + z2))
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where

dpq (p; p2)

dp
=
(p� pq (p; p2)) (1� �) q01 (p) + ((1� �) q1 (p) + �z1)
((1� �) q1 (p) + �z1) + ((1� �) q2 (p2) + �z2)

and

(p� c) (1� �) q02 (p) + ((1� �) q2 (p) + �z2)
� (pq (p1; p)� p1) (1� �) q02 (p) (8.2)

� dpq (p1; p)
dp

((1� �) (q1 (p) + q2 (p2)) + � (z1 + z2))

where

dpq (p1; p)

dp
=
(p� pq (p1; p)) (1� �) q02 (p) + ((1� �) q2 (p) + �z2)
((1� �) q1 (p) + �z1) + ((1� �) q2 (p2) + �z2)

.

When calculated at (p1 = pu; p2 = pu), (8.1) and (8.2) simplify to:

(pu � c) (1� �) q01 (pu) + ((1� �) q1 (pu) + �z1) (8.3)

+ ((1� �) q2 (pu) + �z2)
P2

i=1 ((1� �) qi (pu) + �zi)P2
i=1 ((1� �) qi (pu) + �zi)

and

(pu � c) (1� �) q02 (pu) + ((1� �) q2 (pu) + �z2) (8.4)

�
 
1� 

P2
i=1 ((1� �) qi (pu) + �zi)P2

i=1 ((1� �) qi (pu) + �zi)

!

respectively.
Recall that the uniform monopoly price is de�ned by the condition

(pu � c) (1� �) (q01 (pu) + q02 (pu)) +
P2

i=1 ((1� �) qi (pu) + �zi) = 0.

Using this to substitute into (8.3) gives:

� (pu � c) (1� �) q02 (pu)� ((1� �) q2 (pu) + �z1)

+ ((1� �) q2 (pu) + �z2)
P2

i=1 ((1� �) qi (pu) + �zi)P2
i=1 ((1� �) qi (pu) + �zi)

,
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which is positive (so there is no gain from lowering p1) exactly when

(pu � c) (1� �) q02 (pu) + ((1� �) q2 (pu) + �z2)

�
 
1� 

P2
i=1 ((1� �) qi (pu) + �zi)P2

i=1 ((1� �) qi (pu) + �zi)

!
� 0.

The other partial (8.4) is negative (so there is no gain from raising p2) exactly
at the same condition. Thus, whenever (4.2) holds true, the uniform monopoly
price is optimal, and otherwise the optimum will have bp1 < pu < bp2.
We further claim that bp1 � pm1 and bp2 � pm2 . At the uniform monopoly
price, this is trivially true. Consider the possibility when bp1 < bp2. Suppose,
if possible, bp1 < pm1 . By raising p1 a bit, we raise pro�ts in market 1, while,
because bp1 is getting closer to bp2 the total rebate shrinks (formally as shown
above the total rebate shrinks by q2 (p2) as bp1 increases) thus it cannot be
optimal to have bp1 < pm1 . To see the other inequality, suppose bp2 > pm2 . By
lowering bp2 a bit we raise pro�ts in market 2. What happens to the rebate?
As long as bp2 is weakly below the monopoly price for market 2 that would hold
if cost were bp1, then lowering bp2 lowers the total rebate. Furthermore, that
is the relevant region because, assuming concavity, we need to look at only
whether it would be optimal to raise bp2 above pm2 starting from bp2. Thus it is
never optimal to have bp2 > pm2 .
Proof of Proposition 2. To apply Fact 1, take

x (P) = ((1� �) q1 (p1) + �z1; (1� �) q2 (p2) + �z2) .

