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Chapter 8

Cluster Analysis:
Basic Concepts and
Algorithms

Cluster analysis divides data into groups (clusters) that are meaningful, useful, or
both. If meaningful groupings are the goal, then the clusters should capture the
‘natural’ structure of the data. For example, cluster analysis has been used to
group related documents for browsing, to find genes and proteins that have similar
functionality, and to provide a grouping of spatial locations prone to earthquakes.
In other cases, however, cluster analysis is only a useful starting point for other
purposes, such as data compression or efficiently finding the nearest neighbors of
points. Whether for understanding or utility, cluster analysis has long played an
important role in a wide variety of fields: psychology and other social sciences,
biology, statistics, pattern recognition, information retrieval, machine learning, and
data mining.

This chapter provides an introduction to cluster analysis. We start with a high-
level overview of clustering, including a discussion of characteristics that we can
use to distinguish various types of clusters and clustering algorithms. We then
explore, in detail, three important clustering techniques that illustrate a variety of
important concepts and approaches: K-means, agglomerative hierarchical clustering,
and DBSCAN. The final section of this chapter is devoted to the important topic
of cluster validity—methods for evaluating the ‘goodness’ of the clusters produced
by a clustering algorithm. More advanced clustering concepts and algorithms will
be discussed in Chapter 9. Whenever possible, we also discuss the strengths and
applicability of different schemes. Finally, while this chapter and the next strive to
be relatively self-contained from a conceptual point of view, the breadth of cluster
analysis means that many details have necessarily been omitted, and, consequently,
many references to relevant books and papers are provided in the bibliographic
notes.
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(a) Original points. (b) Two clusters.

(c) Four clusters. (d) Six clusters.

Figure 8.1. Different ways of clustering the same set of points.

8.1 Overview

While there is no well accepted taxonomy of clustering algorithms, the discussion
in this section identifies a number of ‘dimensions’ that can be used to describe and
compare various clustering algorithms and the clustering results that they produce.
After a brief description of what cluster analysis is and is not, we consider different
ways a set of objects can be divided into a set of clusters, and then provide a
description of the different types of clusters. The nature of the data is key for cluster
analysis, and hence, we discuss aspects of data that strongly impact clustering.
Finally, we make a few observations concerning general characteristics of clustering
algorithms.

8.1.1 What is cluster analysis?

Cluster analysis groups data objects based only on information found in the data
that describes the objects and their relationships. The goal is that the objects in
a group be similar (or related) to one another and different from (or unrelated to)
the objects in other groups. The greater the similarity (or homogeneity) within a
group and the greater the difference between groups, the ‘better’ or more distinct
the clustering.

In many applications, the notion of a cluster is not well defined. To better
understand the difficulty of deciding what constitutes a cluster, consider Figure
8.1, which shows twenty points and three different ways that they can be divided
into clusters. Figures 8.1b and 8.1d, respectively, divide the data into two and six
parts. However, the apparent division of each of the two larger clusters into three
subclusters may simply be an artifact of the human visual system. Also, it may not
be unreasonable to say that the points form four clusters as shown in Figure 8.1c.
Thus, we stress once again that the definition of a cluster is imprecise and that the
best definition depends on the type of data and the desired results.

Cluster analysis is related to many other techniques that can be used to divide
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data objects into groups. For instance, cluster analysis can be regarded as a form
of classification in that it creates a labelling of objects with class (cluster) labels.
However, it derives these labels only from the data. In contrast, classification in
the sense of Chapter 4 is ‘supervised’ classification, i.e., new, unlabelled objects
are assigned a class label using a model developed from objects with known class
labels. For this reason, cluster analysis is sometimes referred to as ‘unsupervised’
classification. When the term ‘classification’ is used without any qualification within
data mining, it typically refers to supervised classification.

Also, while the terms ‘segmentation’ and ‘partitioning’ are often used as syn-
onyms for clustering in some areas, frequently these terms are used for approaches
outside the traditional bounds of cluster analysis. For instance, ‘segmentation’ is
often used to refer to a division of data into groups using simple techniques e.g., an
image can be split into segments using only pixel intensity and color, or people can
be divided into groups based on income—high, medium, or low. Nonetheless, some
work in image segmentation and market segmentation is related to cluster analysis,
and there is also a mathematical framework for data mining that regards many data
mining activities as ‘segmentation problems.’

8.1.2 Different Types of Clusterings

An entire collection of clusters is commonly referred to as a clustering, and in this
section, we distinguish various types of clusterings: hierarchical (nested) versus
partitional (unnested), exclusive versus overlapping versus fuzzy, and partial versus
complete.

Hierarchical versus Partitional. The most commonly discussed distinction
between different types of clusterings is whether the clusters are nested or unnested,
or in more traditional terminology, whether a set of clusters is hierarchical or par-
titional. A partitional or unnested set of clusters is simply a division of the set of
data objects into non-overlapping subsets (clusters) such that each data object is in
exactly one subset. Taken individually, each collection of clusters in figures 8.1b-d, is
a partitional clustering. A hierarchical or nested clustering is a set of nested clusters
organized as a hierarchical tree, where the leaves of the tree are singleton clusters
of individual data objects, and where the cluster associated with each interior node
of the tree is the union of the clusters associated with its child nodes. If we allow
clusters to be nested, then one interpretation of 8.1a is that it has two subclusters
(Figure 8.1b), each of which, in turn, has three subclusters (Figure 8.1d). The clus-
ters shown in Figures 8.1 a-d, when taken in that order, also form a hierarchical
(nested) clustering with, respectively, 1, 2, 4, and 6 clusters.

Exclusive versus Overlapping versus Fuzzy. The clusterings shown in
Figure 8.1 are all exclusive, as they assign each object to only one cluster. There
are many situation in which a point could reasonably placed in more than one
cluster. These situations are better addressed by non-exclusive clustering.

For an overlapping clustering, an object can belong to more than one cluster. In
the most general sense, an overlapping or non-exclusive clustering is used to reflect
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the fact that an object may belong to more than one group (class) at a time. For
instance, a person at a university may be both an enrolled student and an employee
of the university. A non-exclusive clustering is also often used when an object could
reasonably be placed in any of several clusters. Rather than make a somewhat
arbitrary choice and place the object in a single cluster, such objects are are placed
in all of the “equally good” clusters.

In a fuzzy clustering, every object belongs to every cluster, but with a weight that
is between 0 (absolutely doesn’t belong) and 1 (absolutely belongs). In other words,
clusters are treated as fuzzy sets. (Mathematically, a fuzzy set is one where an object
belongs to any set with a weight that is between 0 and 1. For any object, the sum
of the weights must equal 1.) In a very similar way, some probabilistic clustering
techniques assign to each point the probability with which it belongs to each cluster,
and these probabilities must also sum to one. Since the cluster membership weights
for any object sum to 1, a fuzzy or probabilistic clustering does not address the true
multi-class situation where an object belongs to multiple classes, such as the case
of a student employee. Instead, these approaches are most appropriate for avoiding
the arbitrariness of assigning an object to only one cluster in situations where an
object may be close to many clusters. In practice, though, a fuzzy or probabilistic
clustering is often converted to an exclusive clustering by assigning each object to
the cluster for which its membership weight (probability) is highest.

Complete versus Incomplete. A complete clustering assigns every object to
a cluster, whereas a partial clustering does not. The motivation for a partial cluster-
ing is that some objects in a data set may not belong to well-defined groups. Indeed,
many objects in the data set may represent noise, outliers, or “uninteresting back-
ground.” For example, some newspaper stories may share a common theme, such as
global warming, while other stories are more generic or one-of-a-kind. Thus, for in-
stance, to find the important topics in last month’s stories, we may want to find only
clusters of documents that are tightly related by a common theme. Nonetheless, in
many cases, a full clustering of the objects is desired. For example, an application
may want to use clustering to organize documents for browsing and may need to
guarantee that all documents can be browsed, i.e., that every document belongs to
some cluster.

In summary, clustering approaches can be characterized along three independent
dimensions with respect to the type of clustering they produce: whether the clusters
are nested, whether an object can belong to more than one cluster, and whether all
the objects are clustered.

8.1.3 Different Types of Clusters

The goal in clustering is to find useful groups of objects (clusters), where ‘usefulness’
is defined by the goals of the data analysis. Not surprisingly, there are several
different notions of a cluster that prove useful in practice. In this section, we review
various definitions of a cluster that are commonly encountered. In order to visually
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illustrate the differences between these types of clusters, we use points in a two
dimensional space, as shown in Figure 8.2, as our data objects. We stress, however,
that the types of clusters described here are equally valid for other kinds of data.

Well-Separated: A cluster is a set of objects such that any object in a cluster
is closer (or more similar) to every other point in the cluster than to any
point not in the cluster. Sometimes a threshold is used to specify that all
the objects in a cluster must be sufficiently close (or similar) to one another.
This ‘idealistic’ definition of a cluster is satisfied only in cases when the data
contains natural clusters that are quite far from each other. Figure 8.2a gives
an example of well-separated clusters that consists of two groups of points in
a two dimensional space. The distance between any two points in different
groups is larger than the distance of any two points within a group.

Prototype based: A cluster is a set of objects such that any object in a cluster
is closer (more similar) to the prototype that defines the cluster, than to
the prototype of any other cluster. For data with continuous attributes, the
prototype of a cluster is often a centroid, i.e., the average of all the points in the
cluster. When a centroid is not meaningful, as with data having categorical
attributes, the prototype is often a medoid, i.e., the most ‘representative’
point of a cluster. Thus, for many types of data, the prototype can often be
regarded as the most central point, and in such instances, we commonly refer
to prototype based clusters as center based clusters. We show an example of
a center based cluster in Figure 8.2b. Such a definition is often used when the
desired clusters are roughly globular.

Graph based: Given a representation of the data as a graph, where an object is
a node and the edge between two nodes is assigned a weight equal to the
proximity of the two objects, a cluster is a connected component of the graph
that satisfies some property. For example, a cluster may be defined as a set
of objects (nodes) such that any object in a cluster (connected component) is
closer (has a shorter edge) to one or more other objects in the cluster than to
any object not in the cluster. This definition is often used when the clusters
are irregular or intertwined. Figure 8.2c shows an example of such contiguity
based clusters, where pairs of points are connected with an edge if their pairwise
distance is less then some threshold. We stress that this is just one type of
graph based cluster. We can, for instance, define a cluster as set of objects
such that a object in a cluster is closer to all other objects in the cluster than
to any point not in the cluster. Such a cluster would tend to be globular.

Density based: A cluster is a dense region of objects that is surrounded by low-
density regions. This definition is often used when the clusters are irregular or
intertwined, and when noise and outliers are present. Figure 8.2d is an example
that adds noise to the points of Figure 8.2c, which shows contiguity based
clusters. In contrast to the clusters found using a density based definition, a
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contiguity based definition of clusters would find only a single cluster once the
noise was added. Also, notice that the curve does not form a cluster since it
fades into the noise, as does the bridge between the two circular clusters.

Shared Property (Conceptual Clusters): More generally, we can define a clus-
ter as a set of objects that share some property. This definition encompasses
all the previous definitions of a cluster, e.g., objects in a center based cluster
share the property that they are all closest to the same centroid or medoid.
However, the shared property approach also includes new types of clusters.
To illustrate, consider the clusters shown in Figure 8.2e. A triangular area
(cluster) is adjacent to a rectangular one, and there are two intertwined cir-
cles (clusters). In both cases, a clustering algorithm would need a very specific
‘concept’ of a cluster to successfully detect these clusters. The process of find-
ing such clusters is called ‘conceptual clustering.’ However, too sophisticated
a notion of a cluster would bring us into the area of pattern recognition, and
thus, we only consider simpler types of clusters in this chapter.

8.1.4 Cluster Analysis and the Type of Input Data

The type of data has a significant impact on the suitability of clustering techniques
and algorithms. In fact, clustering algorithms are often categorized according to the
the characteristics of the data they cluster, e.g., “K-means with the cosine similarity
measure is good for clustering sparse, high-dimensional data” (see Section 8.2) or
“DBSCAN is good for clustering low-dimensional data with clusters of arbitrary
sizes and shapes” (see Section 8.4.2). As discussed in Chapter 2, the characteristics
of the input data strongly affect the type of proximity measures that are appropriate,
and hence, the clustering results. We briefly review some of the characteristics of
data that are important to consider.

Dimensionality High dimensionality makes it harder to define proximity and den-
sity in a meaningful manner. While some clustering algorithms can handle high
dimensional data, others are suited only for low dimensional data sets.

Scale The ability to cluster very large data sets in a reasonable time requires algo-
rithms that can scale linearly, or close to linearly, with the size of the data set.
Parallel and distributed computing applications may be required for handling
large data sets specifically, if the clustering algorithm does not scale linearly
with data size. In addition, in many data mining applications, the massive
size of the data makes it impossible to have all the data in main memory at
one time. For such cases, the efficiency with which secondary (disk) or tertiary
(tape) storage can be accessed and the required frequency of that access can
greatly influence the time required for the clustering.

Sparseness Sparse data often consists of asymmetric attributes, where 0 values are
not as important as non-zero values, and therefore, similarity measures appro-
priate for asymmetric attributes are commonly used. However, other issues
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(a) Well-separated clusters: Every
point is closer to all points in its clus-
ter than to any point in another clus-
ter.

 
(b) Center-based clusters: Every
point is closer to the center of its
cluster than to the center of any
other cluster.

 

(c) Contiguity based clusters: Ev-
ery point is closer to at least on
point in its cluster than to any point
in another cluster.

 

(d) Density-based clusters: Points
in a cluster are in regions of high
density separated by regions of low
density.

 
(e) Conceptual clusters: Points in a cluster share some
general property that may derive from the entire set of
points. (Points in the inter-section of the circles belong to
both.)

Figure 8.2. Different types of clusters as illustrated by sets of two-dimensional points.
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also arise. For example, are the magnitudes of non-zero entries important or
do they distort the clustering? In other words, does the clustering work best
when we use only two values, 0 and 1?

Nature of the Data Set and Attributes As discussed in Chapter 2, data sets
can be of various types—structured, graph, or ordered—while attributes can
be categorical (nominal or ordinal) or quantitative (interval or ratio), and
are binary, discrete, or continuous. Different similarity and density measures
are appropriate for different types of data sets. Also, special data structures
and data structures may be necessary to handle such types of data efficiently.
Another complication occurs when attributes are of widely differing types,
e.g., continuous and nominal. In such cases, proximity and density are more
difficult to define and often more ad hoc.

Heterogeneous Clusters The nature of clusters may vary widely. For instance,
natural clusters in the data may be of differing sizes, shapes, and density.
When there is substantial variation among clusters, many clustering techniques
will split or combine clusters.

Noise and Outliers As with other data analysis techniques, the presence of noise
and outliers can adversely affect the performance of a clustering algorithm. In
a prototype based clustering scheme, an outlier can have undue influence in
determining the prototype of the cluster to which it belongs, while in some
graph based clustering schemes, such as contiguity based clustering, noise can
join clusters that should be distinct.