From the right-hand-side inequality of Fact 1, we see that

4W � (1� �) [(bp1 � c) (q1 (bp1)� q1 (pm1 )) + (bp2 � c) (q2 (bp2)� q2 (pm2 ))]
= (1� �) (bp1 � c)P2

i=1 (qi (bpi)� qi (pmi )) (8.5)

+(1� �) (bp2 � bp1) (q2 (bp2)� q2 (pm2 )) .
Notice that the change in aggregate demand, 4Q, is given by

4Q =
P2

i=1 (1� �) (qi (bpi)� qi (pmi )) (8.6)

The inequality in (8.5) therefore gives us

4W � (bp1 � c)4Q+ (1� �) (bp2 � bp1) (q2 (bp2)� q2 (pm2 )) .
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By Proposition 1, bp1 � bp2 � pm2 and therefore, we have
(1� �) (bp2 � bp1) (q2 (bp2)� q2 (pm2 )) � 0:

Hence, we get the following

4W � (bp1 � c)4Q.
Next, assume that qi (p) is concave in p � 0 for i = 1; 2. We, therefore, have

qi (bpi)� qi (pmi ) � (bpi � pmi ) q0i (pmi ) :
Or,

(pmi � c) (1� �) (qi (bpi)� qi (pmi )) � (bpi � pmi ) (pmi � c) (1� �) q0i (pmi ) :
Since pmi maximizes (p� c) ((1� �) qi (p) + �zi) by de�nition, the �rst-
order condition gives

(pmi � c) (1� �) q0i (pmi ) = � ((1� �) qi (pmi ) + �zi) .

Therefore, we have

(pmi � c) (1� �) (qi (bpi)� qi (pmi )) (8.7)

� (pmi � bpi) ((1� �) qi (pmi ) + �zi) .
From the left-hand-side inequality of Fact 1, we see that

4W � (1� �) [(pm1 � c) (q1 (bp1)� q1 (pm1 )) + (pm2 � c) (q2 (bp2)� q2 (pm2 ))]
Combining the above inequality with the inequality in (8.7), we get

4W �
P2

i=1 (p
m
i � bpi) ((1� �) qi (pmi ) + �zi) . (8.8)

The change in the monopolist�s pro�t (including rebate) can be written as

4�
=

P2
i=1 (bpi � c) ((1� �) qi (bp1i) + �zi)

�
P2

i=1 (p
m
i � c) ((1� �) qi (pmi ) + �zi)

=
P2

i=1 bpi ((1� �) qi (bpi) + �zi)
�
P2

i=1 p
m
i ((1� �) qi (pmi ) + �zi)� c4Q.
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After adding and subtracting 4� to the right-hand side expression in (8.8)
and rearranging terms, we get

4W
�

P2
i=1 bpi ((1� �) qi (bpi) + �zi)

�
P2

i=1 bpi ((1� �) qi (pmi ) + �zi)� c4Q�4�
� (1� �) [bp1 (q1 (bp1)� q1 (pm1 )) + bp2 (q2 (bp2)� q2 (pm2 ))]� c4Q�4�
= (bp1 � c)4Q�4� + (1� �) (bp2 � bp1) (q2 (bp2)� q2 (pm2 )) .

Proof of Proposition 3. We �rst calculate the derivative of the quantity
weighted average price with respect to individual prices. De�ne mi � �

1�� zi.

d

dpj
pq =

d

dpj

Pn
i=1 pi (qi (p) +mi)Pn
i=1 (qi (p) +mi)

=

(
Pn

i=1 (qi (p) +mi))
�
pjq

0
j ((pj) + qj (p) +mj)

�
� (
Pn

i=1 pi (qi (p) +mi)) q
0
j (pj)

(
Pn

i=1 (qi (p) +mi))
2

=
(pj � pq) q0j (pi) + qj (pi) +mjPn

i=1 (qi (p) +mi)
.

The �rst-order conditions of the average price rule problem are given by

d

dpj
f
Pn

i=1(pi � c) ((1� �) qi (pi) + �zi)g (8.9)

�� d
dpj

fpq
Pn

i=1 ((1� �) qi (pi) + �zi)g = 0, for j = 1; 2; : : : ; n.