8.1.5 Roadmap for Discussing Specific Clustering Techniques

A large number of clustering algorithms have been developed to address a variety of
requirements of different applications. These clustering techniques can be classified
according to the type of clustering produced (Section 8.1.2), the type of the clusters
(Section 8.1.3), the characteristics of the input data that the clustering algorithm
can handle (Section 8.1.4), or the characteristics of the algorithm (Section 9.6.3),
or by a combination of these categories. (Characteristics of clustering algorithms
are discussed, at the end of the next chapter, after we have had a chance to see
a number of clustering algorithms.) In this chapter, we focus on the three specific
approaches described below, which cut across a number of these categories. The
goal is to illustrate a wide variety of the concepts involved in clustering rather than
to be exhaustive. Additional concepts and clustering algorithms will be discussed
in the next chapter.

1. K-means. This is a prototype-based, partitional clustering technique that
attempts to find a specified number of clusters (K ), which are represented by
their centroids (or means).

2. Agglomerative Hierarchical Clustering. This clustering approach refers to a
collection of closely related clustering techniques that produce a hierarchical
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clustering by starting with each point as a cluster and then merging two clus-
ters together until a single, all-encompassing cluster remains. Some of these
techniques have a natural interpretation in terms of graph based clustering,
while others have an interpretation in terms of a prototype based approach.

3. DBSCAN. This is a density based clustering algorithm that produces a par-
titional clustering, where the number of clusters is automatically determined
by the algorithm. Points in low density regions are classified as noise and
omitted; thus, DBSCAN does not produce a complete clustering.

8.2 K-means

Prototype based clustering techniques create a one-level partitioning of the data
objects. There are a number of such techniques, but two of the most prominent
are K-means and K-medoid. K-means defines a prototype in terms of a centroid,
which is usually the mean of a group of points, and is typically applied for objects
in a continuous n dimensional space. K-medoid defines a prototype in terms of a
medoid, which is the most representative point for a group of points, and can be
applied to a wide range of data since it requires only a proximity measure for a pair
of objects. While a centroid almost never corresponds to an actual data point, a
medoid, by its definition, must be an actual data point. In this section we will focus
solely on K-means. The K-medoid algorithm will be considered in the next chapter.

8.2.1 The Basic K-means Algorithm

The K-means clustering technique is simple and we immediately begin with a de-
scription of the basic algorithm. We first choose K initial centroids, where K is a
user specified parameter, namely, the number of clusters desired. Each point is then
assigned to the closest centroid, and each collection of points assigned to a centroid
is a cluster. The centroid of each cluster is then updated based on the points in the
cluster. We repeat the assignment and update steps until no point changes clusters.

K-means is formally described by Algorithm 8.1. The operation of K-means is
illustrated in Figure 8.3, which shows how, starting from three centroids, the final
clusters are found in four assignment-update steps. In the first step, shown in Figure
8.3a, points are assigned to the initial centroids, which are all in the larger group of
points. In this and the remaining steps, the points assigned to the clusters defined
by the three different centroids, are represented by triangles, circles, and squares,
respectively. After points are assigned to a centroid, the centroid is then updated.
For this example, we use the mean as the centroid. Points are assigned to the
updated centroids in the next step, and the centroids are updated again. In steps
2, 3, 4, which are shown in figures 8.3b-d, respectively, two of the centroids move
to the two small groups of points at the bottom of the figures. When the K-means
algorithms terminates in Figure 8.3d, because no more changes occur, the centroids
have identified the natural groupings of points.
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For some combinations of proximity functions and types of centroids, K-means
always converges to a solution, i.e., reaches a state where no points are shifting
from one cluster to another, and hence, the centroids don’t change. Because most
of the convergence occurs in the early steps, however, the condition on line 5 is
often replaced by a weaker condition, e.g., repeat until only 1% of the points change
clusters.

Algorithm 8.1 Basic K-means Algorithm.

1: Select K points as initial centroids.
2: repeat
3: Form K clusters by assigning each point to its closest centroid.
4: Recompute the centroid of each cluster.
5: until Centroids do not change

(a) Iteration 1 (b) Iteration 2 (c) Iteration 3 (d) Iteration 4

Figure 8.3. Using the K-means algorithm to find three clusters in sample data.

We consider each of the steps in the basic K-means algorithm in more detail and
then provide an analysis of the algorithm’s space and time complexity.

Assigning Points to the Closest Centroid

To assign a point to the closest centroid, we need a proximity measure that quantifies
the notion of ‘closest’ for the specific data under consideration. Therefore, Euclidean
(L2) distance is often used for data points in Euclidean space, while cosine similarity
is more appropriate for documents. However, there may be several types of proximity
measures that are appropriate for a given type of data, e.g., L1 distance can be used
for Euclidean data, while the Jaccard is may be employed for documents.

Usually, the similarity measures used for K-means are relatively simple since
this step is the most computationally intensive—the algorithm repeatedly calculates
the similarity of each point to each centroid. In some cases, however, such as
low dimensional Euclidean space, it is possible to avoid computing many of the
similarities, and thus, speed up the K-means algorithms. Another approach that
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Table 8.1. Table of notation
Symbol Description

x An object.
Ci The ith cluster.
ci The centroid of cluster Ci.
c The centroid of all points.

mi The number of objects in the ith cluster.
m The number of objects in the data set.
K The number of clusters.

speeds up K-means by reducing the number of similarities computed is bisecting
K-means, which is described in Section 8.2.1.

Centroids and Objective Functions

Step 4 of the K-means algorithm was stated, rather generally, as “recompute the
centroid of each cluster,” since the centroid that we compute may vary, depending
on the proximity measure for the data and the goal of the clustering. The proximity
measure was discussed above. The goal of the clustering is typically expressed as
an objective function that depends on the proximities of the points to one another
or to the cluster centroids, e.g., minimize the squared distance of each point to its
closest cluster centroid. We illustrate this below with two examples, but the key
point is that once we have specified a proximity measure and an objective function,
the centroid that we should choose can often be determined mathematically. We
provide examples of this in Section 8.2.6, and discuss the non-mathematical aspects
of this observation here.

For our first example, we consider data whose proximity measure is Euclidean
distance. For our objective function, which measures the quality of a clustering, we
use the sum of the squared error (SSE). In words, for each data point, we calculate
its error, i.e., its Euclidean distance to the closest centroid, and then, compute the
total sum of the squared errors. Given two different sets of clusters, which are
produced by two different runs of K-means, we prefer the one with the smallest
squared error since this means that the prototypes (centroids) of this clustering are
doing a better job of representing the points in their cluster. Using the notation in
Table 8.1, the the SSE is formally defined as follows:

SSE =
K∑

i=1

∑

x∈Ci

dist(ci, x)2 (8.1)

where dist is the standard Euclidean (L2) distance between two objects in Euclidean
space.

Given these assumption, it can be shown—see Section 8.2.6—that the appropri-
ate centroid, i.e., the point that minimizes the SSE of the cluster, is the mean, where
the mean of a group of points is obtained by taking the mean of each attribute for



         Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --  

8.2.1 The Basic K-means Algorithm 389

the points in the cluster. Using the notation in Table 8.1, the centroid of the ith

cluster is defined by Equation 8.2.

ci =
1

mi

∑

x∈Ci

x (8.2)

Steps 3 and 4 of the K-means algorithm directly attempt to minimize SSE (or
more generally, the objective function). Step 3 forms clusters by assigning points
to their nearest centroid, which minimizes the SSE for the given set of centroids.
Step 4 recomputes the centroids so as to further minimize the SSE. However, the
actions of K-means in steps 3 and 4 are only guaranteed to find a local minimum
with respect to SSE since they are based on optimizing SSE for specific choices of
the centroids and clusters, rather than for all possible choices.

As another example, we consider document data and the cosine similarity mea-
sure. In this case, we take our objective to be maximizing the similarity of documents
to the cluster centroid. If we call this quantity the cohesion of the cluster, then our
objective is to maximize the total cohesion given by equation 8.3.

total cohesion =
K∑

i=1

∑

x∈Ci
y∈Ci

cosine(x, y) (8.3)

There are a number of choices for the proximity function, centroid, and objective
function which can be used in the basic K-means algorithm and which are guaranteed
to converge. Table 8.2 shows some possible choices, including the two that we have
just discussed. Notice that for L1 distance and the objective of minimizing the sum
of the distances, the appropriate centroid is the median of the data points. The last
entry in the table—Bregman—is actually a class of distance measures that includes
the Euclidean L2 distance and a wide variety of other distance measures, such as
the Mahalanobis distance. (See bibliographic remarks.)

For the rest of this section, we focus on K-means in the context of two dimen-
sional data since it is easy to explain K-means and its properties for this type of data.
But, as suggested by the last few paragraphs, K-means is a very general clustering
algorithm and can be used with a wide variety of data types, such as documents
and time series.

Choosing initial centroids

Different runs of K-means typically produce different total SSEs. We illustrate this
with a the set of two-dimensional points previously seen in Figure 8.3, which has
three ‘natural’ groupings of points. Figure 8.4a shows a clustering solution that is
the global minimum of SSE for three clusters, while Figure 8.4b shows a suboptimal
clustering which is only a local minimum.

Thus, choosing the proper initial centroids is the key step of the basic K-means
procedure. A common approach is to choose the initial centroids randomly, but
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Table 8.2. K-means: Common Choices for Proximity, Centroids, and Objective Functions
Proximity Function Centroid Objective Function

L1 median Minimize sum of L1 distances of objects
to their cluster centroid

L2 mean Minimize sum of L2 distances of objects
to their cluster centroid

cosine mean Maximize the sum of the cosine similarity
of objects to their cluster centroid

Bregman mean Minimize sum of the Bregman ‘distance’
of objects to their cluster centroid

(a) Optimal clustering. (b) Suboptimal clustering.

Figure 8.4. Three optimal and non-optimal clusters.
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(a) Iteration 1 (b) Iteration 2 (c) Iteration 3

(d) Iteration 4 (e) Iteration 5 (f) Iteration 6

Figure 8.5. Poor starting centroids for K-means.

the resulting clusters can often be poor. We illustrate this with a simple example
that uses the set of three clusters previously seen in figures 8.3 and 8.4. Figures 8.3
and 8.5 indicate the clusters that result for two particular choices of initial points.
(For both figures, the positions of the cluster centroids in the various iterations are
indicated by crosses.) In the first case, even though all the initial centroids come
from one ‘natural’ cluster, the minimum SSE clustering is still found. In the second
case, however, even though the initial centroids seem “better distributed,” we obtain
a suboptimal clustering, with higher squared error.

One technique that is commonly used to address the problem of choosing initial
centroids is to perform multiple runs, each with a different set of randomly chosen
initial centroids, and then select the set of clusters with the minimum SSE. While
simple, this strategy may not work very well, depending on the data set and the
number of clusters sought. This is illustrated by the sample data set shown in Figure
8.6. The data consists of two pairs of clusters, where the clusters in each pair are
closer to each other than to the clusters in the other pair. Figure 8.7 shows that
if we start with two initial centroids per pair of clusters, then even when the both
initial centroids are in a single cluster, the centroids will redistribute themselves
so that the ‘true’ clusters are found. However, Figure 8.8 shows that if a pair of
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Figure 8.6. Two pairs of clusters.

(a) Iteration 1 (b) Iteration 2 (c) Iteration 3

Figure 8.7. Two pairs of clusters with a pair of initial centroids within each pair of clusters.

clusters has only one initial centroid, and another pair has three, then two of the
‘true’ clusters will be combined and one ‘true’ cluster will be split.

Note that an optimal clustering will be obtained as long as two initial centroids
fall anywhere in a pair of clusters, since the centroids will redistribute themselves,
one to each cluster. Unfortunately, as the number of clusters becomes larger, it is
increasingly likely that at least one pair of clusters will have only one initial centroid.
(See exercise 3.) In this case, because the pairs of clusters are far apart, the K-means
algorithm will not redistribute the centroids between pairs of clusters, and thus, only
a local minimum will be achieved.

Because of the problems with using random seeds for initialization, problems
that even repeated runs may not overcome, other techniques are often used for
finding initial centroids. One effective approach is to take a sample of points and
cluster it using a hierarchical clustering technique. K clusters are extracted from
the hierarchical clustering and the centroids of those clusters are used as the initial
centroids. This approach often works well, but is practical only if the sample is
relatively small, e.g., a few hundred to a few thousand (hierarchical clustering is
expensive), and if K is relatively small compared to the sample size.

Another approach to selecting initial centroids is the following. Select the first
point at random, or as the centroid of all points. Then select, for each succeeding
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(a) Iteration 1 (b) Iteration 2

(c) Iteration 3 (d) Iteration 4

Figure 8.8. Two pairs of clusters with more or fewer than two initial centroids within a pair of clusters.
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initial centroid, the point that is furthest from any of the initial points currently
selected. In this way, we obtain a set of points that is guaranteed to be randomly
selected, but also well separated. Unfortunately, such an approach may tend to select
outliers, rather than points in dense regions. Also, it is expensive to compute the
furthest point from the current set of initial centroids. To overcome these problems,
this approach is often applied to a sample of the points. Since outliers are rare,
they tend not to show up in a random sample, while some points from every dense
regions (cluster) are likely to be included unless the sample size is very small. Also,
the computation involved in finding the initial centroids is much reduced since the
sample size is typically much smaller than the number of points.

Later on we will discuss two other approaches that are useful for producing better
quality (lower SSE) clusterings: using a variant of K-means that is less susceptible
to initialization problems—bisecting K-means—and using post-processing to ‘fix-up’
the set of clusters produced.

Time and Space Complexity

Because only the data points and centroids are stored, the space requirements for
K-means are modest. Specifically, the storage required is O((m + K)n), where m
is the number of points and n is the number of attributes. The time requirements
for K-means are also modest—basically linear in the number of data points. In
particular, the time required is O(I ∗K ∗m ∗n), where I is the number of iterations
required for convergence. As mentioned, I is often small and can usually be safely
bounded, as most changes typically occur in the first few iterations. Therefore,
K-means is linear in m, the number of points, and is efficient, as well as simple,
provided that K, the number of clusters, is significantly less than m.

8.2.2 K-means: Additional Issues

Handling Empty Clusters

One of the problems with the basic K-means algorithm given above is that empty
clusters can be obtained if no points are assigned to a cluster during the assignment
step. If so, then a strategy is needed to choose a replacement centroid. Otherwise,
the squared error will certainly be larger than necessary. One approach is to choose
the point that is farthest away from any current center as the new centroid. If
nothing else, this eliminates the point that currently contributes the most to the
squared error. Another approach is to choose the replacement centroid from the
cluster that has the highest SSE. This will typically split the cluster and reduce the
overall SSE of the clustering. If there are several empty clusters, then this process
can be repeated several times.

Outliers

When we use the squared error criteria, outliers can unduly influence the clusters
that are found. In particular, when outliers are present, the resulting cluster cen-
troids (prototypes) may not be as representative as they otherwise would be and
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thus, SSE will be higher than it otherwise would be. Because of this, it is often
useful to try to find outliers and eliminate them. It is important, however, to ap-
preciate that there are certain clustering applications where outliers should not be
eliminated. When clustering is used for data compression, every point must be clus-
tered, and in some cases, such as financial analysis, apparent outliers can be the
most interesting points, e.g., unusually profitable customers.

An obvious question is how to identify local outliers. A number of techniques for
identifying outliers will be discussed in Chapter 10. If we use approaches that take
place before clustering, we avoid wasting time by trying to cluster points that will
not cluster well. Alternatively, outliers can also be identified in a postprocessing
step. For instance, we can keep track of the SSE contributed by each point, and
eliminate those points with unusually high contributions, especially over multiple
runs. Also, we may want to eliminate small clusters since they frequently represent
groups of outliers.

Reducing SSE

An obvious way to reduce SSE is to find more clusters, i.e., to use a larger K.
While a ‘poor’ K-means clustering with more clusters can result in a higher SSE
than a ‘good’ K-means clustering with fewer clusters, the best possible SSE always
declines as K increases, provided K is less than the number of points. Nonetheless,
increasing the number of clusters is not without drawbacks. If we have too many
clusters, then we have lost the benefits of clustering, even though our SSE may be
low. Indeed, we can reduce the SSE to 0 by letting each point be a cluster, but this
yields a clustering with no value.

Reducing SSE With Post-Processing

In many cases, we would like to improve SSE, but don’t want to increase the num-
ber of clusters. This is possible, because K-means typically gets stuck in a local
minimum, i.e., clustering that is not optimal. Various techniques are used to try
to fix up the resulting clusters in order to produce a clustering that has lower SSE.
Specifically, the strategy is to focus on individual clusters since the total SSE is
simply the sum of the SSE contributed by each cluster. (If there is any poten-
tial confusion about which SSE we are talking about, total or cluster, we will use
the terminology, total SSE and cluster SSE, respectively.) Thus, we can change
the overall SSE by performing various operations on the clusters, e.g., splitting or
merging clusters. One commonly used approach is to use alternate cluster splitting
and merging phases. Specifically, during a splitting phase, clusters are split, while
during a merging phase, clusters are combined. In this way, it is often possible
to escape from local SSE minima and still produce a clustering solution with the
desired number of clusters.

Two strategies that decrease the total SSE by increasing the number of clusters
are the following:
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Split a cluster Often the cluster with the largest SSE is chosen, but, for example,
we could split the cluster with the largest standard deviation for one particular
attribute.

Introduce a new cluster centroid Often the point that is farthest from any
cluster center is chosen. This can be easily determined if we keep track of
the SSE contributed by each point. Another approach is to choose randomly
from all points or from the points with the highest SSE.

Two strategies that decrease the number of clusters, while trying minimize the
increase in SSE, are the following:

Disperse a cluster In other words, remove the centroid that corresponds to the
cluster and reassign the points to other clusters. Ideally the cluster which is
dispersed should be the one that increases the total SSE the least.

Merge two clusters Often, the clusters with the closest centroids are chosen, al-
though another, perhaps better, approach is to merge the two clusters that
result in the smallest increase in total SSE. These two merging strategies are,
respectively, the same strategies that are used in the hierarchical clustering
techniques known as the Centroid method and Ward’s method. Both meth-
ods are discussed later in Section 8.3.

8.2.3 Updating Centroids Incrementally

Instead of updating cluster centroids after all points have been assigned to a cluster,
the centroids can be updated incrementally, after each assignment of a point to a
cluster. Notice that this requires either zero or two updates to cluster centroids at
each step, since a point either moves to a new cluster (two updates) or stays in its
current cluster (zero updates). Using an incremental update guarantees that empty
clusters are not produced since all clusters start with a single point, and if a cluster
ever gets down to one point, then that point will always be reassigned to the same
cluster.

In addition, if incremental updating is used, the relative weight of the point being
added may be adjusted, i.e., the centroid becomes a weighted average of points, and
the current point may have a weight greater or less than 1. While this can result in
better accuracy and faster convergence, it may be difficult to make a good choice for
the relative weight, especially in a wide variety of situations. These update issues
are similar to those involved in updating weights for artificial neural networks.

Yet another benefit of incremental updates has to do with using objectives other
than “minimize SSE.” Specifically, suppose that we are given an arbitrary objective
function to measure the goodness of a set of clusters. When we process an individual
point, we compute the value of the objective function for each of the possible cluster
assignments of the point and then chose the cluster assignment that optimizes the
objective. Specific examples of alternative objective functions are given in Section
8.5.2.
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On the negative side, updating centroids incrementally introduces an order de-
pendency problem, although this can be addressed by randomizing the order in
which the points are processed. In contrast, the basic K-means approach of updat-
ing the centroids after all points are assigned to clusters does not create an order
dependency. Another negative aspect of incremental updates is that they are more
expensive. However, K-means converges rather quickly and so the number of points
switching clusters will tend to be small after a few passes over all the points.

8.2.4 Bisecting K-means

The bisecting K-means algorithm is a straightforward extension of the basic K-
means algorithm that is based on a simple idea: To obtain K clusters, split the set
of all points into two clusters, select one of these clusters to split, and so on, until
K clusters have been produced. In detail, bisecting K-means works as follows.

Algorithm 8.2 Bisecting K-means Algorithm.

1: Initialize the list of clusters to contain the cluster consisting all points.
2: repeat
3: Remove a cluster from the list of clusters
4: {Perform several ‘trial’ bisections of the chosen cluster.}
5: for i = 1 to number of trials do
6: Bisect the selected cluster using basic K-means
7: end for
8: Select the two clusters from the bisection with the lowest SSE
9: Add these two clusters to the list of clusters

10: until Until the list of clusters contains K clusters

There are a number of different ways to choose which cluster is split. We can
choose the largest cluster at each step, the one with the smallest SSE, or use a
criterion based on both size and SSE. Different choices result in different clusters.

Bisecting K-means tends to be less susceptible to initialization problems. Partly
this is because bisecting K-means performs several trial bisections and takes the
best one in terms of SSE, and partly this is because there are only two centroids at
each step.

We often ‘refine’ the resulting clusters by using their centroids as the initial
centroids for the basic K-means algorithm. This is necessary because, while the K-
means algorithm is guaranteed to find a clustering that represents a local minimum
with respect to SSE, in bisecting K-means we are using the K-means algorithm
‘locally,’ i.e., to bisect individual clusters. Therefore, the final set of clusters does
not represent a clustering that is a local minima with respect to SSE.

To illustrate the operation of bisecting K-means that it is less susceptible to
initialization problems, we show, in Figure 8.9, how bisecting K-means finds four
clusters in the data set originally shown in Figure 8.6. In iteration 1, the two pairs
of clusters are found; in iteration 2, the rightmost pair of clusters is split; and in
iteration 3, the leftmost pair of clusters is split.
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(a) Iteration 1 (b) Iteration 2 (c) Iteration 3

Figure 8.9. Bisecting K-means on the four clusters example.

(a) Original Points (b) Three K-means Clusters

Figure 8.10. K-means with different size clusters.

Finally, by recording the sequence of clusterings produced as K-means bisects
clusters, we can also use bisecting K-means to produce a hierarchical clustering.

8.2.5 Limitations and Problems

K-means attempts to minimize the squared error of points with respect to their
cluster centroids. While this is sometimes a reasonable criterion and leads to a
simple algorithm, K-means and its variations have a number of limitations. In
particular, K-means has difficulty detecting the ‘natural’ clusters, when clusters
have widely different sizes, densities, or non-spherical shapes. This is illustrated by
Figures 8.10, 8.11, and 8.12. In Figure 8.10, K-mean cannot find the three natural
clusters because one of the clusters is much larger than the other two, and hence, the
larger cluster is broken, while one of the smaller clusters is combined with a portion
of the larger cluster. In Figure 8.11, K-means fails to find the three natural clusters
because the two smaller clusters are much denser than the larger cluster. Finally,
in Figure 8.12, K-means find two clusters that mixes portions of the two natural
clusters because the shape of the natural clusters is not globular. In all three case,
K-means objective of minimizing SSE is not a good match for the natural cluster
structure.

The difficulty in these three situations is that the K-means objective function
is a mismatch for the kind of clusters we are trying to find since it is minimized
by globular clusters of equal size and density or by clusters that are well separated.
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(a) Original Points (b) Three K-means Clusters

Figure 8.11. K-means with different density clusters.

(a) Original Points (b) Two K-means Clusters

Figure 8.12. K-means with non-globular clusters.
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However, these limitations can be overcome, at least in some sense, if the user is
willing to accept a clustering that breaks the ‘natural’ clusters into a number of
subclusters. Figure 8.13 shows what happens for the three previous data sets if we
find six clusters instead of two or three. Each smaller cluster is ‘pure’ in the sense
that it contains only points from one of the ‘natural’ clusters.

Another limitation of the K-means algorithm is that it is restricted to data
for which there is a notion of a center (centroid). A related technique, K-medoid
clustering, does not have this restriction and is discussed in the next chapter.

Finally, while bisecting K-means typically works better than regular K-means,
it is no better at handling problems with clusters of different sizes, shapes and
densities. Also, if bisecting K-means splits a cluster during the clustering process,
it will stay split, and this may remain true even after a final refinement step.

8.2.6 K-means as an Optimization Problem∗

Here, we delve into the mathematics behind K-means. This section, which can
be skipped without loss of continuity, requires a knowledge of calculus through
partial derivatives. A knowledge of optimization techniques, especially those based
on gradient descent, may also be helpful.

As mentioned earlier, given an objective function such as“minimize SSE,” clus-
tering can be treated as an optimization problem. One way to solve this problem—to
find a global optimum—is to enumerate all possible ways of dividing the points into
clusters and then choose the set of clusters with that best satisfies the objective
function, e.g., that minimizes the overall minimum SSE. Of course, this ‘exhaustive’
strategy is computationally infeasible (NP hard) and as a result, a more practical
approach is needed, even if such an approach finds solutions that are not guaran-
teed to be optimal. One technique, which is known as gradient descent, is based
on picking an initial solution and then repeating the following two steps: compute
the change to the solution that best optimizes the objective and then update the
solution.

To simplify the notation, we assume that the data is one-dimensional, i.e.,
dist(x, y) = (x − y)2. This changes nothing essential, and the same logic can be
used to prove the same statements for data of arbitrary dimension.

Derivation of K-means for SSE

In this section, we show how the centroid for the K-means algorithm can be math-
ematically derived when the proximity function is Euclidean distance and the ob-
jective is to minimize SSE. Specifically, we investigate how we can best update a
cluster centroid so that the cluster SSE is minimized. In mathematical terms we
seek to minimize equation 8.1, which we repeat here, specialized for one-dimensional
data.

SSE =
K∑

i=1

∑

x∈Ci

(ci − x)2 (8.4)
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(a) Unequal Sizes

(b) Unequal Densities

(c) Non-spherical Shapes

Figure 8.13. Using K-means to find clusters that are subclusters of the natural clusters.
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Where Ci is the ith cluster, x is a point in Ci, and ci is the mean of the ith

cluster. See Table 8.1 for a complete list of notation.
We can solve for the the kth centroid ck, which minimizes Equation 8.4, by

differentiating the SSE, setting it equal to 0, and solving, as indicated below.

∂

∂ck
SSE =

∂

∂ck

K∑

i=1

∑

x∈Ci

(ci − x)2

=
K∑

i=1

∑

x∈Ci

∂

∂ck
(ci − x)2

=
∑

x∈Ck

2 ∗ (ck − xk) = 0

∑

x∈Ck

2 ∗ (ck − xk) = 0⇒ mkck =
∑

x∈Ck

xk ⇒ ck =
1

mk

∑

x∈Ck

xk

Thus, as previously indicated, the centroid is the mean of the points in the
cluster. This is pleasing since it agrees with our intuition of what the center of a
cluster should be.

Derivation of K-means for SAE

To demonstrate that the K-means algorithm can be applied to a variety of different
objective functions, we consider how to obtain a partition of the data into K clusters
such that the sum of the L1 distances of points from the ‘center’ of their clusters
is minimized. We are seeking to minimize the the sum of the L1 absolute errors,
SAE, as given by the following equation, where distL1 is the L1 distance. Again,
for notational simplicity, we restrict ourself to one dimensional data, i.e., distL1 =
|ci − x|.

SAE =
K∑

i=1

∑

x∈Ci

distL1(ci, x) (8.5)

We can solve for the the kth centroid ck, which minimizes Equation 8.5, by
differentiating the SAE, setting it equal to 0, and solving.

∂

∂ck
SAE =

∂

∂ck

K∑

i=1

∑

x∈Ci

|ci − x|

=
K∑

i=1

∑

x∈Ci

∂

∂ck
|ci − x|

=
∑

x∈Ck

∂

∂ck
|ck − x| = 0
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p4p1 p2 p3

(a) Dendrogram

 

p4 
p1 

p3 

p2 

(b) Nested cluster diagram.

Figure 8.14. A hierarchical clustering of four points shown as nested clusters and as a dendrogram.

∑

x∈Ck

∂

∂ck
|ck − x| = 0⇒

∑

x∈Ck

sign(x− ck) = 0

If we solve for ck, we find that ck = median{x ∈ Ck}, the median of the points
in the cluster. While the median of a group of points is straightforward to compute,
this computation is not as efficient as the calculation of a mean.

8.3 Agglomerative Hierarchical Clustering

A hierarchical clustering algorithm produces a sequence of nested clusters, ranging
from singleton clusters of individual points to an all-inclusive cluster. The result of a
hierarchical clustering can be graphically represented as a dendrogram, which is the
tree that represents a hierarchical clustering. The term, dendrogram, comes from
biological taxonomy. A dendrogram captures the process by which a hierarchical
clustering is generated by showing the order in which clusters are merged (bottom-
up view) or split (top-down view). For the sets of two-dimensional points that we
will use as examples, a hierarchical clustering can also be graphically represented
using a nested cluster diagram. Figure 8.14 shows an example of these two types of
figures.

The distinction between hierarchical and partitional clustering is not as great
as it might seem. Specifically, by looking at the clusters on a particular level of
a hierarchical tree, a partitional clustering can be obtained. For example, in Fig-
ure 8.14, the partitional clusterings, from bottom to top, are {{1}, {2}, {3}, {4}},
{{1}, {2, 3}, {4}}, {{1}, {2, 3, 4}}, and {{1, 2, 3, 4}}. As another example, figures
8.1b, 8.1c, and 8.1d can be regarded as partitional clusterings from a hierarchical
clustering of the 20 points of Figure 8.1a. Thus, a hierarchical partitioning can be
viewed as a sequence of partitional clusterings, and a partitional clustering can be
viewed as a particular ‘slice’ of a hierarchical clustering.

One of the attractions of hierarchical techniques is that they correspond to tax-
onomies that are very common in the biological sciences, such as the taxonomy of all
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living things: kingdom, phylum, class, order, family, genus, species. Indeed, some
cluster analysis work has occurred under the name of “mathematical taxonomy.”
Another attractive feature is that hierarchical techniques do not assume any partic-
ular number of clusters. Instead, any desired number of clusters can be obtained by
‘cutting’ the dendrogram at the proper level. Finally, unlike K-means with random
initialization, the clustering produced by most hierarchical clustering algorithms is
the same from one run to another.

Most hierarchical clustering techniques, including those that we consider in this
section, cluster all the data points and are non-overlapping. In other words, on each
level of the hierarchy, each point is in exactly one of the disjoint clusters on that
level. There are two basic approaches to generating a hierarchical clustering:

Agglomerative Start with the points as individual clusters and, at each step,
merge the closest pair of clusters. This requires defining the notion of cluster
proximity.