If computed at (pm1 ; : : : ; p
m
n ), the left-hand side of the �rst-order condition is

�� d
dpj

fpq
Pn

i=1 ((1� �) qi (pi) + �zi)g jp=(pm1 ;:::;pmn ) (8.10)

This is because the �rst part of (8.9), when computed at (pm1 ; : : : ; p
m
n ), is zero

as (pm1 ; : : : ; p
m
n ) is the solution of the unconstrained problem. Further, notice
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that

d

dpj
fpq
Pn

i=1 ((1� �) qi (pi) + �zi)g

= (
Pn

i=1 ((1� �) qi (pi) + �zi))
dpq
dpj

+ pq (1� �) q0j (pj)

= (1� �) pqq0j (pj) + (
Pn

i=1 ((1� �) qi (pi) + �zi))
(pj � pq) q0j (pj) + qj (pj) +mjPn

i=1 (qi (pi) +mi)

=
1Pn

i=1 (qi (pi) +mi)

0BB@ pqq
0
j (pj)

�
((1� �)

Pn
i=1 (qi (pi) +mi))

�
Pn

i=1 ((1� �) qi (pi) + �zi)

�
�
�
pjq

0
j (pj) + qj (pj) +mj

�
�
Pn

i=1 ((1� �) qi (pi) + �zi)

1CCA
=

1Pn
i=1 (qi (pi) +mi)

0B@ pqq
0
j (pj)

��
(1� �)

Pn
i=1

�zi
1��

�
�
Pn

i=1 �zi

�
�
�
pjq

0
j (pj) + qj (pj) +mj

�
�
Pn

i=1 ((1� �) qi (pi) + �zi)

1CA (8.11)

Note that when computed at (pm1 ; : : : ; p
m
n ), (piq

0
i (pi) + qi (pi) +mi) = cq

0
i (pi)

(by (3.1)). Also, as �(1��)
1�� � � = ��(1�)

1�� , we can simplify (8.11), when
computed at (pm1 ; : : : ; p

m
n ), as

1Pn
i=1 (qi (p) +mi)

 
cq0j (pj) (

Pn
i=1 ((1� �) qi (pi) + �zi))

��(1�)
1�� pqq

0
j (pj)

Pn
i=1 zi

!
. (8.12)

Therefore, the �rst-order derivative of the average price rule objective function,
when computed at (pm1 ; : : : ; p

m
n ), can be written (by (8.10)) as

�Pn
i=1 (qi (pi) +mi)

 
�(1�)
1�� pqq

0
j (pj)

Pn
i=1 zi

�cq0j (pj) (
Pn

i=1 ((1� �) qi (pi) + �zi))

!
. (8.13)

Notice that

�Pn
i=1 (qi (p) +mi)

> 0,

� (1� )
1� � pqq

0
j (pj)

Pn
i=1 zi � 0,

and cq0j (pj) (
Pn

i=1 ((1� �) qi (pi) + �zi)) < 0.

Therefore, the sign of (8.13) will be determined by relative values of the two
terms, �(1�)

1�� pqq
0
j (pj)

Pn
i=1 zi and cq

0
j (pj) (

Pn
i=1 ((1� �) qi (pi) + �zi)). In gen-
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eral, the �rst-order derivative can take either sign.
In order to prove the proposition, we calculate the partial derivatives at two

extreme values of �. At � = 0, when MFC demand is as elastic as non-MFCs,
the term in (8.13) can be written as

��cq0j (pj) ,

which is always positive, as q0j (pj) < 0 for all j = 1; 2; : : : ; n. On the other
hand, at � = 1, when MFC demand is completely inelastic, the term in (8.13)
can be written as

� (1� )Pn
i=1 ((1� ) qi (p) + zi)

�
(pq � c) q0j (pj)