Divisive Start with one, all-inclusive cluster and, at each step, split a cluster until
only singleton clusters of individual points remain. In this case, we need to
decide which cluster to split at each step and how to do the splitting.

Agglomerative hierarchical clustering techniques are by far the most common, and
we will focus exclusively on such methods in this section.

8.3.1 Basic Agglomerative Hierarchical Clustering Algorithms

Many agglomerative hierarchical clustering techniques are variations on a single
approach: Starting with individual points as clusters, succesively merge the closest
clusters until only one cluster remains. This approach is expressed more formally in
Algorithm 8.3.

Algorithm 8.3 Basic Agglomerative Hierarchical Clustering Algorithm

1: Compute the proximity graph, if necessary.
2: repeat
3: Merge the closest two clusters.
4: Update the proximity matrix to reflect the proximity between the new cluster

and the original clusters.
5: until Only one cluster remains.

Defining Proximity Between Clusters

The key operation of Algorithm 8.3 is the calculation of the proximity between two
clusters, and it is the definition of cluster proximity that differentiates the various
agglomerative hierarchical techniques that we will discuss. Cluster proximity is
typically defined with a particular type of cluster in mind—see Section 8.1.2. For
example, many agglomerative hierarchical clustering techniques, such as MIN, MAX,
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and Group Average, come from a graph based view of clusters. For MIN, we define
the proximity of the two clusters as the proximity between the closest two points
(the shortest edge between two points) that are in different clusters. This yields
contiguity-based clusters as shown in Figure 8.2c. Alternatively, MAX takes the
proximity between the farthest two points (the longest edge between two points) in
different clusters to be the cluster proximity. (If our proximities are distances, then
the names, ‘MIN’ and ‘MAX,’ are short and suggestive. For similarities, however,
where higher values indicate closer points, the names seem reversed. For that reason,
we will often also use alternative names, which, respectively, are single link and
complete link.) Another graph based approach, the group average technique, defines
cluster proximity to be the average pairwise proximities (average length of edges)
of all pairs of points from different clusters. These three approaches are graphically
illustrated by Figure 8.15.

(a) MIN (Single Link) (b) MAX (Complete
Link)

(c) Group Average

Figure 8.15. Graph based definitions of cluster proximity

If, instead, we take a prototype based view, where each cluster is represented
by a centroid, different definitions of cluster proximity are more natural. When
using centroids, the cluster proximity is defined as the proximity between cluster
centroids. An alternative technique, Ward’s method, also assumes that a cluster
is represented by its centroid, but measures the proximity between two clusters in
terms of the increase in the SSE that results from merging two clusters into one. Like
K-means, Ward’s method attempts to minimize the sum of the squared distances of
points from their cluster centroids.

Time and Space Complexity

The basic agglomerative hierarchical clustering algorithm just presented uses a prox-
imity matrix. This requires the storage of 1

2m2 proximities—we assume the proxim-
ity matrix is symmetric—where m is the number of data points. The space needed
to keep track of the clusters is proportional to the number of clusters, which is m−1,
excluding singleton clusters. Hence, the total space complexity is O(m2).

With respect to the computational complexity, the analysis of the basic ag-
glomerative hierarchical clustering algorithm is also straightforward. O(m2) time is
required to compute the proximity matrix. After that step, there are m − 1 itera-
tions involving steps 3 and 4 since there are m clusters at the start and two clusters
are merged during each iteration. Step 3 requires O((m− i + 1)2) time—time pro-
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portional to the current number of clusters squared—if performed as a linear search
of the proximity matrix, while step 4 only requires O(m− i + 1) time to update the
proximity matrix after the merger of two clusters. (A cluster merger affects only
O(m − i + 1) proximities for the techniques that we consider.) Without modifica-
tion, this would yield a time complexity of O(m3). If the distances of each cluster
to all other clusters, are stored as a sorted list (or heap), it is possible, however, to
reduce the cost of finding the two closest clusters to O(m− i + 1). But, because of
the additional complexity of keeping data in a sorted list or heap, the overall time
required for a hierarchical clustering based on Algorithm 8.3 is O(m2 log m).

The space and time complexity of hierarchical clustering severely limits the size
of data sets that can be processed. We discuss scalability approaches for clustering
algorithms, including hierarchical clustering techniques, in Section 9.6 of the next
chapter.

8.3.2 Different Agglomerative Hierarchical Clustering Techniques

Sample Data

To illustrate the behavior of the various hierarchical clustering algorithms, we shall
use sample data that consists of six, two-dimensional points, which are shown in
Figure 8.16. The x and y coordinates of the points and the distances between them
are shown, respectively, in tables 8.3 and 8.4.

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.1

0.2

0.3

0.4

0.5

0.6

1

2

3

4

5

6

Figure 8.16. Set of six two-dimensional points.

point x coordinate y coordinate

p1 0.40 0.53

p2 0.22 0.38

p3 0.35 0.32

p4 0.26 0.19

p5 0.08 0.41

p6 0.45 0.30

Table 8.3. X-Y coordinates of six points.
p1 p2 p3 p4 p5 p6

p1 0.00 0.24 0.22 0.37 0.34 0.23

p2 0.24 0.00 0.15 0.20 0.14 0.25

p3 0.22 0.15 0.00 0.15 0.28 0.11

p4 0.37 0.20 0.15 0.00 0.29 0.22

p5 0.34 0.14 0.28 0.29 0.00 0.39

p6 0.23 0.25 0.11 0.22 0.39 0.00

Table 8.4. Distance matrix for six points.
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(a) Single link–nested clusters

3 6 2 5 4 1
0

0.05

0.1

0.15

0.2

(b) Single link—dendrogram

Figure 8.17. Single link clustering of six points.

Single Link or MIN

For the single link or MIN version of hierarchical clustering, the proximity of two
clusters is defined to be the minimum of the distance (maximum of the similarity)
between any two points in the different clusters. Using graph terminology, if you
start with all points as singleton clusters, and add links between points one at a
time, shortest links first, then these single links combine the points into clusters.
The single link technique is good at handling non-elliptical shapes, but is sensitive
to noise and outliers. Figure 8.17 shows the result of applying single link to our
example data set of six points.

Figure 8.17a shows the nested clusters as a sequence of nested ellipses, where
the numbers associated with the ellipses indicate the order of the clustering. Fig-
ure 8.17b shows the same information, but as a dendrogram. The height at which
two clusters are merged in the dendrogram reflects the distance of the two clus-
ters. For instance, from Table 8.4, we see that the distance between points 3 and
6 is 0.11, and that is the height at which they are joined into one cluster in the
dendrogram. As another example, the distance between clusters {3, 6} and {2, 5}
is given by dist({3, 6}, {2, 5}) = min(dist(3, 2), dist(6, 2), dist(3, 5), dist(6, 5)) =
min(0.15, 0.25, 0.28, 0.39) = 0.15.

Complete Link or MAX or CLIQUE

For the complete link or MAX version of hierarchical clustering, the proximity of two
clusters is defined to be the maximum of the distance (minimum of the similarity)
between any two points in the different clusters. Using graph terminology, if you
start with all points as singleton clusters, and add links between points one at a
time, longest links first, then a group of points is not a cluster until all the points
in it are completely linked, i.e., form a clique. Complete link is less susceptible to
noise and outliers, but can break large clusters, and has favors globular shapes.
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(a) Complete link clustering.

3 6 4 1 2 5
0

0.1

0.2

0.3

0.4

(b) Complete link dendrogram.

Figure 8.18. Complete link clustering of six points.

Figure 8.18 shows the results of applying MAX to the sample data set of six
points. As with single link, points 3 and 6 are merged first. However, {3, 6}
is merged with {4}, instead of {2, 5}. This is because the dist({3, 6}, {4}) =
max(dist(3, 4), dist(6, 4)) = max(0.15, 0.22) = 0.22, which is smaller than dist({3, 6},
{2, 5}) = max(dist(3, 2), dist(6, 2), dist(3, 5), dist(6, 5)) = max(0.15, 0.25, 0.28, 0.39)
= 0.39 and dist({3, 6}, {1}) = max(dist(3, 1), dist(6, 1)) = max(0.22, 0.23) = 0.23.

Group Average

For the group average version of hierarchical clustering, the proximity of two clus-
ters is defined to be the average of the pairwise proximities between all pairs of
points in the different clusters. This is an intermediate approach between the sin-
gle and complete link approaches. Thus, for group average, the cluster proximity
proximity(Ci, Cj) of clusters Ci and Cj , which are of size mi and mj , respectively,
is expressed by the following equation:

proximity(Ci, Cj) =
∑

x∈Ci
y∈Cj

proximity(x, y)

mi ∗mj
(8.6)

Figure 8.19 shows the results of applying group average to the sample data set
of six points. To illustrate how group average works, we calculate the distance
between some clusters. dist({3, 6, 4}, {1}) = (0.22 + 0.37 + 0.23)/(3 ∗ 1) = 0.28.
dist({2, 5}, {1}) = (0.2357+0.3421)/(2∗1) = 0.2889. dist({3, 6, 4}, {2, 5}) = (0.15+
0.28+0.25+0.39+0.20+0.29)/(6∗2) = 0.26. Because dist({3, 6, 4}, {2, 5}) is smaller
than dist({3, 6, 4}, {1}) and dist({2, 5}, {1}), these two clusters are merged at the
fourth stage.
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(a) Group average clustering.
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(b) Group average dendrogram.

Figure 8.19. Group average clustering of six points.

Ward’s Method and Centroid Methods

For Ward’s method, the proximity between two clusters is defined as the increase in
the squared error that results when two clusters are merged. Thus, this method uses
the same objective function as is used by K-means clustering. While it may seem
that this makes this technique somewhat distinct from other hierarchical techniques,
it can be shown mathematically that this technique is very similar to the group
average method when the proximity between two points is taken to be the square
of the distance between them. Figure 8.20 shows the results of applying Ward’s
method to the sample data set of six points. The resulting clustering is different
from those produced by single link, complete link, and group average.

Centroid methods calculate the proximity between two clusters by calculating
the distance between the centroids of clusters. These techniques may seem similar
to K-means, but as we have remarked, Ward’s method is the correct hierarchical
analogue.

Centroid methods also have a characteristic—often considered bad—that is not
possessed by the other hierarchical clustering techniques that we have discussed:
the possibility of inversions. To be specific, two clusters that are merged may be
more similar (less distant) than the pair of clusters that were merged in a previous
step. For the other methods, the distance between merged clusters monotonically
increases (or is, at worst, non-increasing) as we proceed from singleton clusters to
one all inclusive clusters.

8.3.3 The Lance-Williams Formula for Cluster Proximity

Any of the cluster proximities that we discussed in this section can be viewed as
a choice of different parameters (in the Lance-Williams formula shown below in
equation 8.7) for the proximity between clusters Q and R, where R is formed by
merging clusters A and B. In this equation, p(., .) is a proximity function, while
mA, mB, and mQ are the number of points in clusters A, B, and Q, respectively. In
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(b) Ward’s dendrogram.

Figure 8.20. Ward’s clustering of six points.

Table 8.5. Table of Lance-Williams coefficients for common hierarchical clustering. Approaches
Clustering Method αA αB β γ

MIN 1/2 1/2 0 -1/2

MAX 1/2 1/2 0 1/2

Group Average mA
mA+mB

mB
mA+mB

0 0

Centroid mA
mA+mB

mB
mA+mB

−mAmB
(mA+mB)2

0

Ward’s
mA+mQ

mA+mB+mQ

mB+mQ

mA+mB+mQ

−mQ

mA+mB+mQ
0

other words, after you merge clusters A and B to form cluster R, the proximity of
the new cluster, R, to an existing cluster, Q, is a linear function of the proximities
of Q with respect to the original clusters A and B. Table 8.5 shows the values of
these coefficients for the techniques that we have discussed.

p(R, Q) = αAp(A, Q) + αBp(B, Q) + βp(A, B) + γ|p(A, Q)− p(B, Q)| (8.7)

Any hierarchical clustering technique that can be expressed using the Lance-
Williams formula does not need to keep the original data points. Instead, the prox-
imity matrix is updated as clustering occurs. While a general formula is appealing,
especially for implementation, it is easier to understand the different hierarchical
methods by looking directly at the definition of cluster proximity that each method
uses.

8.3.4 Key Issues in Hierarchical Clustering

Lack of a Global Objective Function

We previously mentioned that agglomerative hierarchical clustering cannot be viewed
as globally optimizing an objective function. Instead, agglomerative hierarchical
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clustering techniques use various criteria to decide ‘locally,’ at each step, which
clusters should be joined (or split for divisive approaches). This approach yields
clustering algorithms that avoid the difficulty of trying to solve a hard combinato-
rial optimization problem. (Recall from Section 8.2.6, that the general clustering
problem for objective functions such as “minimize SSE” is NP hard.) Furthermore,
such approaches do not have problems with local minima or difficulties in choos-
ing initial points. Of course, the time complexity of O(m2 log m) and the space
complexity of O(m2) are prohibitive in many cases.

Ability to Handle Different Cluster Sizes

One aspect of agglomerative hierarchical clustering that we have not yet discussed
is how to treat the relative sizes of the pairs of clusters that may be merged. (This
discussion applies only to cluster proximity schemes that involve sums, such as
centroid, Ward’s, and group average.) There are two approaches: weighted, which
treats all clusters equally, and unweighted, which takes the number of points in
each cluster into account. We illustrate with the group average technique discussed
in Section 8.3.2, which is the unweighted version of the group average technique.
(In the clustering literature, the full name of this approach is the Unweighted Pair
Group Method using Arithmetic averages (UPGMA).) In Table 8.5, which gives the
formula for updating cluster similarity, the coefficients for UPGMA involve the size
of each of the clusters that were merged: αA = mA

mA+mB
, αB = mB

mA+mB
, β = 0, γ = 0.

For the weighted version of group average—known as WPGMA—the coefficients are
constants: αA = 1/2, αB = 1/2, β = 0, γ = 0. In general, unweighted approaches
are preferred unless there is reason to believe that individual points should have
different weights, e.g., classes of objects have been unevenly sampled.

Merging Decisions are Final

Agglomerative hierarchical clustering algorithms tend to make good local decisions
about combining two clusters since they can use information about the pairwise
similarity of all points. However, once a decision is made to merge two clusters,
this decision cannot be undone at a later time. This approach prevents a local
optimization criterion from becoming a global optimization criterion. For example,
although the ‘minimize squared error’ criteria from K-means is used in deciding
which clusters to merge in Ward’s method, the set of clusters at each level do not
represent local minima with respect to SSE. Indeed, the clusters are not even ‘stable,’
in the sense that a point in one cluster may be closer to the centroid of some other
cluster than to the centroid of its current cluster. Nonetheless, Ward’s method is
often used as a robust method of initializing a K-means clustering, indicating that a
local ‘minimize squared error’ objective function does have a connection to a global
‘minimize squared error’ objective function.

Finally, there are some techniques that attempt to overcome the limitation that
merges are final. One approach attempts to ‘fix up’ the hierarchical clustering
produced by hierarchical clustering techniques. The idea is to move branches of the
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tree around so as to improve a global objective function. Another approach uses
a partitional clustering technique, such as K-means to create many small clusters,
and then performs hierarchical clustering using these small clusters as the starting
point.

8.4 DBSCAN

Density based clustering schemes perform clustering by finding regions of high den-
sity that are separated from one another by regions of low density. While there are a
number of different density based clustering algorithms, DBSCAN is a particularly
simple example of such algorithms that serves to illustrate a number of important
concepts for any technique that finds density based clusters. In this section, we
focus solely on DBSCAN after first considering the key notion of density. Other
algorithms for finding density based clusters are described in the next chapter.

8.4.1 Traditional Density: Center based Approach

While there are not nearly as many approaches for defining density as there are for
defining similarity, there are several distinct methods. In this section we discuss the
center based approach on which DBSCAN is based. Other definitions of density will
be discussed in Chapter 9.

In the center based approach, density is estimated for a particular point in the
data set by counting the number of points within a specified radius, Eps, of the
point. This technique is graphically illustrated by Figure 8.21. The number of
points within a radius of Eps of point A is 7, including A itself.

While this method is simple to implement, the density of any point will depend
on the specified radius. For instance, if the radius is chosen large enough, then all
points will have a density of m, the number of points in the data set. Likewise, if
the radius is too small, then all points will have a density of 1. An approach for
deciding on the appropriate radius for low dimensional data is given in the next
section in the context of our discussion of DBSCAN.

Classification of Points according to Center Based Density

The center based approach to density allows us to classify a point as to whether
it is in the interior of a dense region (a core point), on the edge of a dense region
(a border point), or in a sparsely occupied region (a noise or background point).
Figure 8.22 graphically illustrates the concepts of core, border, and noise points
using a collection of two-dimensional points. The following text provides a more
precise description.

Core points. These are points that are in the interior of a density based cluster.
A point is a core point if the number of points within a given neighborhood
around the point, as determined by the distance function and a user specified
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Figure 8.21. Center based
density.

      C
noise pt.

      B
border pt.

     A
core pt.

Figure 8.22. Core, border, and noise points

distance parameter, Eps, exceeds a certain threshold, MinPts, which is also
a user specified parameter. In Figure 8.22, point A is a core point, if we take
the parameters to be Eps = 1 and MinPts = 5.

Border points. A border point is a point that is not a core point, but which falls
within the neighborhood of a core point. In Figure 8.22, point B is a border
point. A border point may fall within the neighborhoods of several core points.

Noise points. A noise point is any point that is not a core point or a border point.
In Figure 8.22, point C is a noise point.

8.4.2 The DBSCAN Algorithm

Given the previous definitions of core points, border points, and noise points, the
DBSCAN algorithm can be informally described as follows. Any two core points
that are ‘close enough’—are within a distance of Eps of one another—are put in
the same cluster. Likewise, any border point that is close enough to a core point is
put in the same cluster as the core point. (Ties may need to be resolved if a border
point is close to core points from different clusters.) Noise points are discarded.
The formal details are given in Algorithm 8.4. (While this algorithm uses the same
concepts and finds the same clusters as the original DBSCAN, it is optimized for
simplicity, not efficiency.)

Algorithm 8.4 DBSCAN Algorithm.

1: Label all points as core, border or noise points.
2: Eliminate noise points.
3: Put an edge between all core points that are within Eps of each other.
4: Make each group of connected core points into a separate cluster.
5: Assign each border point to one of the clusters of its associated core points.
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Time and Space Complexity

The basic time complexity of the DBSCAN algorithm is O(m∗ time to find points
in the Eps-neighborhood), where m is the number of points. In the worst case, this
complexity is O(m2). However, in low dimensional spaces, there are data structures
that allow the efficient retrieval of all points within a given distance of a specified
point, and the time complexity can be as low as O(m∗log m). The space requirement
of DBSCAN, even for high dimensional data, is O(m) since it is only necessary to
keep a small amount of data for each point, i.e., the cluster label and whether the
point is a core, border, or noise point.

Selection of DBSCAN parameters

There is, of course, the issue of how the parameters, Eps and MinPts are deter-
mined. The basic approach is to look at the behavior of the distance from a point
to its kth nearest neighbor, which we will call the k-dist. For points that belong to
some cluster, the value of k-dist will be small if k is not larger than the cluster size.
Note that there will be some variation, depending on the density of the cluster and
the random distribution of points, but on average, the range of variation will not be
huge if the cluster densities are not radically different. However, for points that are
not in a cluster, such as noise points, the k-dist will be relatively large. Therefore,
by computing the k-dist for all the data points for some k and plotting these values
in an increasing order, we expect to see a sharp change at the value of k-dist that
corresponds to a suitable value of Eps. If we select this distance to be the Eps
parameter, and take the value of k to be the MinPts parameter, then points for
which k-dist is less than Eps, will be labeled as core points, while other points will
be labeled as noise or border points.

The k-dist graph for the sample data set in Figure 8.23 is given in Figure 8.24.
The value of Eps that is determined in this way does depend on k, but it does not
change dramatically as k changes. If the value of k is too small, then even a small
number of closely spaced points that are noise or outliers will be incorrectly labeled
as clusters. If the value of k is too large, then small clusters (of size less than k)
are likely to be labeled as noise. The original DBSCAN algorithm used a value of
k = 4, which appears to be a reasonable value for most two-dimensional data sets.

Because DBSCAN uses a density-based definition of a cluster, it is relatively re-
sistant to noise and can handle clusters of arbitrary shapes and sizes. Consequently,
DBSCAN can find many clusters that cannot be found using K-means, such as
those in Figure 8.23. DBSCAN does, however, have trouble with high dimensional
data since density becomes more difficult to define in higher dimensions. Further-
more, DBSCAN may have trouble with density in lower dimensions if the density
of clusters varies widely.

For example, consider Figure 8.25. which shows four clusters embedded in noise.
The density of the clusters and noise regions is indicated by their darkness. The
noise around the pair of denser clusters, A and B, has the same density as clusters,
C and D. If the Eps threshold is low enough so that DBSCAN finds C and D as
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Figure 8.23. Sample data.
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Figure 8.24. K-dist plot for sample data.
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Figure 8.25. Four clusters embedded in noise.

clusters, then A and B and the points surrounding them will become a single cluster.
If the Eps threshold is high enough so that DBSCAN finds A and B as separate
clusters, and the points surrounding them are marked as noise, then C and D and
the points surrounding them will be marked as noise.

To illustrate the use of DBSCAN, we show the clusters that it finds in the
relatively complicated two-dimensional data set shown in Figure 8.23. This data
set consists of 3000 two-dimensional points. The Eps threshold for this data is
found by plotting the sorted distances of the fourth nearest neighbor of each point
(Figure 8.24) and identifying the value at which there is a sharp increase. We
select Eps = 10, which corresponds to the knee of the curve. The clusters found
by DBSCAN using these parameters, i.e., MinPts = 4 and Eps = 10, are shown
in Figure 8.26a. The core points, border points, and noise points are displayed in
Figure 8.26b.

8.5 Cluster Evaluation

In supervised classification, the evaluation of the resulting classification model is an
integral part of the process of developing a classification model, and there are well-
accepted evaluation measures and procedures, e.g., accuracy and cross-validation,
respectively. However, because of its very nature, cluster evaluation is not a well-
developed or commonly used part of cluster analysis. Nonetheless, cluster evalua-
tion, or cluster validation as it is more traditionally called, is important and this
section will review some of the most common and easily applied approaches.

There might be some confusion as to why cluster evaluation is necessary. After
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Figure 8.26. DBSCAN clustering of 3000 two-dimensional points.
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all, many times cluster analysis is conducted as a part of an exploratory data analysis
and hence, evaluation seems like an unnecessarily complicated addition to what is
supposed to be an informal process. Furthermore, since there are a number of
different types of clusters—in some sense, each clustering algorithm defines its own
type of cluster—it may seem that each situation might require a different evaluation
measure. For instance, K-means clusters might be evaluated in terms of SSE, but
for density-based clusters, which need not be globular, SSE would not work well at
all.

Nonetheless, cluster evaluation should be a part of any cluster analysis. In par-
ticular, a key motivation is that almost every clustering algorithm will find clusters
in a data set, even if that data set has no natural cluster structure. For instance,
consider Figure 8.27, which shows the result of clustering 100 points that are ran-
domly (uniformly) distributed on the unit square. The original points are shown
in Figure 8.27a, while the clusters found by DBSCAN, K-means and complete link
are shown in figures 8.27b, 8.27c, and 8.27d, respectively. Since DBSCAN found
three clusters (after we set EPS by looking at the distances of the fourth nearest
neighbors), we set K-means and complete link to find three clusters as well. (In
Figure 8.27b the noise is shown by the small markers.) However, for none of the
three methods do the clusters look compelling. In higher dimensions, such problems
cannot be so easily detected.

8.5.1 Overview

Being able to distinguish if there is non-random structure in the data is just one
important aspect of cluster validation. The following is a list of several important
issues for cluster validation. Notice that items 1, 2, and 3 do not make use of
any external information—they are unsupervised techniques—while item 4 requires
external information. Item 5 may be performed in either a supervised or an unsu-
pervised manner. A further distinction can be made with respect to items 3, 4 and
5: whether we want to evaluate the entire clustering or just individual clusters.

1. Determining the clustering tendency of a set of data, i.e., distinguishing whether
non-random structure actually exists in the data.

2. Determining the ‘correct’ number of clusters.

3. Evaluating how well the results of a cluster analysis fit the data without ref-
erence to external information.

4. Comparing the results of a cluster analysis to externally known results, such
as externally provided class labels.

5. Comparing two different sets of clusters to determine which is better.

While it is possible to develop various numerical measures to assess the different
aspects of cluster validity mentioned above, there are a number of challenges. First,
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(a) Original points. (b) Three clusters found by DB-
SCAN.

(c) Three clusters found by K-
means.

(d) Three clusters found by
complete link

Figure 8.27. Clustering of 100 uniformly distributed points.
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a measure of cluster validity may be quite limited in the scope of its applicability. For
example, most work on measures of clustering tendency have been for two or three
dimensional spatial data. Second, we need a framework to interpret any measure.
For instance, if we obtain a value of 10 for a measure that evaluates how well cluster
labels match externally provided class labels, does this value represent a good, fair,
or poor match? The goodness of a match can often be measured by looking at the
statistical distribution of this value, i.e., by looking at how likely it is that such
a value occurs by chance. Finally, if a measure is too complicated to apply or to
understand, then few will use it.

The evaluation measures, or indices, that are applied to judge various aspects of
cluster validity, are traditionally classified into the following three types.

Unsupervised. Used to measure the goodness of a of clustering structure without
respect to external information. An example of this is SSE. Unsupervised mea-
sures of cluster validity are often further divided into two classes: measures of
cluster cohesion (compactness, tightness), which measure how closely related
the objects in a cluster are, and measures of cluster separation (isolation),
which measure how distinct or well-separated a cluster is from other clusters.
Unsupervised measures are often called internal indices since they use only
information present in the data set.

Supervised. Used to measure the extent to which the clustering structure discov-
ered by a clustering algorithm matches some external structure. An example
of a supervised index is entropy, which measures how well cluster labels match
externally supplied class labels. Supervised measures are often called external
indices since, they use information not present in the data set.

Relative. Used to compare two different clusterings or clusters. A relative cluster
evaluation measure is a supervised or unsupervised evaluation measure that is
used for the purpose of comparison. Thus, relative measures are not actually a
separate type of cluster evaluation measure, but a specific use of such measures.
As an example, two K-means clusterings can be compared using either SSE or
entropy.

In the remainder of this section, we provide specific details concerning cluster va-
lidity. We first describe topics related to unsupervised cluster evaluation, beginning
with (i) measures based on cohesion and separation, and (ii) two techniques based
on the proximity matrix. Since these approaches are useful only for partitional sets
of clusters, we also describe the popular cophenetic correlation coefficient, which
can be used for the unsupervised evaluation of a hierarchical clustering. We end our
discussion of unsupervised evaluation with brief discussions of finding the ‘correct’
number of clusters and evaluating clustering tendency. We then consider supervised
approaches to cluster validity, such as entropy, purity, and the Jaccard measure.
We conclude this section with a short discussions of how to interpret the values of
(unsupervised or supervised) validity measures.
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(a) Cohesion. (b) Separation.

Figure 8.28. Graph based view of cluster cohesion and separation.

8.5.2 Unsupervised Cluster Evaluation Based on Cohesion and Sep-
aration

Many internal measures of cluster validity for partitional clustering schemes, are
based on the notions of cohesion or separation. In this section, we use cluster valid-
ity measures for prototype and graph based clustering techniques to explore these
notions in some detail. In the process, we will also see some interesting relationships
between prototype and graph based clustering.

In general, we can consider expressing overall cluster validity for a set of K
clusters as a weighted sum of the validity of individual clusters,

overall validity =
K∑

1

wi validity(Ci) (8.8)

The validity function can be cohesion, separation, or some combination of these
quantities. The weights will vary depending on the cluster validity measure. In
some cases, the weights are simply 1 or the size of the cluster, while in other cases
they reflect a more complicated property, such the square root of the cohesion—see
Table 8.6.

Graph Based View of Cohesion and Separation

For graph based clusters, the cohesion of a cluster can be defined as the sum of the
weights of the links in the proximity graph that connect points within the cluster.
See Figure 8.28a. (Recall that the proximity graph is the graph that has data objects
as nodes, a link between each pair of data objects, and a weight assigned to each link
that is the proximity between the two data objects connected by the link.) Likewise,
the separation between two clusters can be measured by the sum of the weights of
the links from points in one cluster to points in the other cluster. This is illustrated
in Figure 8.28b.

Mathematically, cohesion and separation for a graph based cluster can be ex-
pressed using equations 8.9 and 8.10, respectively. We allow the proximity function
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+

(a) Cohesion.

++

(b) Separation.

Figure 8.29. Prototype based view of cluster cohesion and separation.

to be a similarity, a dissimilarity, or a simple function of such quantities, e.g., dis-
tance squared.

cohesion(Ci) =
∑

x∈Ci
y∈Ci

proximity(x, y) (8.9)

separation(Ci, Cj) =
∑

x∈Ci
y∈Cj

proximity(x, y) (8.10)

Prototype Based View of Cohesion and Separation

For prototype based clusters, the cohesion of a cluster can be defined as the sum
proximities with respect to the prototype (centroid or medoid) of the cluster. Simi-
larly, the separation between two clusters can be measured by the proximity of the
two cluster prototypes. This is illustrated in Figure 8.29, where the centroid of a
cluster is indicated by a ‘+’.

Cohesion for a prototype based cluster is given in Equation 8.11, while two
measures for separation are given in 8.12 and 8.13, respectively, where ci is the
prototype (centroid) of cluster Ci and c is the overall prototype (centroid). There
are two measures for separation because, mathematically, the separation of cluster
prototypes from an overall prototype is sometimes directly related to the separation
of cluster prototypes from one another—see Section 8.5.2. Note that Equation 8.11
is the cluster SSE if we let proximity be the squared Euclidean distance.

cohesion(Ci) =
∑

x∈Ci

proximity(x, ci) (8.11)

separation(Ci, Cj) = proximity(ci, cj) (8.12)

separation(Ci) = proximity(ci, c) (8.13)

Overall Measures of Cohesion and Separation

The previous definitions of cluster cohesion and separation gave us some simple
and well-defined measures of cluster validity that can be combined into an overall
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measure of cluster validity by using a weighted sum, as indicated in Equation 8.8.
However, we need to decide what weights to use. Not surprisingly, the weights used
can vary widely, although typically they are some measure of cluster size.