Pn
i=1 zi

�
,

which is always negative for all j = 1; 2; : : : ; n.
Since (8.13) evaluated at (pm1 ; : : : ; p

m
n ) (itself a continuous function of �) is

continuous in � 2 [0; 1], and takes a positive value at � = 0 and a negative
value at � = 1, for each j we can �nd two numbers, �

j
and �j, such that

0 � �
j
� �j � 1 and (8.13) evaluated at (pm1 ; : : : ; p

m
n ) is always negative

for � 2
�
�j; 1

�
and always positive for � 2

h
0; �

j

i
. Set � = mini

n
�
i

o
and

� = maxi
�
�i
	
. Therefore, for � 2

�
0; �
�
, the partial derivative with respect

to pj, computed at (pm1 ; : : : ; p
m
n ), is positive for all j. By global concavity, we

see that price increases in every market, in comparison to (pm1 ; : : : ; p
m
n ), the

solution of the unconstrained problem. Similarly, for � 2
�
�; 1
�
the partial

derivative with respect to pj, computed at (pm1 ; : : : ; p
m
n ), is negative for all j.

By global concavity, we see that price decreases in every market, in comparison
to (pm1 ; : : : ; p

m
n ), the solution of the unconstrained problem.

Proof of Proposition 5. Let a solution vector be (p�1; : : : ; p
�
n) and J = fi 2

f1; 2; : : : ; ngj p�i = min fp�1; : : : ; p�ngg:
Claim 1: If j =2 J; then p�j = epj:
If j =2 J; then p�j > min fp�1; : : : ; p�ng. p�j is also the solution of the optimiza-

tion problem: maxp (p� c) qj(p) such that p � min fp�1; : : : ; p�ng.
If epj > min fp�1; : : : ; p�ng ; and as epj maximizes (p� c) qj(p) globally, p�j = epj:
If epj � min fp�1; : : : ; p�ng ; then (p� c) qj(p) being concave in p, is maxi-

mized at p = min fp�1; : : : ; p�ng over the range fp : p � min fp�1; : : : ; p�ngg: This
implies that p�j = min fp�1; : : : ; p�ng, or, j 2 J: which is ruled out.
Claim 2: If j 2 J; l =2 J; then j < l:
If not, let us suppose 9 l =2 J and j 2 J such that j > l:
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Then, Claim 1 suggests p�l = epl:Moreover, epl > min fp�1; : : : ; p�ng since l =2 J:
As j > l; we have epj > epl > min fp�1; : : : ; p�ng : Therefore, j =2 J: Contradiction.
Claim 3: min fp�1; : : : ; p�ng 2 [epk; epk+1) for k = max J .
By Claim 1, p�k+1 = epk+1 > min fp�1; : : : ; p�ng : Suppose p�k < epk: Then, the

monopolist could strictly increase pro�ts by setting p�k = epk. This increases
pro�ts from the non-MFC customers in market k, and leaves all other terms
in the pro�t expression unchanged.
Claim 4: k < n.
Suppose k = n. Then min fp�1; : : : ; p�ng = pu, the uniform monopoly price.

Since epn > pu, this contradicts Claim 3.
Claims 1, 2, 3 and 4 together yield that the solution is of the desired form.
It remains to show that the solution is unique. Suppose (�p1; : : : ; �pn) is a

di¤erent solution. It can di¤er from (p�1; : : : ; p
�
n) only in the choice of k andbp. We now show that there is a unique pro�t maximizing choice of k andbp so that the existence of such di¤erent solutions is not possible. For any

�xed k, it follows from Assumption 2 that there is a unique pro�t maximizing
price which satis�es maxp

Pk
i=1(p � c)qi(p) + 

Pn
i=k+1(p � c)qi(p). Call thisbp (k). Suppose that there exist k1 < k2 such that bp (k1) 2 [epk1 ; epk1+1) andbp (k2) 2 [epk2 ; epk2+1) as was shown to be required for pro�t maximization by

the �rst part of this proof. By revealed preference, pro�ts from the �rst k1
markets and the MFCs from the remaining markets are strictly higher when
charging bp (k1) rather than bp (k2). Since bp (k2) 2 [epk2 ; epk2+1), pro�ts from the
non-MFCs in markets k1+1; : : : ; k2 would be higher by charging the monopoly
prices in those markets. Combining these facts implies that pro�ts are higher
with k = k1 and bp = bp (k1) than with k = k2 and bp = bp (k2). This shows that
a pro�t maximizing solution of the required form must be unique.