In Table 8.6, we provide some examples of validity measures based on cohesion
and separation. We provide some explanation for the various measures. I1 is a
measure of cohesion in terms of the pairwise proximity of objects in the cluster
divided by the cluster size. I2 is a measure of cohesion based on the sum of the
proximities of objects in the cluster to the cluster centroid. E1 is a measure of
separation defined as the proximity of a cluster centroid to the overall centroid
multiplied by the number of objects in the cluster. G1, which is a measure based
on both cohesion and separation, is the sum of the pairwise proximity of all objects
in the cluster with all objects outside the cluster—the weight of the edges of the
proximity graph that must be cut to separate the cluster from all other clusters—
divided by the sum of the pairwise proximity of objects in the cluster.

Table 8.6. Table of graph-based cluster evaluation measures.
name cluster measure cluster weight type

I1
∑

x∈Ci
y∈Ci

proximity(x, y) 1
mi

graph based
cohesion

I2
∑

x∈Ci
proximity(x, ci) 1 prototype based

cohesion

E1 proximity(ci, c) mi prototype based
separation

G1
∑k

j=1
j 6=i

∑
x∈Ci
y∈Cj

proximity(x, y)
∑

x∈Ci
y∈Ci

proximity(x, y) graph based
separation and
cohesion

Note that any unsupervised measure of cluster validity can potentially be used
as an objective function for a clustering algorithm and vice-versa. The CLUstering
TOolkit (CLUTO)—see bibliographic remarks—uses the cluster evaluation mea-
sures described in Table 8.6, as well as some other evaluation measures not men-
tioned here, to drive the clustering process. It does this by using an algorithm
that is similar to the incremental K-means algorithm discussed in Section 8.2.3.
Specifically, each point is assigned to the cluster that produces the best value for
the cluster evaluation function. Cluster evaluation measure I2 corresponds to tra-
ditional K-means and produces clusters that have good SSE values. The other
measures produce clusters that are not as good with respect to SSE, but that are
more optimal with respect specified cluster validity measure.

Relationship Between Prototype Based Cohesion and Graph Based Cohe-
sion

While the graph based and prototype based approaches to measuring the cohesion
and separation of a cluster seem distinct, for some proximity measures they are
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equivalent. For instance, for SSE and points in Euclidean space, it can be shown
that the the average pairwise difference between the points in a cluster is equivalent
to the SSE of the cluster. See Exercise 15.

Cluster SSE =
∑

x∈Ci

dist(ci, x)2 =
1

2mi

∑

x∈Ci

∑

y∈Ci

dist(x, y)2 (8.14)

Two Approaches to Prototype Based Separation

When proximity is measured by Euclidean distance, the traditional measure of sep-
aration between clusters is the “between groups sum of squares,” SSB, which is the
sum of the squared distance of a cluster centroid, ci, to the overall mean, c, of all
the data points. By summing the SSB over all clusters, we obtain the total SSB,
which is given by equation 8.15, where ci is the ith mean and c is the overall mean.
The higher the total SSB of a clustering, the more separated the clusters are from
one another.

Total SSB =
K∑

i=1

mi dist(ci, c)
2 (8.15)

It is straightforward to show that the the total SSB is directly related to the pair-
wise differences between the centroids. In particular, if the cluster sizes are equal,
i.e., mi = m/K, then this relationship takes the simple form given by Equaiton
8.16. (See exercise 16.) It is this type of equivalence that motivates the definition
of prototype separation in terms of both Equation 8.12 and Equation 8.13.

Total SSB =
1

2K

K∑

i=1

K∑

j=1

m

K
dist(ci, cj)

2 (8.16)

Relationship Between Cohesion and Separation

Sometimes, there is also a strong relationship between cohesion and separation.
Specifically, it is possible to show that the sum of the total SSE and the total SSB
is a constant, i.e., that it is equal to the Total Sum of Squares (TSS), which is
the sum of squares of the distance of each point to the overall mean of the data.
The importance of this result is that minimizing SSE (cohesion) is equivalent to
maximizing SSB (separation).

We provide the proof of this fact below, since the approach illustrates tech-
niques that are also applicable to proving the relationships stated in the last two
sections. To simplify the notation, we assume that the data is one dimensional, i.e.,
dist(x, y) = (x−y)2. Also, we have used the fact that the cross term

∑K
i=1

∑
x∈Ci

(x−
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ci)(c− ci) is 0. (See exercise 14.)

TSS =

K∑

i=1

∑

x∈Ci

(x− c)2

=

K∑

i=1

∑

x∈Ci

((x− ci)− (c− ci))
2

=

K∑

i=1

∑

x∈Ci

(x− ci)
2 − 2

K∑

i=1

∑

x∈Ci

(x− ci)(c− ci) +

K∑

i=1

∑

x∈Ci

(c− ci)
2

=
K∑

i=1

∑

x∈Ci

(x− ci)
2 +

K∑

i=1

∑

x∈Ci

(c− ci)
2

=
K∑

i=1

∑

x∈Ci

(x− ci)
2 +

K∑

i=1

|Ci|(c− ci)
2

= SSE + SSB

Evaluating Individual Clusters and Objects

So far, we have focused on using cohesion and separation in the overall evaluation
of a group of clusters. Many of these individual measures of cluster validity can be
used for evaluating individual clusters and objects.

For example, we can rank individual clusters according to their specific value
of cluster validity, i.e., cluster cohesion or separation. A cluster that has a high
value of cohesion may be considered better than a cluster that has a lower value.
This information can often be used for improving the quality of a clustering. If, for
example, a cluster is not very cohesive, then we may want to split it into several
subclusters. If on the other hand, two clusters are relatively cohesive, but not well
separated, we may want to merge them into a single cluster.

We can also evaluate objects in terms of their contribution to the overall cohesion
or separation of the cluster. Objects that contribute more to the cohesion and
separation are near the ‘interior’ of the cluster. Those objects for which the opposite
is true, are probably near the ‘edge’ of the cluster. In the following section, we
consider a cluster evaluation measure that uses an approach based on such ideas to
evaluate points, clusters, and the entire set of clusters.

The Silhouette Coefficient

The popular method of silhouette coefficients combines both cohesion and separa-
tion. We first explain how to compute the silhouette coefficient for an individual
point, a process that consists of the following three steps. (We use distances, but
an analogous approach can be used for similarities.)

1. For the ith object, calculate its average distance to all other objects in its
cluster. Call this value ai.
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Silhouette Coefficient
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 8.30. Silhouette coefficient for points in ten clusters.

2. For the ith object and any cluster not containing the object, calculate the
object’s average distance to all the objects in the given cluster. Find the
minimum such value with respect to all clusters and call this value bi.

3. For the ith object the silhouette coefficient is si = (bi − ai)/ max(ai, bi).

The value of the silhouette coefficient can vary between -1 and 1. A negative
value is undesirable because this corresponds to a case where ai, the average distance
to points in the point’s cluster, is greater than bi, the minimum average distance to
points in another cluster. When the silhouette coefficient is positive, the smaller ai,
the closer the value of is to 1. In summary, we want the silhouette coefficient to be
as close to 1 as possible, but at least non-negative.

We can compute the average silhouette coefficient of a cluster by simply taking
the average of the silhouette coefficients of points belonging to the cluster. An
overall measure of the goodness of a clustering can be obtained by computing the
average silhouette coefficient of all points.

Figure 8.30 shows a plot of the silhouette coefficient for 10 pairs of clusters.
Darker shades indicate lower silhouette coefficients.

8.5.3 Unsupervised Cluster Evaluation Using the Proximity Matrix

In this section, we examine a couple of unsupervised approaches to cluster validity
that are based on the proximity matrix. The first compares an actual and idealized
proximity matrix, while the second uses visualization.

Measuring Cluster Validity via Correlation

If we are given the similarity matrix for a data set and the cluster labels from
a cluster analysis of the data set, then we can evaluate the ‘goodness’ of the the
clustering by looking at the correlation between the proximity matrix and an ideal
version of the similarity matrix based on the cluster labels. (With minor changes, the
following applies to proximity matrices, but for simplicity, we discuss only similarity
matrices.) More specifically, an ideal cluster is one whose points have a similarity
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of 1 to all points in the cluster, and a similarity of 0 for all points in other clusters.
Thus, if we sort the objects so that all objects belonging to the same class are
together, then an ideal similarity matrix has a block diagonal structure, or in other
words, the similarity is non-zero, i.e., 1, inside the blocks of the similarity matrix
whose entries represent intra-cluster similarity, and 0 elsewhere. The ideal similarity
matrix is constructed by creating a matrix that has one row and one column for
each data point—just like an actual similarity matrix—and assigning a 1 to an entry
if the associated pair of points belong to the same cluster. All other entries are 0.

High correlation between ideal and actual similarity matrices indicates that
points that belong to the same cluster are close to each other, while low corre-
lation indicates the opposite. (Since the actual and ideal similarity matrices are
symmetric, the correlation is calculated only between the n(n− 1)/2 entries below
or above the diagonal of the matrices.) Consequently, this is not a good measure
for many density or contiguity based clusters, since they are not globular and may
be closely intertwined with other clusters.

To illustrate this measure, we calculated the correlation between the ideal and
actual similarity matrices for the K-means clusters shown in Figure 8.27c (random
data) and Figure 8.31a (data with three well-separated clusters). The correlations,
were respectively, 0.5810 and 0.9235, which reflects the unsurprising fact that the
clusters found by K-means in the random data are ‘worse’ than the clusters found
by K-means in data with well-separated clusters.

Judging a Clustering Visually via Its Similarity Matrix

The previous technique suggests a more general, qualitative approach to judging a
set of clusters: order the similarity matrix with respect to cluster labels and then plot
it. In theory, if we have well-separated clusters, then the similarity matrix should be
roughly block-diagonal. If not, then the patterns displayed in the similarity matrix
can reveal the relationships between clusters. (Again, all of this can be applied to
dissimilarity matrices, but we stick with similarity matrices for consistency.)

Consider the points in Figure 8.31a, which form three well-separated clusters. If
we use K-means to cluster these points into three clusters, then we should have no
trouble finding these clusters since they are well-separated. The separation of these
clusters is illustrated by the reordered similarity matrix that is shown in Figure
8.31b. (For uniformity, we have transformed the distances into similarities using the
formula, s = 1 − (d −min d)/(max d −min d).) Figure 8.32 shows the reordered
similarity matrices for clusters found in the random data set of Figure 8.27 by
DBSCAN, K-means and complete link.

The well-separated clusters in Figure 8.31 show a very strong, block-diagonal
pattern in the reordered similarity matrix. However, there are also weak block
diagonal patterns—see Figure 8.32—in the reordered similarity matrices of the clus-
terings found by K-means, DBSCAN, and complete link in the random data. Just
as people can find patterns in clouds, data mining algorithms can find clusters in
random data. But while it is entertaining to find patterns in clouds, it is pointless
and perhaps embarrassing to find clusters in noise.
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(b) Similarity matrix sorted by K-means
cluster labels.

Figure 8.31. Similarity matrix for well-separated clusters.
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(a) Similarity matrix
sorted by DBSCAN
cluster labels.
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(b) Similarity matrix
sorted by K-means
cluster labels.
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(c) Similarity matrix
sorted by complete link
cluster labels.

Figure 8.32. Similarity matrices for clusters from random data.

This approach may seem hopelessly expensive for large data sets, since the com-
putation of the proximity matrix takes O(m2) time, where m is the number of
objects, but with sampling this method can still be used. Specifically, the idea is
to take a sample of data points from each cluster, compute the similarity between
these points, and plot the result. It may be necessary to oversample small clusters
and undersample large ones to obtain an adequate representation of all clusters.

8.5.4 Unsupervised Evaluation of Hierarchical Clustering

The previous approaches to cluster evaluation are intended for partitional cluster-
ings. Here we discuss, the cophenetic correlation, a popular evaluation measure for
hierarchical clusterings. The cophenetic distance between two objects is defined as
the proximity at which an agglomerative hierarchical clustering technique puts the
objects in the same cluster for the first time. For example, if, at some point in
the agglomerative hierarchical clustering process, the smallest distance between two
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clusters is 0.1, then all points in one cluster all have a cophenetic distance of 0.1
with respect to the points in the other cluster.

Thus, we can define a cophenetic distance matrix, whose entries are the cophe-
netic distances between each pair of objects. The cophenetic distance is different for
different hierarchical clusterings of a set of points. Table 8.7 shows the cophentic
distance matrix for the single link clusterings shown in Figure 8.17. (The data for
this figure consists of the six two-dimensional points given in Table 8.3.)

Table 8.7. Cophenetic distance matrix for single link and data in Table 8.3.
Point P1 P2 P3 P4 P5 P6

P1 0 0.222 0.222 0.222 0.222 0.222

P2 0.222 0 0.148 0.151 0.139 0.148

P3 0.222 0.148 0 0.151 0.148 0.110

P4 0.222 0.151 0.151 0 0.151 0.151

P5 0.222 0.139 0.148 0.151 0 0.148

P6 0.222 0.148 0.110 0.151 0.148 0

The CoPhenetic Correlation Coefficient (CPCC) is the correlation between the
entries of this matrix and the original dissimilarity matrix and is a standard measure
of how well a hierarchical clustering (of a particular type) fits the data. One of the
most common uses of this measure is to evaluate which type of hierarchical clustering
is best for a particular type of data. In particular, we calculated the CPCC for the
hierarchical clusterings shown in figures 8.17-8.20. These values are shown in Table
8.8. The hierarchical clustering produced by the single link technique seems to fit
the data less well than the clusterings produced by complete link, group average, or
Ward’s method.

Table 8.8. Cophenetic correlation coefficient for data of Table 8.3 and four agglomerative hierarchical clustering
techniques.

Technique CPCC

Single Link 0.44
Complete Link 0.63
Group Average 0.66

Ward’s 0.64

8.5.5 Determining the ‘Correct’ Number of Clusters

Various unsupervised cluster evaluation measures can be used to approximately
determine the ‘correct’ or ‘natural’ number of clusters. We illustrate this with the
data set of Figure 8.30, which has 10 natural clusters. Figure 8.33 shows a plot of
SSE versus the number of clusters for a (bisecting) K-means clustering of the data
set, while Figure 8.34 shows the average silhouette coefficient versus the number of
clusters for the same data. There is a distinct knee in the SSE and a distinct peak
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Figure 8.33. SSE versus number of clusters for
the data of Figure 8.30.
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Figure 8.34. Average silhouette coefficient ver-
sus number of clusters for the data of Figure 8.30.

in the silhouette coefficient when the number of clusters is equal to 10.
The idea is that we can try to find the natural number of clusters in a data set by

looking for the number of clusters at which there is a knee, peak, or dip in the plot of
the evaluation measure when it is plotted against the number of clusters. Of course,
such an approach does not always work so well. Clusters may be considerably more
intertwined or overlapping than those of Figure 8.30. Also, the data may consist of
nested clusters. Actually, the clusters in Figure 8.30 are somewhat nested, i.e., there
are 5 pairs of clusters since the clusters are closer top to bottom, then there are left
to right. There is a knee that indicates this in the SSE curve, but the silhouette
coefficient curve is not so clear since the most obvious feature in that area is the
dip in the silhouette coefficient curve that occurs when the number of clusters is 4.
Thus, while useful, this approach to determining the number of clusters should be
used with caution.