Proof of Proposition 6. First, we show that the minimum price increases
after the rebate-responsive minimum price rule is imposed. To study proper-
ties of the minimum market price, we construct an alternative optimization
problem and show that its optimal solution coincides with the optimal solu-
tion of the original problem (6.1). We then derive properties of the optimal
minimum market price by studying the �rst order condition of this modi�ed
problem.
Given Proposition 5, the maximization problem (6.1) may be rewritten as

the following problem of maximizing with respect to k and pmin, where only
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an upper bound on pmin is imposed:

max
p<epk+1;k2f1;2;:::;ng

kP
i=1

(p� c) ((1� �)qi(p) + �zi) (8.14)

+(1� )
nP

i=k+1

(epi � c)qi(epi) +
nP

i=k+1

(p� c) ((1� �)qi(p) + �zi)

where epn+1 de�ned as 1.17
Let bp and bk solve (8:14). We now show that the unique solution to the

following unconstrained optimization problem is p = bp:
max
p

bkP
i=1

(p� c) ((1� �)qi(p) + �zi) (8.15)

+
nP

i=bk+1(p� c) ((1� �)qi(p) + �zi) .
By strict concavity, this problem has a unique solution �call it p0. By inspec-
tion, if p0 < epbk+1 then p0 = bp. Otherwise, the monopolist could strictly increase
pro�ts by setting p = p0 (instead of bp) in (8:14). Can it be that p0 � epbk+1 for
some bk 2 f1; 2; : : : ; n� 1g? Then bp < p0. Since p0 optimizes a strictly concave
function, any increase in p above bp, no matter how small, will increase the
value of the objective function in (8.15). But some increase is always feasible
in problem (8:14), as bp < epbk+1 and so could be increased at least some amount
and still remain the minimum. This would contradict the optimality of bp in
(8:14) and so it cannot be that p0 � epbk+1. Therefore, p0 < epbk+1 and p0 = bp.
Therefore, bk and bp solve the �rst order condition (in price) of (8.15):

(1� �)
bkP
i=1

[(bp� c)q0i(bp) + qi(bp)] (8.16)

+ (1� �)
nP

i=bk+1 [(bp� c)q0i(bp) + qi(bp)] + �
nX
i=1

zi = 0:

The above condition characterizes the minimummarket price under the rebate-
responsive minimum price rule.
Let j 2 f1; 2; : : : ; ng be the market in which the unconstrained monopoly

price was lowest. Denoting that monopoly price by pmj , it is the unique solution

17In this scenario, prices in all markets could even be greater than epn. To accommodate
such a possibility, we set the upper limit as in�nity (by setting epn+1 =1).
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of
(1� �)

�
(p� c)q0j(p) + qj(p)

�
+ �zj = 0. (8.17)

If we can show that pmj � bp, this will complete the �rst part of the proof. To
see that pmj � bp, consider the function

S (p) � (1� �)
bkP
i=1

[(p� c)q0i(p) + qi(p)]

+(1� �)
nP

i=bk+1 [(p� c)q
0
i(p) + qi(p)] + �

nX
i=1

zi.

By Assumption 2, S (p) is decreasing in p. Furthermore, for every i = 1; 2; 3; :::; n,
(1� �) [(pmj � c)q0i

�
pmj
�
+ qi(p

m
j )] + �zi � 0.

Notice that

S (p) =
bkP
i=1

[(1� �) [(p� c)q0i(p) + qi(p)] + �zi]

+
nP

i=bk+1[(1� �) [(p� c)q
0
i(p) + qi(p)] + �zi]

�
bkP
i=1

[(1� �) [(p� c)q0i(p) + qi(p)] + �zi]

+
nP

i=bk+1[(1� �) [(p� c)q
0
i(p) + qi(p)] + �

(1� �)
1� � zi]

=
bkP
i=1

[(1� �) [(p� c)q0i(p) + qi(p)] + �zi]

+
(1� �)
1� �

nP
i=bk+1[(1� �) [(p� c)q

0
i(p) + qi(p)] + �zi].

Hence, S
�
pmj
�
� 0 because term-by-term the �nal expression is non-negative.

From (8.16), we know that S (bp) = 0. Therefore, we have pmj � bp since S (p)
is decreasing in p.
The second part of the proposition, stating that prices decrease under the

rebate-responsive minimum price rule in those markets where the minimum
price is not charged, follows directly from Proposition 5.

Proof of Proposition 7. To make it easier to apply Fact 1, we make the
following adjustment in our notation: when writing the price vector we will
treat the MFC and non-MFC sections of each market as two di¤erent mar-
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kets. The generic price vector is thus P =(p1; : : : ; p2n) 2 R2n+ where pi and
pn+i denote the prices faced by the non-MFC and the MFC sections of market
i respectively. Without MPP, the monopolist�s optimal price vector is given by
(pm1 ; : : : ; p

m
n ; p

m
1 ; : : : ; p

m
n ). Under the rebate-responsive minimum price rule, ap-

plying Proposition 5, the optimal price vector is (p̂; : : : ; p̂; epk+1; : : : epn; p̂; : : : ; p̂)
where k is endogenously determined such that the minimum price is charged

in the �rst k markets, if Condition U is violated or

0@bp; : : : ; bp| {z }
2n times

1A if Condition

U holds. With the split-market representation of prices, note that the corre-
sponding market demands will be

x (P) =

�
(1� ) q1 (p1) ; : : : ; (1� ) qn (pn) ;  ((1� �) q1 (pn+1) + �z1) ;

: : : ;  ((1� �) qn (p2n) + �zn)

�
.

Let us �rst consider the case when Condition U is violated. Applying Fact
1 yields

(1� �)
Pk

i=1 (p
m
i � c) (qi (bp)� qi (pmi ))

+ (1� )
Pn

i=k+1 (p
m
i � c) (qi (~pi)� qi (pmi ))

+ (1� �)
Pn

i=k+1 (p
m
i � c) (qi (bp)� qi (pmi ))

� 4W (8.18)

� (1� �)
Pk

i=1 (bp� c) (qi (bp)� qi (pmi ))
+ (1� )

Pn
i=k+1 (~pi � c) (qi (~pi)� qi (pmi ))

+ (1� �)
Pn

i=k+1 (bp� c) (qi (bp)� qi (pmi )) .
The change in aggregate demand, 4Q, is given by

4Q = (1� �)
Pk

i=1 (qi (bp)� qi (pmi ))
+ (1� )

Pn
i=k+1 (qi (~pi)� qi (pmi )) (8.19)

+ (1� �)
Pn

i=k+1 (qi (bp)� qi (pmi )) .
The right-hand side inequality in (8.18) gives us

4W � (1� �)
Pk

i=1 (bp� c) (qi (bp)� qi (pmi ))
+ (1� )

Pn
i=k+1 (~pi � bp+ bp� c) (qi (~pi)� qi (pmi ))

+ (1� �)
Pn

i=k+1 (bp� c) (qi (bp)� qi (pmi ))
= (bp� c)4Q+ (1� )Pn

i=k+1 (~pi � bp) (qi (~pi)� qi (pmi ))
� (bp� c)4Q,
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where the last inequality follows from bp � ~pi � pmi for i = k + 1; : : : ; n by
Proposition 6.
Next consider the possibility when Condition U holds. The optimal price

vector under MPP is

0@bp; : : : ; bp| {z }
2n times

1A and the change in demand, 4Q, is given by,

4Q = (1� �)
Pn

i=1 (qi (bp)� qi (pmi )) .
Applying Fact 1 yields

(1� �) (
Pn

i=1 (p
m
i � c) (qi (bp)� qi (pmi ))) � 4W (8.20)