8.5.6 Clustering Tendency

This is another topic of importance, but considerable complexity. The goal is to
assess the presence of cluster structure in the data without actually performing the
clustering. The motivation is to avoid finding clusters, where we should find none,
and is important since virtually all clustering algorithms will dutifully find clusters
when given a data set.

One obvious way to assess the clustering tendency of the data is to cluster it using
using multiple algorithms and then evaluate the quality of the resulting clusters. If
the results are uniformly poor, then this may indicate that there are no clusters
to be found. On the other hand, it may only indicate that the wrong clustering
algorithms were used.

It is more desirable to have an ‘independent,’ i.e., non-clustering, way to evaluate
if the data contains clusters. Some approaches have been developed that evaluate
the clustering tendency of the data without clustering, although the focus has been
on two or three dimensional data. Many of these methods look at the distribution
of nearest neighbor distances. Under certain statistical assumptions, it is possible
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to test whether the distribution of the nearest neighbor distances is unusual, i.e.,
might imply the presence of clusters.

8.5.7 Supervised Measures of Cluster Validity

When we have external information about data, it is typically in the form of exter-
nally derived class labels for the data objects. In such cases, the usual procedure
is to measure the degree of correspondence between the cluster labels and the class
labels. But why this is of interest? After all, if we have the class labels, then what is
the point in performing a cluster analysis? Motivations for such an analysis are the
comparison of clustering techniques with the “ground truth” or the evaluation of
the extent to which a manual classification process can be automatically produced
by cluster analysis.

We consider two different kinds of approaches. The first set of techniques use
measures from classification, such as entropy, purity, and the F-measure. These
measures evaluate the extent to which a cluster contains objects of a single class.
The second group of methods are related to the similarity measures for binary data,
such as the Jaccard measure, that we saw in Chapter 2. These approaches measure
the extent to which two objects that are in the same class are in the same cluster
and vice-versa. For convenience, we will refer to these two types of measures as
classification-oriented and similarity-oriented, respectively.

Classification-Oriented Measures of Cluster Validity

There are a number of measures—entropy, purity, precision, recall, and the F-
measure—that are commonly used to evaluate the performance of a classification
model. In the case of classification, we are measuring the degree to which predicted
class labels correspond to actual class labels, but for the measures just mentioned,
nothing fundamental is changed by using cluster labels instead of predicted class
labels. In the following, we quickly review the definitions of these measures, which
we have seen before in Chapter 4.

Entropy measures the degree to which each cluster consists of objects of a single
class. For each cluster, the class distribution of the data is calculated first,
i.e., for cluster j we compute pij , the ‘probability’ that a member of cluster i
belongs to class j as follows: pij = mij/mi, where mi is the number of objects
in cluster i and mij is the number of objects of class j in cluster i. Using this
class distribution, the entropy of each cluster i is calculated using the standard
formula, ei = −∑L

j=1 pij log2 pij , where L is the number of classes. The total
entropy for a set of clusters is calculated as the sum of the entropies of each
cluster weighted by the size of each cluster, i.e., e =

∑K
i=1

mi
m ei, where K is

the number of clusters, and m is the total number of data points.

Purity is an alternate measure of the extent to which a cluster contains objects
of a single class. Using the terminology employed for entropy, the purity of
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Table 8.9. K-means clustering results for the LA Times document data set.
Cluster Enter-

tainment
Financial Foreign Metro National Sports Entropy Purity

1 3 5 40 506 96 27 1.2270 0.7474
2 4 7 280 29 39 2 1.1472 0.7756
3 1 1 1 7 4 671 0.1813 0.9796
4 10 162 3 119 73 2 1.7487 0.4390
5 331 22 5 70 13 23 1.3976 0.7134
6 5 358 12 212 48 13 1.5523 0.5525

Total 354 555 341 943 273 738 1.1450 0.7203

cluster i, is given by pi = max
j

pij while the overall purity of a clustering is

given by purity =
∑K

i=1
mi
m pi.

Precision is the extent to which a cluster consists of objects of a specified class.
The precision of cluster i with respect to class j is precision(i, j) = pij . Notice
that it does not make sense to evaluate this measure across all clusters for a
single class. Why?

Recall is the extent to which a cluster contains all objects of a specified class. The
recall of cluster i with respect to class j is recall(i, j) = mij/mj , where mj is
the number of objects in class j.

F-measure combines both precision and recall, and measures the extent to which
a cluster both contains only objects of a particular class and contains all
objects of that class. The F-measure of cluster i with respect to class j is
F (i, j) = (precision(i, j) + recall(i, j))/(2 ∗ precision(i, j) ∗ recall(i, j)).

We present an example to illustrate these measures. Specifically, we use K-
means with the cosine similarity measure to cluster 3204 newspaper articles from the
Los Angeles Times. These articles come from 6 different classes: ‘Entertainment,’
‘Financial,’ ‘Foreign,’ ‘Metro,’ ‘National,’ and ‘Sports.’ Table 8.9 shows the results
of a K-means clustering to find 6 clusters. The first column indicates the cluster,
while the next six columns are the ‘confusion matrix,’ i.e., these columns indicate
how the documents of each category are distributed among the clusters. The last
two columns are, respectively, the entropy and purity of each cluster.

Ideally, each cluster will contain documents only from one class. In reality, each
cluster contains documents from many classes. Nevertheless, many clusters contain
documents primarily from just one class. In particular, Cluster 3, which contains
mostly documents from the Sports section, is exceptionally good, both in terms of
purity and entropy. The purity and entropy of the other clusters is not as good, but
can typically be greatly improved if the data is partitioned into a larger number of
clusters.

Precision, recall, and the F-measure can be calculated for each cluster. To give
a concrete example, we consider Cluster 1 and the ‘Metro’ class of Table 8.9. The
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precision is 506/677 = 0.75, recall is 506/943 = 0.26, and hence, the F value is 0.26.
In contrast, the F value for Cluster 3 and ‘Sports’ is 0.84.

Similarity-Oriented Measures of Cluster Validity

The measures that we discuss in this section are all based on the point of view that
any two objects that are in the same cluster should be in the same class and vice-
versa. We can view this approach to cluster validity as involving the comparison of
two matrices: the ideal cluster similarity matrix discussed previously, which has a
1 in the ijth entry if two objects, i and j, are in the same cluster and 0, otherwise,
and analogously, an ideal class similarity matrix defined with respect to class labels,
which has a 1 in the ijth entry if two objects, i and j, belong to the same class, and
a 0, otherwise. As before, we can take the correlation of these two matrices as the
measure of cluster validity. This measure is known as the Γ statistic in clustering
validation literature.

To demonstrate this idea more concretely, we give an example involving five
objects, p1, p2, p3, p4, p5, two clusters, C1 = {p1, p2, p3} and C2 = {p4, p5}, and two
classes L1 = {p1, p2} and L2 = {p3, p4, p5}. The ideal cluster and class similarity
matrices are given in tables 8.10 and 8.11. The correlation between the entries of
these two matrices is 0.359.

Table 8.10. Ideal cluster similarity matrix.
Point p1 p2 p3 p4 p5
p1 1 1 1 0 0
p2 1 1 1 0 0
p3 1 1 1 0 0
p4 0 0 0 1 1
p5 0 0 0 1 1

Table 8.11. Ideal class similarity matrix.
Point p1 p2 p3 p4 p5
p1 1 1 0 0 0
p2 1 1 0 0 0
p3 0 0 1 1 1
p4 0 0 1 1 1
p5 0 0 1 1 1

More generally, we can use any of the measures for binary similarity that we
saw in Section 2.4.4. (We can convert these two matrices into binary vectors, for
example, by appending the rows.) We repeat the definitions of the four quantities
used to define those similarity measures, but modify our descriptive text to fit the
current context. Specifically, we need to compute the following four quantities for
all pairs of distinct objects. (There are M = m(m − 1)/2 such pairs, if m is the
number of objects, and M = M00 + M01 + M10 + M11.)

M00 = number of pairs of objects having a different class and a different cluster
M01 = number of pairs of objects having a different class and the same cluster
M10 = number of pairs of objects having the same class and a different cluster
M11 = number of pairs of objects having the same class and the same cluster

In particular, the simple matching coefficient, which is known as the Rand Statis-
tic in this context, and the Jaccard coefficient are two of the cluster validity measures



         Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --           Draft: For Review Only                  August 20, 2004           --  

8.5.7 Supervised Measures of Cluster Validity 433

most frequently used.

Rand Statistic =
M00 + M11

M
(8.17)

Jaccard Coefficient =
M11

M01 + M10 + M11
(8.18)

Based on these formulas, we can readily compute the Rand Statistic and Jaccard
coefficient for the example based on tables 8.10 and 8.11. Noting that M00 = 4,
M01 = 2, M10 = 2, and M11 = 2, the Rand statistic = (2 + 4)/10 = 0.6 and the
Jaccard coefficient = 2 / (2+2+2 ) = 0.33.

We also remark that the four quantities, M00, M01, M10, and M11, define a
contingency table of the following form:

Table 8.12. Two-way contingency table for whether pairs of objects are in the same class and same cluster.
Same Cluster Different Cluster

Same Class M11 M10

Different Class M01 M00

Previously, in the context of association analysis—see Section 6.8.1—we pre-
sented an extensive discussion of measures of association that can be used for such
contingency tables. (The reader is invited to compare Table 8.12 with Table 6.5.)
Those measures can also be applied as measures of cluster validity,

Cluster Validity for Hierarchical Clusterings

So far in this section, we have discussed supervised measures of cluster validity only
for partitional clusterings. Supervised evaluation of a hierarchical clustering is more
difficult for a variety of reasons, including the fact that a pre-existing hierarchical
structure often does not exist. Here, we will give an example of an approach to
evaluating a hierarchical clustering in terms of (flat) set of class labels, which are
more likely to be available than a pre-existing hierarchical structure.

The key idea of this approach is to evaluate whether a hierarchical clustering
contains, for each class, at least one cluster that is relatively pure and contains
most of the objects of that class. To evaluate a hierarchical clustering with respect
to this goal, we compute, for each class, the F-measure for each cluster in the
cluster hierarchy. For each class, we take the maximum F-measure attained for any
cluster. Finally, we compute an overall F-measure for the hierarchical clustering by
computing the weighted average of all per-class F-measures, where the weights are
based on the class sizes. More formally, this ‘hierarchical’ F-measure is defined as
follows:

F =
∑

i

mj

m
max

i
F (i, j)

where the maximum is taken over all clusters i at all levels, mj is the number of
objects in class ij, and m is the total number of objects.
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8.5.8 Assessing the Significance of Cluster Validity Measures

Cluster validity measures are intended to help us measure the ‘goodness’ of the
clusters that we have obtained. Indeed, they typically give us single number as a
measure of that goodness. However, we are then faced with the problem of inter-
preting the significance of this number, a task that may be even more difficult.

The minimum and maximum values of cluster evaluation measures may provide
some guidance in many cases. For instance, by definition a purity of 0 is bad, while a
purity of 1 is good, at least if we trust our class labels and want our cluster structure
to reflect the class structure. Likewise, an entropy of 0 is good, as is an SSE of 0.

Sometimes, however, there may not be a minimum or maximum value, or the
scale of the data may affect the interpretation. Also, even if there are minimum and
maximum values with obvious interpretations, intermediate values still need to be
interpreted. In some cases, we can use an absolute standard. If, for example, we
are clustering for utility, we may be willing to tolerate only a certain level of error
in the approximation of our points by a cluster centroid.

But if this is not the case, then we must do something else. A common approach
is to interpret the value of our validity measure in statistical terms. Specifically, we
attempt to judge how likely it is that our observed value may be achieved by random
chance. The value is ‘good’ if it is unusual, i.e., if it is unlikely to be the result of
random chance. The motivation for this approach is that we are only interested in
clusters that reflect non-random structure in the data, and such structures should
generate unusually high (low) values of our cluster validity measure, at least if the
validity measures are designed to reflect the presence of strong cluster structure.

To show how this works, we present an example based on K-means and SSE.
Suppose that we want a measure of how good our clusters are with respect to random
data for the well-separated clusters of Figure 8.31. We generate many random sets
of 100 points having the same range as the points in the three clusters, find three
clusters in each data set using K-means, and accumulate the distribution of SSE
values for these clusterings. By using this distribution of SSE values, we can then
estimate the probability of the SSE value for the original clusters. Figure 8.35 shows
the histogram of the SSE that results from 500 random runs. The lowest SSE shown
in Figure 8.35 is 0.0173. For the three clusters of Figure 8.31, the SSE is 0.0050.
We could, therefore, conservatively claim that there is a less than a 1% chance that
a clustering such as that of 8.31 could result by chance.

To conclude, we stress that there is more to cluster evaluation—supervised or
unsupervised—than obtaining a numerical measure of cluster validity. Unless this
value has a natural interpretation based on the definition of the measure, we need
to interpret this value in some way. If our cluster evaluation measure is such that,
for example, lower values indicate stronger clusters, then we can use statistics to
evaluate whether the value we have obtained is “unusually low,” provided that we
have a distribution for the evaluation measure. We have presented an example of
how to do find such a distribution, but there is considerably more to this topic, and
we refer the reader to the bibliographic remarks for more pointers.
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Figure 8.35. Histogram of SSE for 500 random data sets.

Finally, even when an evaluation measure is used as a relative measure, i.e., to
compare two clusterings, we still need to assess the significance in the difference
between the evaluation measures of the two clusters. While one value will almost
always be better than another, it can be difficult to determine if the difference
is significant. Note that there are two aspects to this significance: whether the
difference persists over many experiments, i.e., whether the difference is statistically
significant, and whether the magnitude of the difference is meaningful with respect
to the application, e.g., many would not regard a difference of 0.1% as significant,
even if it is consistently reproducible.
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8.6 Bibliographic Notes

There are a number of books and survey articles on clustering. In our work and in
preparing this chapter, we have been most heavily influenced by [22], [2], and [27].
Additional clustering books that may also be of interest include [1, 14, 21, 31, 32,
34, 36]. A more statistically oriented approach to clustering is given in Chapter
10 of [10]. A general survey of clustering can be found in [23], while more data
mining specific surveys of clustering are contained in [20] and [7]. A good source of
references to clustering outside of the data mining field can be found in [4].

The K-means algorithm has a long history, but is still the subject of current
research. The original K-means algorithm was proposed by MacQueen [29]. The
ISODATA algorithm [5] was an early, but sophisticated version of K-means that
employed various pre- and post-processing techniques to improve on the basic K-
means algorithm. The K-means algorithm and many of its variations are described in
detail in [2] and [22]. The bisecting K-means algorithm discussed in this chapter was
first described in [37] and an implementation of this and other clustering approaches
is freely available for academic use in the CLUTO (CLustering TOolkit) package [16].
Other recent variations of K-means are X-means [33] and K-harmonic means [39,19].
While the previous approaches address the initialization problem of K-means in some
manner, other approaches to improving K-means initialization can also be found
in [8, 11]. A general framework for K-means type clustering with general distance
measures can be found in [6].