� (1� �) (
Pn

i=1 (bp� c) (qi (bp)� qi (pmi ))) .
The right-hand side inequality in (8.20) therefore gives us

4W � (bp� c)4Q.
Next, assume that qi (p) is concave in p � 0 for all i = 1; 2; : : : ; n. We,

therefore, have
qi (bp)� qi (pmi ) � (bp� pmi ) q0i (pmi ) ;

or, equivalently,

(pmi � c) (qi (bp)� qi (pmi )) � (pmi � c) (bp� pmi ) q0i (pmi ) :
Since pmi maximizes (p� c) ((1� �) qi (p) + �zi), using the �rst-order con-
dition we get

(pmi � c) q0i (pmi ) = �qi (pmi )�
�zi

(1� �) . (8.21)

Therefore, we have

(pmi � c) (qi (bp)� qi (pmi )) � (pmi � bp)�qi (pmi ) + �zi
(1� �)

�
. (8.22)

Similarly, we get

qi (~pi)� qi (pmi ) � (~pi � pmi ) q0i (pmi ) ,

or,
(pmi � c) (qi (~pi)� qi (pmi )) � (pmi � c) (~pi � pmi ) q0i (pmi ) . (8.23)
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Applying (8.21), inequality (8.23) becomes

(pmi � c) (qi (~pi)� qi (pmi )) � (pmi � ~pi)
�
qi (p

m
i ) +

�zi
(1� �)

�
. (8.24)

When Condition U is violated, combining (8.22) and (8.24) with the left-
hand side inequality in (8.18), we get

4W � (1� �)
Pk

i=1 (p
m
i � bp)�qi (pmi ) + �zi

(1� �)

�
+(1� )

Pn
i=k+1 (p

m
i � ~pi)

�
qi (p

m
i ) +

�zi
(1� �)

�
(8.25)

+ (1� �)
Pn

i=k+1 (p
m
i � bp)�qi (pmi ) + �zi

(1� �)

�
.

Notice that the change in the monopolist�s pro�t can be written as

4� = (1� �)
Pk

i=1 (bp� c)�qi (bp) + �zi
(1� �)

�
+(1� )

Pn
i=k+1 (~pi � c) qi (~pi)

+ (1� �)
Pn

i=k+1 (bp� c)�qi (bp) + �zi
(1� �)

�
� (1� �)

Pn
i=1 (p

m
i � c)

�
qi (p

m
i ) +

�zi
(1� �)

�
.

After adding and subtracting 4� to the right-hand side expression in (8.25)
and rearranging terms, we get

4W � (bp� c)4Q�4� + � (1� )
1� �

Pn
i=k+1 (bp� epi) zi

+(1� )
Pn

i=k+1 (epi � bp) (qi (epi)� qi (pmi )) .
Next consider the possibility when Condition U holds. The optimal price

vector under MPP is

0@bp; : : : ; bp| {z }
2n times

1A, and as shown above, we have
(1� �) (

Pn
i=1 (p

m
i � c) (qi (bp)� qi (pmi ))) � 4W .
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Combining this inequality with (8.22), we get

4W � (1� �)
�Pn

i=1 (p
m
i � bp)�qi (pmi ) + �zi

(1� �)

��
. (8.26)

Further, when Condition U holds, the change in pro�t is given by

4� = (1� �)

0@ Pn
i=1 (bp� c)�qi (bp) + �zi

(1��)

�
�
Pn

i=1 (p
m
i � c)

�
qi (p

m
i ) +

�zi
(1��)

� 1A .
After adding and subtracting 4� to the right-hand side expression in (8.26)
and rearranging terms, we get

4W � (bp� c)4Q�4�.
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