Hierarchical clustering techniques also have a long history. Initial interest was in
the area of taxonomy [24,35], but many general-purpose discussions are also available
[2, 22, 27]. Agglomerative hierarchical clustering receives most of the attention in
the area of hierarchical clustering, but divisive approaches have also received some
attention—see, for example, [22, 27, 38, 40]. While both divisive and agglomerative
approaches typically take the viewpoint that merging (splitting) decisions are final,
there has been some work to overcome the limitations of this viewpoint [15,26].

DBSCAN was first described in [13], and was later generalized—to the GDB-
SCAN algorithm—so as to handle more general types of data and distance measures,
e.g., polygons whose closeness is measured by the degree of intersection. An incre-
mental version was also developed [12]. One interesting outgrowth of DBSCAN is
OPTICS (Ordering Points To Identify the Clustering Structure) [3], an approach for
visualizing clustering structure, which can also be used for hierarchical clustering.
Other work derived from DBSCAN includes a subspace clustering scheme [25] and
a method for detecting outliers [9].

An authoritative discussion of cluster validity, which strongly influenced our
discussion in this chapter, is provided by [22]. More recent reviews of cluster validity
can be found in [17,18,30]. Silhouette coefficients are discussed in [27]. The source
of many of the cohesion and separation measures discussed in this chapter is [41],
which also contains a discussion of entropy, purity, and the hierarchical F-measure.
The original source of the hierarchical F-measure is [28].
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8.7 Exercises

1. Identify the clusters in the following diagram using the center, contiguity,
and density based definitions. Also indicate the number of clusters for each
case and give a brief indication of your reasoning. Note that darkness or
the number of dots indicates density. If it helps, assume center-based means
K-means, contiguity based means single link, and density means DBSCAN.

 

(a) (b) (c)

 

(d)

Figure 8.36. Figures for Exercise 1.

2. Find all well separated clusters in the following set of points.

 

Figure 8.37. Figure for Exercise 2.

3. Given K equal sized clusters, the probability that a randomly chosen initial
centroid will come from any given cluster is 1/K, but the probability that
each cluster will have exactly one initial centroid is much lower. (It should
be clear that having one initial centroid in each cluster is a good starting
situation for K-means.) In general, if there are K clusters and each cluster
has n points, then the probability, p, of selecting, in a sample of size K, one
initial centroid from each cluster is given by Equation 8.19. (This assumes
sampling with replacement.) From this formula we can calculate, for example,
that the chance of having one initial centroid from each of the four clusters is
4!/44 = 0.0938.

p =
number of ways to select one centroid from each cluster

number of ways to select K centroids
=

K!nK

(Kn)K
=

K!

KK

(8.19)

(a) Plot the probability of obtaining one centroid from each cluster in a
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sample of size K for values of K between 2 and 100.

(b) What is the probability that a sample of size 2K contains one point from
K equal sized clusters of size n?

4. Use the similarity matrix in Table 8.13 to perform single and complete link
hierarchical clustering. Show your results by drawing a dendrogram. The
dendrogram should clearly show the order in which the points are merged.

Table 8.13. Similarity matrix for for exercise 4.
p1 p2 p3 p4 p5

p1 1.00 0.10 0.41 0.55 0.35
p2 0.10 1.00 0.64 0.47 0.98
p3 0.41 0.64 1.00 0.44 0.85
p4 0.55 0.47 0.44 1.00 0.76
p5 0.35 0.98 0.85 0.76 1.00

5. Hierarchical clustering is sometimes used to generate K clusters, K > 1 by
taking the clusters at the Kth level of the dendrogram. (Root is at level 1.) By
looking at the clusters produced in this way, we can evaluate the behavior of
hierarchical clustering on different types of data and clusters, and also compare
hierarchical approaches to K-means.

The following is a set of one-dimensional points: {6, 12, 18, 24, 30, 42, 48}.

(a) For each of the following sets of initial centroids, create two clusters by
assigning each point to the nearest centroid, and then calculate the total
squared error for each set of two clusters. Show both the clusters and the
total squared error for each set of centroids.

i. {18, 45}
ii. {15, 40}

(b) Do both sets of centroids represent stable solutions, i.e., if the K-means
algorithm was run on this set of points using the given centroids as the
starting centroids, would there be any change in the clusters generated?

(c) What are the two clusters produced by single link

(d) Which technique, K-means or single link, seems to produce the “most
natural” clustering in this situation? (For K-means take the clustering
with the lowest squared error.)

(e) What definition(s) of clustering does this ‘natural’ clustering correspond
to? (Well separated, center-based, contiguous, or density.)

(f) What well known characteristic of the K-means algorithm explains the
previous behavior?
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6. Suppose that a data set has

• m points and K clusters,

• half the points and clusters are in “more dense” regions,

• half the points and clusters are in a “less dense” regions, and

• the two regions are well separated from each other.

For the given data set, which of the following should occur in order to minimize
the squared error when finding K clusters:

(a) Centroids should be equally distributed between more dense and less
dense regions.

(b) More centroids should be allocated to the less dense region.

(c) More centroids should be allocated to the more dense region.

Note: Do not get distracted by special cases or bring in factors other than
density. However, if you feel the true answer is different from any given above,
justify your response.

7. Sampling to improve cluster efficiency.

Hierarchical clustering algorithms require O(m2 log(m)) time, and consequently,
are impractical to use directly on larger data sets. One possible technique for
reducing the time required is to sample the dataset. For example, if K clusters
are desired and

√
m points are sampled from the m points, then a hierarchical

clustering algorithm will produce a hierarchical clustering in roughly O(m)
time. K clusters can be extracted from this hierarchical clustering by taking
the clusters on the Kth level of the dendrogram. The remaining points can
then be assigned to a cluster in linear time, by using various strategies. To
give a specific example, the centroids of the K clusters can be computed, and
then each of the m − √m remaining points can be assigned to the cluster
associated with the closest centroid.

For each of the following types of data or clusters, discuss briefly if (i) sampling
will cause problems and (ii) what those problems are. Assume that the sam-
pling technique randomly chooses points from the total set of m points and
that any unmentioned characteristics of the data or clusters are as optimal
as possible. In other words, focus only on problems caused by the particular
characteristic mentioned. Finally, assume that K is very much less than m.

(a) Data with very different sized clusters.

(b) High dimensional data.

(c) Data with outliers, i.e., atypical points.

(d) Data with highly irregular regions.
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(e) Data with globular clusters.

(f) Data with widely different densities.

(g) Data with a small percentage of noise points.

(h) Non-Euclidean data.

(i) Euclidean data.

(j) Data with many and mixed attribute types.

8. Consider the following four ‘faces’ shown in figure 8.38. Again, darkness or
number of dots represents density. Lines are used only to distinguish regions
and do not represent points.

 

(a)

 

(b)

 

(c)

 

(d)

Figure 8.38. Figures for exercise 8.38.

(a) For each figure, could you use single link to find the patterns represented
by the nose, eyes, and mouth? Explain.

(b) For each figure, could you use K-means to find the patterns represented
by the nose, eyes, and mouth? Explain.

(c) What limitation does clustering have in detecting all the patterns formed
by the points in Figure 8.38c?

9. For the following sets of two-dimensional points, provide (i) a sketch of how
they would be split into clusters by K-means for the given number of clusters
and (ii) indicate approximately where the resulting centroids would be. As-
sume that we are using the squared error objective function. If you think that
there is more than one possible solution, then please indicate whether each
solution is a global or local minimum. Note that the label of each subfigure
matches the corresponding part of this question, e.g., Figure 8.39a goes with
Part (a).

(a) K = 2. Assuming that the points are uniformly distributed in the circle,
how many possible ways are there (in theory) of partitioning the points
into two clusters? What can you say about the positions of the resulting
two centroids? (Again you don’t need to provide exact centroid locations,
just a qualitative description.)
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(a)

 

(b)

 

(c)

 

(d)

 

(e)

Figure 8.39. Figures for Exercise 9.

(b) K = 3. The distance between the edges of the circles is slightly greater
than the radii of the circles.

(c) K = 3. The distance between the edges of the circles is much less than
the radii of the circles.

(d) K = 2.

(e) K = 3. Hint: Use the symmetry of the situation and remember that we
are looking for a rough sketch of what the result would be.

10. Compute the entropy and purity for the confusion matrix in Table 8.14.

Table 8.14. Confusion matrix for exercise 10.
Cluster Entertainment Financial Foreign Metro National Sports Total

#1 1 1 0 11 4 676 693
#2 27 89 333 827 253 33 1562
#3 326 465 8 105 16 29 949

Total 354 555 341 943 273 738 3204

11. Given the following similarity matrix and set of cluster labels, compute the
correlation between the similarity matrix and the ideal similarity matrix, i.e.,
the matrix whose ijth entry is 1 if two objects belong to the same cluster and
0, otherwise.

Table 8.15. Table of cluster labels for Exercise 11
Point Cluster Label
P1 1
P2 1
P3 2
P4 2

Table 8.16. Similarity matrix for Exercise 11
Point P1 P2 P3 P4
P1 1 0.8 0.65 0.55
P2 0.8 1 0.7 0.6
P3 0.65 0.7 1 0.9
P4 0.55 0.6 0.9 1

12. Using the data in problem 11, compute the silhouette coefficient for each point,
each of the two clusters, and the overall clustering.

13. Compute the hierarchical F measure for the eight objects {p1, p2, p3, p4, p5,
p6, p7, p8} and hierarchical clustering shown below. class A contains points
p1, p2, and p3, while while p4, p5, p6, p7, and p8 belong to class B.
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{p7, p8} {p3, p6} {p4, p5} {p1, p2} 

{p1, p2, p3, p4, p5, p6, p7, p8} 

{p3, p6, p7, p8} {p1, p2, p4, p5} 

Figure 8.40. Cluster tree for exercise 14.

14. Prove that
∑K

i=1

∑
x∈Ci

(x−mi)(m−mi) = 0. This fact was used in the proof
that TSS = SSE + SSB in Section 8.5.2.

15. Prove Equation 8.14.

16. Prove Equation 8.16.

17. You are given a data set with 100 records and are asked to cluster the data.
You use K-means to cluster the data, but for all values of K, 1 ≤ K ≤ 100,
the K-means algorithm returns only one non-empty cluster. You then apply
an incremental version of K-means, but obtain exactly the same results. How
is this possible? How would single link or DBSCAN handle such data?

18. You are give two sets of 100 points that fall with in the unit square. One
set of points is arranged so that the points are uniformly spaced. The other
set of points is generated from a uniform distribution over the unit square. Is
there a difference between the two sets of points? If so, which set of points
will typically have a smaller SSE for K=10 clusters?

19. Clusters of documents can be summarized by finding the top terms (words) for
the documents in the cluster, e.g., by taking the most frequent k terms, where
k is a constant, say 10, or by taking all terms that occur more frequently than
a specified threshold. Suppose that K-means is used to find both clusters of
documents and words for a document data set.

(a) How might a set of term clusters defined by the top terms in a document
cluster differ from the word clusters found using K-means clustering of
terms?

(b) How could term clustering be used to define clusters of documents?

20. Ordinary partitional clustering can be regarded as a partitioning of a proximity
graph into disjoint subgraphs. A bipartite graph consists of two sets of nodes
and has links only between nodes in different sets. We can represent a data
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set as collection of object nodes and a collections of attribute nodes, where
there is a link between each object and each attribute, and where the weight
of that link is the value of the object for that attribute. For sparse data, if
the value is 0, the link is omitted. Bipartite clustering attempts to partition
this graph into disjoint clusters, where each cluster consists of a set of object
nodes and a set of attribute nodes. The objective is to maximize the weight of
links between the object and attribute nodes of a cluster, while minimizing the
weight of links between object and attribute links in different clusters. This
type of clustering is also known as co-clustering since we cluster the objects
and attributes at the same time.

(a) How does bipartite (co-clustering) different from clustering the sets of
objects and attributes separately?

(b) Are there any cases in which these approaches are the same, i.e., where
the approaches yield the same clusters?

(c) What are the strengths and weaknesses of co-clustering as compared to
ordinary clustering?

21. Suppose we find K clusters using Ward’s method, bisecting K-means, and or-
dinary K-means. Which of these solutions represent a local or global minima?
Explain.

22. The leader algorithm [21] represents each cluster using a point, known as a
leader, and assigns each point to the cluster corresponding to the closest leader,
unless its distance to the cluster is above a user specified threshold. In that
case, the point becomes the leader of a new cluster.

(a) What are the advantages and disadvantages of the leader algorithm as
compared to K-means?

(b) Suggest ways in which the leader algorithm might be improved.

23. Consider the mean of a cluster of objects from a binary transaction data
set. What are the minimum and maximum values of the components of the
mean? What is the interpretation of components of the cluster mean? Which
components most accurately characterize the objects in the cluster?

24. Many clustering algorithms which automatically determine the number of clus-
ters claim that this is an advantage. List two situations in which this is not
the case.

25. Traditional agglomerative hierarchical clustering routines merge two clusters
at each step. Does it seem likely that such an approach accurately captures
the (nested) cluster structure of a set of data points? If not, explain how
you might post-process the data to obtain a more accurate view of the cluster
structure.
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26. Give an example of a data set consisting of three natural clusters, for which
(almost always) K-means would likely find the correct clusters, but bisecting
K-means would not.

27. Would the cosine measure be the appropriate similarity measure to use with
K-means clustering for time series data? Why or why not? If not, what
similarity measure would be more appropriate?

28. SSE is the sum of the SSE for each separate attribute. What does it mean if
the SSE for one variable is low for all clusters? Low for just one cluster? High
for all clusters? High for just one cluster? How could you use the per variable
SSE information to improve your clustering?

29. For K clusters, K = 10, 100, or 1000, find the probability that a sample of
size 2K contains a point from each cluster. You may use either mathematical
methods or statistical simulation to determine the answer.

30. The Voronoi diagram for a specified set of K points, p1, p2, . . . , pK , in the plane
is a partition of all the points of the plane into K regions, such that every point
(of the plane) is assigned to the closest point among the K specified points.
(See Figure 5.8.) What is the relationship between Voronoi diagrams and K-
means clusters? What do Voronoi diagrams tell us about the possible shapes
of K-means clusters?

31. The cophenetic distance between two objects is defined as the step during
agglomerative hierarchical clustering at which the objects are in the same
cluster for the first time. (Step 1 is the first merge, while step m−1 is the last
merge, where m is the number of objects.) Thus, we can define a cophenetic
distance matrix, whose entries are the cophenetic distances between each pair
of objects. The cophenetic correlation coefficient is the correlation between
the entries of this matrix and the original dissimilarity matrix. Compute the
cophenetic correlation coefficient for the hierarchical clusterings in Exercise 4.
(You will need to convert the similarities into dissimilarities.)

32. In Figure 8.41, match the similarity matrices, which are sorted according to
cluster labels, with the sets of points. Differences in shading and marker shape
distinguish between clusters, and each set of points contains 100 points and
three clusters. In set of points 2, there are three very tight, equal sized clusters.
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Figure 8.41. Clusters and similarity matrices for exercise 32.


